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Introduction

@ Three-dimensional gravity provides an ideal setting to explore concep-
tual and structural aspects of gravitational theories.

@ Unlike in four dimensions, 3D gravity has no local degrees of freedom,
which simplifies the dynamics and allows the explicit construction of
exact solutions and a detailed analysis of their properties.

@ When formulated as a Chern—Simons (CS) gauge theory, it naturally
links symmetries, topology, and geometry in a unified framework.
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Introduction

@ Extending the gauge symmetries of General Relativity has proven to be
a fruitful strategy to construct new gravity models.

@ In particular, extensions, expansions, and deformations of the Poin-
caré and AdS symmetries have led to various CS (super)gravity theories.

o Among them, the Maxwell algebra—an extension of the Poincaré
algebra—nhas attracted special attention, as it introduces a new con-
nection: the gravitational Maxwell field.

[Pa, Po] = €ancZ° |

@ In particular, the gravitational Maxwell gauge field modifies not only the
vacuum energy and angular momentum of the stationary configuration
but also the asymptotic structure.
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Introduction

@ A deep understanding of a physical theory requires having control of its asym-
ptotic structure, described by the asymptotic behavior of the physical fields,
far away from any physical process.

@ The case of three-dimensional gravity with negative cosmological constant
has been extensively studied due to the existence of the BTZ black hole and
its extraordinarily asymptotic structure, given by two copies of the Virasoro
algebra.[). Brown, M. Henneaux (1986)]

@ In the asymptotically flat case, an infinite dimensional asymptotic symmetry
algebra can be found at null infinity, given by the bmss algebra.
A-0
pir @ bir —fp DM,

@ The study of the behavior of dynamic fields in the asymptotic region
become crucial for computing the thermodynamic properties of confi-
gurations with a sensible thermodynamics.
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Introduction

Despite its theoretical appeal, the thermodynamic properties of Maxwell gravity
solutions have remained largely unexplored.

In this work, we study the entropy and thermodynamic consistency of asympto-
tically flat cosmological solutions in three-dimensional Maxwell gravity.

We extend the analysis to the torsional case, obtaining a new black hole solution
that generalizes the BTZ-like black hole with torsion.
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Maxwell CS gravity

The Maxwell algebra generated by {J,, Pa, Z,} is given by the following
non-vanishing commutators:

[Ja7 Jb] — eabCJC b] [Ja7 Pb] — eabCPC b
[Paa Pb] = 6achC7 [Ja, Zb] = 6achC .

The gauge connection one-form A for the Maxwell algebra reads
A=¢eP,+w?),+ 0727,
The non-degenerate bilinear form is

(Jadb) = aonap (PaPb) = a2nap
(JaPp) = camap  (JaZb) = a2map

where g, a1 and «p are arbitrary constants.
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Maxwell CS gravity

Then, considering the previous invariant tensor and the one-form gauge
connection in the CS action

K 2
A = - /M <AdA + 3A3> ,

we obtain

k
by = o /aoL(w) +2a1Re? + o (7T, +20°R,) . J

When ap # 0, the field equations can be written as
1
R*=0, T?=0, Do+ e epec=0.

Similarly to GR, the geometries described by these equations of motion are
Riemannian (torsionless) and locally flat.
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Boundary conditions

We propose the following behavior of the gauge fields at the boundary
A=g ldg+g lag,

where the radial dependence is entirely captured by the group element g =
g(r). The auxiliary gauge field has the form a = azd¢ + a;dt, with the
angu|ar com ponent giVen by [P.Concha, N.Merino, O.Miskovic, P.Salgado-Rebolledo, E.Rodriguez, O.Valdivia
(2018)]

1 1 1
a¢=J1+§MJo+§NP0+§]:ZO,

where A/, M, and F stand for arbitrary functions of the boundary coordi-
nates.
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Boundary conditions

The asymptotic form of ay is preserved under a restricted set of gauge transforma—
tions, da = d\ + [a, A], with the Lie-algebra-valued parameter X oy, f,hl
generated by

A(O)[Yafah]:lefy/J2+fP17f/P2+h21*h/22+ (j\2/lf+j;[yf//> PO

+ (My —y”) Jo + (th+ 1ny+ Iyr - h”) Zy,
2 2 2 2
provided that the functions M, A/ and F transform according to:
dopM = My +2My" —2y"" .
SN = M'f+2MF = 2f" + N'y + 2Ny,
S F = Mh+2MK —20" + N'f + 2Nf' + F'y + 2Fy’.

The asymptotic symmetries are preserved under time evolution by choosing

atr = )‘(0)[”7 fa V] 5 J

where u, €, and v stand for arbitrary functions of the boundary coordinates which

are assumed to be fixed at the boundary ("chemical potentials”
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Asymptotic conditions with chemical potentials

The asymptotic symmetry generators can be computed in the Regge-Teitelboim approach
such that their variations reduce to

50 =~ [(a o — Qlytihl =~ [ oy + 7P+ h2)

ox

k k k
J:ﬂ(az]—'Jral/\/’JraoM) ; P:ﬂ(agNJralM) ; Z:ﬂaQM.

The transformations law of the dynamical variables {7, P, Z} explicitly read

6J:2jy’+j/y+2PfI+Plf+2Zh/+Z,h_Oéka”/—&kf”,_&kh/”,
27 27 27
5P = 2Py + Ply 4+ 22f + 2'f — 22K _ 02K
27 2w
52:22y’+z’y—°;iky”’.
™
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Asymptotic symmetry algebra

The algebra of the conserved charges @ can be readily obtained from the transfor-
mation law of the dynamical fields by virtue of dy, Q[A1] = {Q[M1], Q[A2]}. Thus,
expanding in Fourier modes according to X = 5= 3~ X,,e™?, the nontrivial Poisson

brackets are giVen by [P.Concha, N.Merino, O.Miskovic, P.Salgado-Rebolledo, E.Rodriguez, O.Valdivia (2018)]

i{Tmy T} = (m = n) Tmin + c7 m(m?
i{Tm,Pn} = (m—n)Pmin+cp m(m2
i{Tms Zn} = (M = 1) Zpsn + cz m(m?
i{Pm;Pn} = (m—n)Zpin+cz m(m2

where the central extensions c7, cp and cz are fully determined in terms

of the constants of the CS action according to

Cy = kao cp = kal, Cz = kaz.
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Thermodynamics of asymptotically flat cosmological

solutions

The entropy can be suitably computed by the general formula

S— % [ /d7d¢<ATA¢>] = k[(arag)]on shen -

on-shell

For the present field configuration the entropy reads
S = klaguM + a1 (uN 4+ EM) + ap (WM + EN + uF)]

where it is assumed that the chemical potentials (£, u, ) are constrained to fulfill
the regularity conditions:

@ Find a permissible gauge transformations such that e, = o, = 0.
g = e>\Pz+pzz

@ Require that the holonomy along the thermal circle to be trivial,

H = e = (—1)"1sx>

on-shell
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Thermodynamics of asymptotically flat cosmological

solutions

In summary, the regularity conditions of the Euclidean gauge fields lead to the
following chemical potentials

- NN 27 N F 3N? }

BV VIR V:_"“‘W[W_W

Then, in terms of the variables M, N and F, the entropy reads

B N  a( F N?
S =2mngk {aomﬁ-alm*‘? <\/_/\_/l_4/\/1—3/2>] ) J

In terms of the (extensive) global charges 7, P and Z, the entropy can be rewritten
as follows

Sc = 2w Vky/an

223
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Thermodynamics of asymptotically flat cosmological

solutions

Thus, in order to determine the temperature and the chemical potentials in the
microcanonical ensemble, we use the thermodynamic relations

_ (9Sc _ 11 [maek (P
ﬁc_( )‘J,W_ Tem=—m3\/—3 (z m)’

1 aSC _ 37% -1
7ﬁc (8J )‘wa 2<Z Otz) ’

— 85c 1 P [e5] agjfaoZ
ocnose (BE)l,- 305+ 2)-2f=22
¢ fe M3 4 3Z+o¢2 P -z’

where Ml = 27P, J = =277, and W = 27 Z. Then, the first law of thermodynamics is
found to fulfilled according to

0Sc = Bc(6M — QcdJ — PcoW),

such that the chemical potentials 8¢ = &, Q¢ = p/&, and ¢ = —v/€ correspond to the
conjugated to the mass, angular momentum and the additional spin-2 charge,
respectively.
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Maxwell CS gravity with torsion

Using the CS formalism, we presented the three-dimensional gravity theory based
the deformed Maxwell algebra, [P. Concha, H.Safari (2019); H. Adami, P. Concha, E. Rodriguez, H. Safari

(2020)]

[Jaa Jb] €abcJ [J37 Pb] = EabcPC
[Ja7 Zb] - €abCZC [Pa7 Pb] — 6ab(_‘(ZC ‘I‘ 5PC)

e — 0* = Maxwell algebra

(*) This limit can be interpreted as a vanishing cosmological constant limit,
i.e. £ — 0o, when we set ¢ = —2//¢. Considering the following redefinition
of the generators,

Lao=Jy—e P,—e72Z, ; T,=e'Z, ; S,=cP,+c2Z,,
the is0(2,1) ® s0(2, 1) algebra is revealed,
[Lay Lb] - 6abcLC7 [Laa Tb] = €abc TC? [Sav Sb] 6abc S
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Maxwell CS gravity with torsion

The gauge connection one-form A for the deformed Maxwell algebra reads
A=¢eP,+wi),+0%Z,
The non-degenerate bilinear form of the deformed Maxwell algebra reads

(Jadb) = aonap (PaPp) = (01 + a2)1ap
(JaPpb) = canap , (JaZb) = a2Map ,

where g, a1 and «ap are arbitrary constants.
The CS gravity action invariant under the deformed Maxwell algebra reads

1 1 2
Itnt—ma; == m / (%] (Wadwa = §€abcwawbwc> + o <2Raea I %ﬁabceaebec ol ETaea)
M

+ (T"ea +2R%0, + %eabceaebec> ,

¢ —- 0 = Maxwell CS gravity theory
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Maxwell CS gravity with torsion

Imposing the conditions ay # 0 and ap # —eaq, the e.o.m are given by the
vanishing of the curvature two-forms

R =0,
T+ geabcebec =0,

1
Do? + Ee"’bcebec =0.

As we can see, the field equations are those of Riemann-Cartan gravity (with zero
curvature and constant torsion) plus the equation of motion involving the gravitatio-
nal Maxwell field. Then, the geometries described by the e.o.m are non-Riemannian
(with non-vanishing torsion) and locally flat.
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Asymptotic conditions with chemical potentials

The radial dependence of the gauge field is eliminated asymptotically for an
appropriate gauge choice, so that

A=gldg+g a8,

with acy = a:(t, ¢)dt + a(t, $)d¢. The asymptotic form of angular component
ag is left invariant for the Lie-algebra-valued parameter

€
A(s)[ya f7 h] = )‘(O) + ENfPO 3 J

and providing that the functions M, N and F now transform according to:
O(xyM = do)M,
(5(5)./\/ = 5(0)/\[ +e (N/f + 2Nf/) ,
5(E)f: 5(0).7:,

Thus, to preserve the asymptotic symmetries under evolution in time, the
asymptotic form of the Lagrange multiplier a; must to be of the form

at:)‘(e)[ﬂagvl/] l
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Asymptotic conditions with chemical potentials

As before, the asymptotic symmetry generators can be computed in the Regge-Teitelboim
approach such that their variations reduce to

SQN = —% / (Aa)dp = Qly,f,h] = _/d¢ (yJ + fP+ hZ) J
()N

k k k
jzﬂ(azf—&-al/\/—i-ao/\/l) ; PZE[(sal—&—ag)N—i—alM] ; Z:EMM

The transformations law of the dynamical variables {7, P, Z} explicitly read

aok a1k i ook

ST =Ty +2Ty +Pf+2Pf + Z'h4+2Z0 — —y"" — —f" - —p",
2w 2w 2w
5P =Py + 2Py + (2 +eP')f +2(Z + P)f — %rky - W:‘
52 = 2ly+ 22y — 2K
21w
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Asymptotic symmetries

We found the following asymptotic symmetry algebra for the Maxwell CS gravity

with torsion: [H. Adami, P. Concha, E. Rodriguez, H. Safari (2020)]

i{TIm,In} =(m—n
i{TIm;Pn} =(m—n
i{PmyPn}=(m—n
i{TIm, Zn}=(m—n

Im+n+ €7 m(m2 —1)0minp,
Pm+n+ cp m(m2 - 1)5m+n,0 )
(Zm4n + EPmin) + (cz + €cp) m(m® — 1)dminp,

Zman+ cz m(m2 — 1)0m+no0-

~— ~— ~— ~—

v

This algebra corresponds to an infinite-dimensional lift of the deformed Max-
well algebra.

e - 0 = maz-bmss algebra

Evelyn Rodriguez (UCSC) CosmoConce November 05, 2025 24 /30



In this case, the entropy reads

S = k[aopM + a1 (LN + EM + e€N) + aa (LM + EN + pF)]

on-shell

In summary, the regularity conditions lead to the following chemical potentials

:_27rn f_27r< n_ m >
H="Um s \VM JVMieN )’
271 1 N 2Tm

”‘m[ *m(f*?)}*fz Mt eN

Then, in terms of the variables M, A" and F, the entropy reads

Sgn = 27rk\/7{(%m) (n—l—m“l—i—%)—n[ao—i—z_‘;(#)]}.

It can be readily checked that, upon imposing the condition m = n = —ny,, the

expression reduces to the entropy of the Maxwell cosmological solution in the limit
e —0.
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In terms of the global charges P, J y Z, the entropy finally reads

_Anvmkyoaz | n (P—eJ 1 a1—cm m [o2+en
Sen = - {2< NG >+n(a+2a2 )@_; T VZ+eP

The thermodynamical quantities M = 27P, J = =277, and W = 27 Z satisfy the first
law of thermodynamics,

5SBH = ﬁBH (6M — QBH(SJ - ¢BH6W) s

such that the chemical potentials Sgn = £, Qgn = /&, and ®gy = —v//€ correspond to
the conjugated to the mass, angular momentum and the additional spin-2 charge,
respectively.

We can express the black hole entropy in terms of the outer and inner horizons of the

black hole 1
re =2 (VMEVM+eN) .
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Thermodynamics

0o c=-2/,n=—m=1

Qo

7 (ry —r-)+oary —

Soue = 21k ( az(r — 2b)¢ 2b)€> J

2(ry —r)

Sout corresponds to a Maxwell extension (along ay) of the entropy of the
teleparallel black hole. The first law in this case takes the form

6M = TBH(SSout + QH&J + CD(SW
where the extensive variables can be expressed as follows

TBH:ri_rE, QH:1+r;7 ¢:(r—%+2b(1+r—/r+)*3r+f—)€'
2ml?ry £ lry 2(r —r_ )2
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Comments and further developments

@ We constructed generalized asymptotic conditions for three-dimensional Max-
well-Chern=Simons gravity, both in the torsionless and torsional cases.

@ We found nontrivial solutions carrying mass, angular momentum, and an ad-
ditional global spin-2 charge.

@ We derived thermodynamic properties and a generalized entropy expression.

@ It would be interesting to extend our study and the asymptotic symmetry
analysis to the non-relativistic and ultra-relativistic regimes of the Maxwell
CS gravity theory.

@ We could also carry out the analysis of the energy bounds and asymptotic

Killing spinors in the supersymmetric extensions of both Maxwell /Hietarinta
and AdS-Lorentz gravity theories.
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Thank you!
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