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FIG. 1: The merging of two solitons in the spiky dark matter halo around a supermassive black hole, producing a
detectable burst of radio-frequency radiation. A. Before a major merger event. Two subcritical solitons with masses
around or below the critical mass, Msol ↭ Mc, travel towards one other at a speed v → 220 km s↑1. This occurs
within the spiky dark matter halo formed around a supermassive black hole and has a radial density profile ωDM,sp(r).
B. The major merger event, which occurs at a rate !TOTAL

merg . C. The production of electromagnetic radiation via
parametric resonance due to the decay of the supercritical remnant soliton with mass Msol > Mc. The radiation can
be polarized or unpolarized, and it has a frequency in the radio frequency range, ε → 100 Hz, and energy E → 1046 erg.
D. The produced radiation travels to the Earth, where it is detectable by radio telescopes.

where the superscript of X denotes the average particle
spin or polarization with respect to the z-direction, m
is the dark photon mass, ϑ is the oscillating frequency
satisfying ϑ < m and m↑ϑ ↓ m, and X(r) is a radially
symmetric profile. Given the potential issues caused by
vector self-interactions [78–81], in this work we assume
that dark photon solitons are dominantly supported by
gravity and thus neglect self-interactions completely. In
this case, the soliton profile X(r) can be approximately
described by the fitting formula [30]

X(r) ↔
X̄

[1 + 7.89 ↗ 10↑5M̃2
sol(mr)2]4

. (2)

where M̃sol ↘ mMsol/(2M2
P), Msol denotes the soliton

mass, MP = (8ϖG)↑1/2
≃ 2 ↗ 1018GeV is the reduced

Planck constant, and X̄ = 2.98 ↗ 10↑3M̃2
solMP denotes

the central field amplitude. The mass and radius of
solitons are related through Rsol ↔ 197M2

P/(m2Msol)
[30, 32, 40], i.e.,

Rsol ↔ 3 ↗ 10↑4R↓

(
10↑6eV

m

)2 (
10↑9M↓

Msol

)
, (3)

where Rsol is defined as the radius that encloses 95% of
the total mass.

If the dark photon field couples to electromagnetism
through higher-order operators as described in section
IIIA, solitons could resonantly source the production of
photons. During this process, the coherent oscillations
of the dark photon field, as described by (1), gener-
ate a periodically changing e”ective mass that ampli-
fies photon fluctuations, resulting in an exponentially

enhanced energy transfer from solitons to electromag-
netic modes. One necessary condition for this paramet-
ric resonance to occur is that the coupling strength g
must be strong enough so that the Bose-Einstein statis-
tics can become e”ective before the produced photons
leave the object. Equivalently, the soliton mass must

exceed a critical value Mc → 100M4/3
P /(g2/3m) Mc =

41.9225M4/3
P /(g2/3m) [40], which is

Mc → 1 ↗ 10↑9M↓

(
10↑6 eV

m

)(
10↑10 GeV↑1

g

)2/3

.

(4)

Mc = 5.71592 ↗ 10↑10M↓

(
10↑6 eV

m

)(
10↑10 GeV↑1

g

)2/3

.

(5)

[DA: I get 5.69251 ↗ 10↑10] Solitons above this criti-
cal mass could trigger explosive bursts of radio-frequency
radiation via parametric resonance. The characteristic
properties of these bursts are discussed in section III.

Scenarios in which solitons predominantly form with,
or evolve toward, masses around this threshold are there-
fore of significant observational interest. While individ-
ual solitons may lie below the parametric resonance con-
dition, major merger events, in which two subcritical soli-
tons with masses around Mc combine, can produce su-
percritical remnants capable of emitting detectable elec-
tromagnetic signals. Such mergers are especially likely
within dense astrophysical environments such as galac-
tic bulges, minihalos, and the spiky density profiles sur-
rounding supermassive black holes. Consequently, accu-
rately determining the soliton merger rate has crucial

1



WHAT DO WE DO (NOT) KNOW?  
Mass (light, heavy).

Interactions with ordinary matter.

Spin (bosonic, fermionic).

10-13

TASI Lectures on dark matter, T. Lin (arXiv:1904.07915)
2

-18

It is everywhere in the Universe ( ).

Non-relativistic, aggregate itself under the effect of gravity.

Weak interacting with standard model particles, such as photons.

Strong evidence (astrophysical/cosmological scales).

∼ 80 % of total matter

https://astrobites.org/2016/11/04/the-bullet-cluster-a-smoking-gun-for-dark-matter/; MNRAS 311 (2000)



HOW CAN WE DETECT IT?

Non-gravitational interactions:

Self-interaction

Interaction with SM particles

Expected to be small for DM

Looking for DM via solitons

Sizeable fraction of DM

Populate galactic halos
High density 
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DARK -  INTERACTIONSγ γ

4

Take the dark photon field  masses  being CDM.

Non-relativistic regime:  and .

Apply perturbative expansion: .

Relevant interactions via    (electromagnetic gauge invariance)

S[Xμ(x), Aμ(x), gμν(x)] = ∫ d4x −g [−
1
4

XμνXμν −
1
2

m2XμXμ −
1
4

FμνFμν +
1
2

m2
plR + ℒint]

Xμ = (X0,X) m ≪ eV

k ≪ m λ ≪ 2π/m

|∇Xμ | ∼ λ−1Xμ ≪ mXμ ∼ ·Xμ

ℒint = g2𝒪i



𝒪1 = −
1
2

FμνF̃μνXαXα ≈ 2(E ⋅ B)(X ⋅ X)

𝒪2 = −
1
2

FμνFμνXαXα ≈ (E ⋅ E)(X ⋅ X) − (B ⋅ B)(X ⋅ X)

𝒪3 = FμρFνρXμXν ≈ (B ⋅ B)(X ⋅ X) − (E ⋅ X)2 − (B ⋅ X)2

𝒪4 = F̃μρF̃νρXμXν ≈ (E ⋅ E)(X ⋅ X) − (E ⋅ X)2 − (B ⋅ X)2

Dimension 6 :

5

In the EFT, we may not consider  for sufficiently small coupling .

The system acquires a nonzero vacuum expectation value , which causes a 
contribution to lower-order operators. 

ℒ(8)
int = g2𝒪i g2

⟨X⟩ ∼ X̄

EFT condition: g2X̄2 ≪ 1



DARK PHOTON SOLITONS
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S[Xμ(x), gμν(x)] = ∫ d4x −g [−
1
4

XμνXμν −
1
2

m2XμXμ +
1
2

m2
plR]

For , the field is well described by Classical field theory.

In the non-relativistic regime we use .

Express the vector field in terms of a slowly varying function as

m ≪ eV

gμν = diag( − (1 + 2Φ), (1 − 2Φ)δij)

X(t, x) =
1

2m
[e−imtX̃(t, x) + eimtX̃*(t, x)]

S[Xμ(x), gμν(x)] = ∫ d4x [m2
plΦ∇2Φ +

i
2 (X̃† ⋅

·̃
X − X̃ ⋅

·̃
X†) −

1
2m (∇X̃† ⋅ ∇

·̃
X − mΦX̃† ⋅ X̃)]
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The field amplitude oscillate in time with an angular frequency .

The radial profile and Newtonian potential satisfy the time-independent SP system:

ω ≈ m

X̃(t, x) =
1
2 ∑

λ
[cλX(r)ei(m−ω)tϵλ + h . c . ]

i
·̃
X = −

1
2m

∇2X̃ + mX̃Φ and ∇2Φ =
m

2m2
pl

X̃† ⋅ X̃

From the non-relativistic action of above, we obtain the 3-component SP system:

−(m − ω)X = −
1

2mr2

∂
∂r (r2 ∂X

∂r ) + mΦX , and
1
r2

∂
∂r (r2 ∂Φ

∂r ) =
m

2m2
pl

X2 .



0.01 pc

N ∼ 1063 , Msol ∼ 10−9 M⊙

ρ̄ ∼ 1024 M⊙pc−3

200 km

Oscillating coherent field

Rsol ∼ 200 km ( 10−6 eV

m )
2

(
10−9 M⊙

Msol )

Lowest energy states at fixed N.
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SOLITON PARAMETRIC 
RESONANCE
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In the background of a coherent oscillating soliton, 
, operators  induce a time-dependent EM 

field eom.

EM field’s Fourier modes which fall into resonance 
bands undergo exponential amplification, 

. 

Let us think we are within the soliton:

X(t, x) Oi

Ak(t) = Ak(0)eμkt

··Ak + [k2 − 2g2mX̄2ksin(2mt)] Ak = ··Ak + ω2(t)Ak = 0

μhom
max =

1
2

g2X̄2m and k ≈ m , Δk = g2X̄2m

X = X̄ cos(mt) ̂z

ℒ = −
1
4

FμνFμν −
g2

2
FμνFμνXαXα

Δk

1st instability band



What about the soliton size? Resonance condition:
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Figure 2: The Floquet exponent with the largest real part, µ(sol.)
max , is calculated for a linearly-polarized

vector soliton with N = m2
pl/m2 and coupling g to electromagnetism. The red curve shows the result of

a numerical Floquet analysis applied to eq. (B.18), and the blue curve shows an analytic approximation
(4.1). We use µesc ⇡ 2/R to match the numerical solution at large coupling. The numerical Floquet
analysis of the inhomogeneous soliton (red) confirms that the resonance starts shutting o↵ when the
escape rate becomes comparable to the homogeneous Floquet exponent (ie. when the blue curve crosses
zero). In the above figure, this happens around gmpl ⇠ 250.

and they are eigenfunctions of the Laplace operator: r
2
Mk`m = k2

Mk`m and r
2
Nk`m = k2

Nk`m.
The equations of motion are reduced to

Z 1

0

dk

2⇡


ẅk`m(t) + k2 wk`m(t) + 2ig2X2(r) !k sin(2!t) vk`m(t)

�
⇥

p
l(l + 1) j`(kr)

(kr)

�
= 0 , (B.7a)

Z 1

0

dk

2⇡


v̈k`m(t) + k2 vk`m(t) � 2ig2X2(r) !k sin(2!t) wk`m(t)

�
⇥


�i

j`(kr)p
`(` + 1)

�
= 0 . (B.7b)

To isolate the equation for the modes labeled with k, we multiply the first equation by r3j`(k0r) and
the second equation by r2j`(k0r). Then integrating over r and using the identity

Z 1

0
dr r2 j`(kr)j`(k

0r) =
⇡

2k2
�(k � k0) (B.8)

leads to

ẅk`m(t) + k2 wk`m(t) +
2k2

⇡
2ig2! sin(2!t)

Z 1

0
dr

Z 1

0
dk0X2(r) vk0`m(t) r2j`(k

0r)j`(kr) = 0 (B.9a)

v̈k`m(t) + k2 vk`m(t) �
2k2

⇡
2ig2! sin(2!t)

Z 1

0
dr

Z 1

0
dk0X2(r) k0 wk0`m(t) r2j`(k

0r)j`(kr) = 0 . (B.9b)

Note that the integrand contains a factor of k in the first equation and a factor of k0 in the second
equation. The soliton profile X2(r) is defined for r � 0, and if we extend its domain to r < 0 by

– 23 –

μhom
max > μesc

11

ν ∼ 0.2 GHz m̄ , Δν ∼ 0.4 MHz m̄ ḡ−2/3 ,

τ ∼ 20 μs ḡ2/3m̄−1 , SB ∼ 1018 Jy ḡ−2/3m̄−1D̄−2
L

Note: ḡ = 10−10 GeV−1, m̄ = 10−6 eV , D̄L = Mpc (signatures) .



SOLITON MASS PILE-UP

Soliton mass (arb. units)
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gmin → Mc

12

Msol + Msol ≈ 0.7(Msol) where Msol ≈ Mc

M. Hertzberg et al. (2020), JCAP 07 (2020) 067


x (code units) y (code units)

| X̃
| (

co
de
 u

ni
ts

)

vrel ≲ 1.5 km/s m̄ M̄sol

Note: M̄sol = 10−9 M⊙ , m̄ = 10−6 eV .



SOLITONS AND 
SUPERMASSIVE BLACK HOLES
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Since , we expect a significant 
enhancement of this rate under favorable scenarios 
(  in NFW DM halo galaxies).

Nearly all large galaxies host supermassive black holes 
(SMBHs) at their centers .

The growth of these astrophysical bodies can lead to a 
highly concentrated dark matter profile in the central 
regions of galaxies.

The initial DM halo density around the SMBH is taken 
.

Γmerg ∝ ρ2
DM

≲ 10−10 day−1galaxy−1

ρDM ∼ r−γ

10°10 10°9 10°8 10°7 10°6 10°5

r [kpc]

1020

1022

1024

1026

1028

1030

Ω D
M

,s
p
(r

)
[M

Ø
M

p
c°

3
] MSMBH = 106 MØ

Ω
D
M

,sp /
r °

!

r
=

2
r S

ch

∞ = 1.75

∞ = 1.5

∞ = 1.25

∞ = 1

k



Since the produced radiation is brief, sharp, and spectrally confined, it is an ideal target for transient radio surveys.

Existing FRB experiments, such as CHIME,  ASKPA and Parkes, have already scanned large regions of the sky with 
enough sensitivity to detect such bursts (yet, none have been observed).

Using this radio silence, we can then constrain  or .fDM g

Astrophys. J. 844 (2017); Nature 562 (2018); MNRAS 455 (2016).
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FIG. 1: The merging of two solitons in the spiky dark matter halo around a supermassive black hole, producing a
detectable burst of radio-frequency radiation. A. Before a major merger event. Two subcritical solitons with masses
around or below the critical mass, Msol ↭ Mc, travel towards one other at a speed v → 220 km s↑1. This occurs
within the spiky dark matter halo formed around a supermassive black hole and has a radial density profile ωDM,sp(r).
B. The major merger event, which occurs at a rate !TOTAL

merg . C. The production of electromagnetic radiation via
parametric resonance due to the decay of the supercritical remnant soliton with mass Msol > Mc. The radiation can
be polarized or unpolarized, and it has a frequency in the radio frequency range, ε → 100 Hz, and energy E → 1046 erg.
D. The produced radiation travels to the Earth, where it is detectable by radio telescopes.

where the superscript of X denotes the average particle
spin or polarization with respect to the z-direction, m
is the dark photon mass, ϑ is the oscillating frequency
satisfying ϑ < m and m↑ϑ ↓ m, and X(r) is a radially
symmetric profile. Given the potential issues caused by
vector self-interactions [78–81], in this work we assume
that dark photon solitons are dominantly supported by
gravity and thus neglect self-interactions completely. In
this case, the soliton profile X(r) can be approximately
described by the fitting formula [30]

X(r) ↔
X̄

[1 + 7.89 ↗ 10↑5M̃2
sol(mr)2]4

. (2)

where M̃sol ↘ mMsol/(2M2
P), Msol denotes the soliton

mass, MP = (8ϖG)↑1/2
≃ 2 ↗ 1018GeV is the reduced

Planck constant, and X̄ = 2.98 ↗ 10↑3M̃2
solMP denotes

the central field amplitude. The mass and radius of
solitons are related through Rsol ↔ 197M2

P/(m2Msol)
[30, 32, 40], i.e.,

Rsol ↔ 3 ↗ 10↑4R↓

(
10↑6eV

m

)2 (
10↑9M↓

Msol

)
, (3)

where Rsol is defined as the radius that encloses 95% of
the total mass.

If the dark photon field couples to electromagnetism
through higher-order operators as described in section
IIIA, solitons could resonantly source the production of
photons. During this process, the coherent oscillations
of the dark photon field, as described by (1), gener-
ate a periodically changing e”ective mass that ampli-
fies photon fluctuations, resulting in an exponentially

enhanced energy transfer from solitons to electromag-
netic modes. One necessary condition for this paramet-
ric resonance to occur is that the coupling strength g
must be strong enough so that the Bose-Einstein statis-
tics can become e”ective before the produced photons
leave the object. Equivalently, the soliton mass must

exceed a critical value Mc → 100M4/3
P /(g2/3m) Mc =

41.9225M4/3
P /(g2/3m) [40], which is

Mc → 1 ↗ 10↑9M↓

(
10↑6 eV

m

)(
10↑10 GeV↑1

g

)2/3

.

(4)

Mc = 5.71592 ↗ 10↑10M↓

(
10↑6 eV

m

)(
10↑10 GeV↑1

g

)2/3

.

(5)

[DA: I get 5.69251 ↗ 10↑10] Solitons above this criti-
cal mass could trigger explosive bursts of radio-frequency
radiation via parametric resonance. The characteristic
properties of these bursts are discussed in section III.

Scenarios in which solitons predominantly form with,
or evolve toward, masses around this threshold are there-
fore of significant observational interest. While individ-
ual solitons may lie below the parametric resonance con-
dition, major merger events, in which two subcritical soli-
tons with masses around Mc combine, can produce su-
percritical remnants capable of emitting detectable elec-
tromagnetic signals. Such mergers are especially likely
within dense astrophysical environments such as galac-
tic bulges, minihalos, and the spiky density profiles sur-
rounding supermassive black holes. Consequently, accu-
rately determining the soliton merger rate has crucial

14
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Figure 3: The soliton merger rate !merg with soliton mass Msol in the presence of the spiky
dark matter profiles formed around supermassive black holes at galactic centers. Here we
assume that vector solitons compose all of the dark matter, such that fDM = 1, and show
the result for the dark photon mass m = 10→6 eV. The accessible soliton masses are limited
from below by the constraint that they must be tidally stable around the supermassive black
hole (Eq. (2.10)) and from above by the condition that we must remain in the non-relativistic
(NR) regime (Eq. (2.4)) Left: The merger rate assuming a power-law index of ω = 1 for
the initial dark matter density profile and for varying supermassive black hole mass. Right:

The merger rate assuming a supermassive black hole of mass MSMBH = 106M↑ for varying
values of the power-law index ω.

As explained in Appendix A and visualized in Fig. 9, Eq. (2.11) possesses two distin-
guishable regimes. When the upper limit of integration in Eq. (2.12) is dominated by the
escape velocity of solitons, the e”ective cross section is controlled by the geometrical cross
section, such that !merg → (εe! vrel)M

→2
sol → constant. This explains the flat behavior of the

curves in Fig. 3. Conversely, when the upper limit of integration is instead dominated by
v↓
rel, it is the gravitational focusing that governs the e”ective cross section, resulting in the

behavior !merg → (εe! vrel)M
→2
sol → M→2

sol m
→2, as is indicated in Fig. 3 (left panel).

The e”ect of the spiky DM profile can be seen by comparing our result to our calculation
for the Milky Way given in Appendix A. In the latter computation, the results of which are
given in Fig. 8, we have derived the soliton merger rate for the entire Milky Way DM halo.
As shown in Fig. 9, the transition between the regimes where the escape velocity or v↓

rel
dominates (across most of the galactic radius range) spans only one order of magnitude in
the quantity (Msolm). This characteristic causes the flat behavior of the merger rate curve to
quickly exhibit the dependence !mergsol → M→2

sol m
→2 as soon as Msolm ↭ O(1)↑10→13 M↑ eV.

In contrast, the transition between both regimes in Fig. 3 (left panel) spans several orders
of magnitude in the quantity (Msolm) since the merger rate is calculated only within the
gravitational influence radius.5 As a result, the transition between the regimes where escape
velocity or v↓

rel dominates is less pronounced as the quantity (Msolm) varies.
To estimate the total (local and nonlocal) dark photon soliton merger rate in spiky

DM centers around SMBHs at certain redshifts z↓, we utilize the SMBH mass function

5This cut-o! for the radius is justified by the fact that the galactic merger rate is dominated by the DM
spike around the SMBH.

– 9 –



TOTAL MERGER RATE IN DM SPIKES

ΓTOTAL
merg = ∫

4

0 ∫
log(Mmax

SMBH/M⊙)

log(Mmin
SMBH/M⊙)

Γmerg(MSMBH, γ)Φ(MSMBH, z) dlog10MSMBH dz .
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CONSTRAINTS ON  AND fDM g
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Figure 7: Left: The 95% confidence level upper limits on the fraction of dark matter that
vector solitons can compose fDM with soliton mass Msol. Limits and projections are shown
for the telescopes considered in Table 2. The bands correspond to the where each limit
can lie as a result of the uncertainty in the merger rate, shown in Fig. 5, and the range of
frequencies probed by each telescope. Each band commences at the minimum soliton mass
required for tidal stability around supermassive black holes (Eq. (2.10)) and terminates when
the non-relativistic (NR) approximation becomes invalid (Eq. (2.4)). The solid lines show the
geometric mean of the limits at the boundaries of each band, which we take to be the best
estimator of our limits. Results are shown for the density profile index ω = 1; we show the
results for all of our considered indices in Appendix B. Right: The region of the parameter
space of the e!ective coupling g and dark photon mass m probed by our considered telescopes
within the region of validity of our analysis (Fig. 6). Numerical results are summarized in
Table 3.

each telescope is sensitive. We embed these parts of the parameter space within the complete
region of interest for our analysis, shown in Fig. 6 and explained further in Section 3.2.

We summarize our main results in Table 3, which includes the minimum DM fraction
constrained fmin

DM , the range of probable soliton masses, the dark photon masses probed, and
the maximum e!ective coupling strength reached gmax. The most stringent constraints on
fDM occur at the lowest soliton masses, where the merger rate is largest, as shown in Fig. 5.
From the first FRB study by Lorimer et al. alone, we can already constrain the DM fraction in
vector solitons to be fDM ↭ 7.0 → 10→2. CHIME Pathfinder, ASKAP, and the Parkes HTRU
survey are all approximately one order of magnitude more constraining, such that fDM can be
at most ↭ 9.4→10→3, ↭ 6.4→10→3, and ↭ 3.5→10→3, respectively. Our projection for the full
CHIME exposure yields the strongest constraint, with fDM ↭ 2.0 → 10→3, whereas our GBT
projection, though less constraining, probes the lowest soliton mass of Msol ↑ 1 → 10→11M↑.

Within the parameter space of the e!ective coupling g and dark photon mass m, each
telescope is sensitive to a specific region dictated by its probable frequency range. Given the
non-observation of a radio signal consistent with our predictions, a telescope can exclude its
relevant part of the parameter space if the DM fraction in vector solitons fDM lies above the
value that the telescope can constrain. If instead fDM is lower than this upper limit, the band
is once again allowed. Outside of any given region, a telescope is insensitive to the parameter

– 19 –



CONCLUSIONS
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First constraints on the dark matter 
fraction in spin-1 dark photon solitons 
by considering their mergers in the 
dense astrophysical environments 
surrounding supermassive black holes.

Using the non-observation of such 
radio transients—radio silence—in 
fast radio burst (FRB) surveys, we 
statistically constrained the soliton 
merger rate and .fDM



BACK UP SLIDES

19



DARK PHOTON-PHOTON ACTION

Take the dark photon field  masses  being CDM.

Allow interactions between  and the electromagnetic field .

Enumerate the relevant interactions via .

S[Xμ(x), Aμ(x), gμν(x)] = ∫ d4x −g [−
1
4

XμνXμν −
1
2

m2XμXμ −
1
4

FμνFμν +
1
2

m2
plR + ℒint]

Xμ = (X0,X) m ≪ eV

Xμ(x) Aμ(x)

ℒint

20



NON-RELATIVISTIC MODES FOR  Xμ(x)

Only non-relativistic modes will propagate:  and .

Apply perturbative expansion: .

At leading order, we set .

In terms of theories that we study:  .

We set  at leading order in the gradient expansion. 

k ≪ m λ ≪ 2π/m

|∇Xμ | ∼ λ−1Xμ ≪ mXμ ∼ ·Xμ

∇Xμ = 0

X0 = (∇2 − m2)−1(∇ ⋅ ·X)

X0(x) = 0

21



INTERACTIONS WITH ELECTROMAGNETISM

Working in an EFT:

Operators respecting electromagnetic gauge invariance.

Organizing them via their mass dimension .ℒint = g2𝒪i

Dimension 4 : ℒ(4)
int ⊃ FμνXαβ

Dimension 5 : odd numbers of Lorentz indices

22



𝒪1 = −
1
2

FμνF̃μνXαXα ≈ 2(E ⋅ B)(X ⋅ X)

𝒪2 = −
1
2

FμνFμνXαXα ≈ (E ⋅ E)(X ⋅ X) − (B ⋅ B)(X ⋅ X)

𝒪3 = FμρFνρXμXν ≈ (B ⋅ B)(X ⋅ X) − (E ⋅ X)2 − (B ⋅ X)2

𝒪4 = F̃μρF̃νρXμXν ≈ (E ⋅ E)(X ⋅ X) − (E ⋅ X)2 − (B ⋅ X)2

Dropping terms containing  X0, ∇Xμ

Dimension 6 :

23



We write  and study the effect of each operator one at a time.

In the EFT, we may not consIder  for sufficiently small coupling .

We take  to be the DM-photon coupling with .

The system acquires a nonzero vacuum expectation value , which causes a 
contribution to lower-order operators. 

ℒint = g2𝒪i

ℒ(8)
int = g2𝒪i g2

g g2 ≪ Gf ∼ 10−5GeV−2

⟨X⟩ ∼ X̄

EFT condition: g2X̄2 ≪ 1
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DARK PHOTON SOLITONS

5

FIG. 1. Top panel: Maximum density in the simulation vol-
ume as a function of time for scalar (s = 0), vector (s = 1)
and tensor fields (s = 2). The condensation time scales with
the number of components of the field as ⌧(s) ⇠ ⌧0⇥N , where
N = 2s + 1. The simulated data includes 14 simulations for
s = 0, 1, 2 each. For visual clarity, the output shown are sig-
nificantly under-sampled compared to what is available from
our simulations. Lower panels: In each row (corresponding
to scalar, vector and tensor fields respectively), the first two
panels show a projection of the mass density of the spin-s field
at initial and final times, while the third panel provides the
radial profile of the mass density (solid line is the expected
soliton profile) at the final time. Some simulation animations
are available here.

same mass m. Assuming equipartition of mass density,
i.e. ⇢̄a = ⇢̄/(2s+1) for all components where ⇢̄ is the total
average mass density, alongwith equal velocity dispersion
� for all components, the evolution equation (c.f (5)) for
any component becomes ġ = ⌧

�1
gr (2g3 � �g)/(2s + 1).7

7
Here we have assumed that all the � factors are same, owing to

democratic initial conditions.

Notice that the only di↵erence as compared to the scalar
(s = 0) case is that we have democratically populated
all the components, giving rise to an overall ⇢̄2/(2s+1)2

factor, and a 2s+ 1 factor owing to the summation over
the 2s + 1 components (due to universality of gravity).
The net result is a 1/(2s+1) factor in the rate of kinetic
relaxation. Equivalently, the rate defined in (6) evaluates
to �(s) = �0/(2s+1). The time of condensate nucleation
(within any component) is therefore estimated as

⌧(s) ⇠ ⌧0(2s+ 1) . (8)

To verify the above prediction, we have performed ⇠ 50
simulations for s = 0, 1 and 2 (corresponding to scalar,
vector and tensor wavelike dark matter).8 We provide
necessary details of the actual simulations in appendix C.
Fig. 1 shows our simulation results along with compar-
ison with analytics. The densities are normalized by
(�2

m/
p
G)2, and length scales by 1/(m�).

For simulations, we take the condensation time to be
the time when there is a characteristic change in slope
(on a log-log scale) of the maximum density in the simu-
lation volume vs. time. Note that the ⌧0 used to normal-
ize the time axis in the top panel of Fig 1 is extracted
from simulations for the scalar case, chosen to highlight

FIG. 2. The simulation snapshots in the top and bottom
row show the initial and final projections of the magnitude of
the spin-density for vector and tensor cases respectively. The
rightmost column show the radial profile of the magnitude of
the spin density at the final time. Note that spin accumulates
with the density (compare with bottom two rows of Fig. 1).
Restoring factors of ~, the spin per boson in the simulation
volume is O(10�2)~, whereas in the core it concentrates to
O(1)~ . Unlike the magnitude of the radial spin density pro-
file, spin in the core and in the simulation volume is obtained
by vector summation of spin density at each location.

8
To verify the robustness of our scaling result ⌧ ⇠ ⌧0 N , we also

performed ⇠ 10 simulations for N = 2 and N = 4 cases.

M. Jain et al. (2023), Phys. Rev. D 109, 016002
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WAVE DARK MATTER 

           

λDB ≪ d λDB ≫ d

Particle Dark Matter Light Dark Photon Dark Matter

For , the field 
is well described by 
Classical field theory.

m ≪ eV

N =
ρDMλ3

dB
m

∼ 1030 ( 10−6 eV

m )
4
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NONRELATIVISTIC ACTION  

In the non-relativistic regime we use a perturbed Minkoswki metric as 
.

The real vector field is expressed in terms of a slowly varying function as

gμν = diag( − (1 + 2Φ), (1 − 2Φ)δij)

S[Xμ(x), gμν(x)] = ∫ d4x −g [−
1
4

XμνXμν −
1
2

m2XμXμ +
1
2

m2
plR]

X(t, x) =
1

2m
[e−imtX̃(t, x) + eimtX̃*(t, x)]
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From the non-relativistic action of above, we obtain the 3-component SP system:

S[Xμ(x), gμν(x)] = ∫ d4x [m2
plΦ∇2Φ +

i
2 (X̃† ⋅

·̃
X − X̃ ⋅

·̃
X†) −

1
2m (∇X̃† ⋅ ∇

·̃
X − mΦX̃† ⋅ X̃)]

i
·̃
X = −

1
2m

∇2X̃ + mX̃Φ and ∇2Φ =
m

2m2
pl

X̃† ⋅ X̃

The symmetries in the non-relativistic effective theory are linked to conservation laws. 

Particle number/Energy/Spin angular momentum/Orbital angular momentum.

N = ∫ d3x X̃† ⋅ X̃
28



        POLARIZED VECTOR SOLITONS 

The field amplitude oscillate in time with an angular frequency .

The radial profile and Newtonian potential satisfy the time-independent SP system:

ω ≈ m

X̃(t, x) =
1
2 ∑

λ
[cλX(r)ei(m−ω)tϵλ + h . c . ]

−(m − ω)X = −
1

2mr2

∂
∂r (r2 ∂X

∂r ) + mΦX , and
1
r2

∂
∂r (r2 ∂Φ

∂r ) =
m

2m2
pl

X2 .

X(t, x) =
X(r)

m [ c−1

2
(cos(ωt) ̂x − sin(ωt) ̂y) + c0cos(ωt) ̂z +

c+1

2
(cos(ωt) ̂x + sin(ωt) ̂y)]
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Γmerg = ∫
rvir 4πr2

2
⟨σeffvrel⟩merg(

ρhalo(r)fDM
Msol )

2

dr

m =10-6eV

m =10-5eV

m =10-4eV

10-9 10-8 10-7 10-6 10-5 10-4
10-16
10-15
10-14
10-13
10-12
10-11
10-10

Msol [M☉]

Γ m
er
g
[d
ay

-
1
ga
la
xy

-
1 ]

ν ∼ 200 MHz ( m
10−6 eV ) ,

Δν ∼ 40 kHz ( g
10−10 GeV−1 )

−2/3

( m
10−6 eV ) ,

τ ∼ 20 μs ( g
10−10 GeV−1 )

2/3

( m
10−6 eV )

−1

,

SB ∼ 3 × 1018 Jy ( g
10−10 GeV−1 )

−2/3

( m
10−6 eV )

−1

( DL

1 Mpc )
−2

.

Astrophysical Signal Properties

30

TYPICAL MERGER RATE 



SPIKY DARK MATTER AROUND SMBH

Since , we anticipate a significant enhancement of this rate under favorable 
astrophysical scenarios.

Nearly all large galaxies host supermassive black holes (SMBHs) at their centers .

The growth of these astrophysical bodies can lead to a highly concentrated dark matter 
profile in the central regions of galaxies.

Evidence for DM spike around the SMBH in OJ 287.

Γmerg ∝ ρ2
DM

Annu. Rev. Astron. Astrophys. 33 (1995); Annu. Rev. Astron. Astrphys. 51 (2013).

Phys. Rev. Lett.  83 (1999)..; Mon. Not. Roy. Astron. Soc. 337  (2002); Z..Zhang et al. (2025) arXiv:2503.02573.

Astrophys. J. Lett. 962 (2024).
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A SMBH adiabatically grows placed at the 
galactic center.

The initial DM halo density around the 
SMBH is taken .

 (N-body baryonic 
simulations),  (N-body 
baryonic-DM simulations).

ρDM ∼ r−γ

0.9 < γ < 1.5
1.7 < γ < 2.1

ρDM,sp(r) = 0.0263 M⊙/pc3 10b (
MSMBH

M⊙ )
a

(
GNMSMBH

r )
ω

(1 −
4GNMSMBH

r )
η

.

Z..Zhang et al. (2025) arXiv:2503.02573.

Nature 454 (2008); Mon.Not.Roy.Astron.Soc. 402 (2010);  Phys. Rev. D 74 (2006).
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MERGER RATE IN SPIKES

Γmerg = ∫
rh

2rSch

4πr2

2
⟨σeffvrel⟩merg(

ρDM,halo(r)fDM
Msol )

2

dr

σeff(vrel) = 4πR2
sol 1 +

Msol
4πm2

plRsolv2
rel

,

∼ 5 × 105km2 (
10−9 M⊙

Msol )
2

( 10−6 eV

m )
4

1 + 10−5 ( m
10−6 eV )

2

(
Msol

10−9 M⊙ )
2

( 2 × 220 km/s

vrel )
2

,

⟨σeff vrel⟩merg = ∫
min(2vesc, v*rel)
0

(σeff vrel) p(vrel) dvrel . ∂(ρDM(r)σ2
DM)

∂r
+ ρDM(r)

∂Φ(r)
∂r

= 0 and ρ ∼ r−ω ,

Φ(r) = −
GNMSMBH

r
,

Jeans Equation

rh = GNMSMBH/σ*2 ,

log(MSMBH/M⊙) = 8.12 − 4.24log(200 km/s/σ*) .

Gravitational Influence radius

Averaged effective cross section

Astrophys. J. 539 (2000)

p(vrel)dvrel = 4π ( 3
2πσ2

rel )
3/2

exp (−
3v2

rel
2σ2

rel ) v2
reldvrel , σrel(r) = 2σDM(r) = (1 + ω)−1/2 (

GNMSMBH
r )

1/2

.vrel ≲ 1.5 km/s ( m
10−6 eV ) (

Msol
10−9 M⊙ ) ,
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LIMITS FOR  AND Msol g

 upper limit to be within the non-
relivistic limit.
Msol

g ≲ 5 × 10−9 GeV−1 (
MSMBH
106 M⊙ ) ( m

10−6 eV ) g ≳ 10−11 GeV−1 (
10−9 M⊙

Msol )
3/2

( 10−6 eV

m )
3/2

g ≪ 2 × 10−8 GeV−1 (
10−9 M⊙

Msol )
2

( 10−6 eV

m )
2

Msol ≲ 10−4 M⊙ ( 10−6 eV

m )

g ≲ 7 × 10−9 GeV−1 (
MSMBH
106 M⊙ )

2/3

(
10−9 M⊙

Msol )
2/3

 g upper limit from soliton tidal resistance.

 upper limit for the EFT validity.g

 lower limit to resonance occurs.g
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PARAMETER OF SPACE
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Figure 6: The range of the e!ective couplings g for which both the e!ective field theory
description holds and parametric resonance can occur. The labeled vertices—A, B, C, D—
indicate how our chosen parameter spaces map onto one another. Left: The allowed range
in g with soliton mass Msol. Each band corresponds to a given choice for the dark photon
mass m, beginning at the tidally limited soliton masses (Eq. (2.10)) and terminating at
those for which the non-relativistic (NR) approximation becomes invalid (Eq. (2.4)). The
shaded envelope of all these bands highlights our region of interest (RoI). Right: The allowed
range in g with dark photon mass m. During parametric resonance, the considered range of
dark photon masses gives rise to radiation observable by transient radio telescope surveys.
The dashed lines show the regions of this parameter space where the burst duration ω and
spectral flux density SB are similar to those of observed fast radio bursts. This is discussed
in Section 3.3, and their relations are given in Eqs. (3.7) and (3.9), respectively.

3.2 Parametric Resonance

The parametric resonance of vector solitons has recently been proposed as a powerful tool
for probing solitons composed of spin-1 dark photons [41]. Combined with the oscillatory
nature of the dark photon field, the coupling between this field and electromagnetism via
the dimension-6 operators in Eq. (3.2) result in time-dependent equations of motion for the
electromagnetic Fourier modes. The periodic oscillation of the soliton amplitudes then leads
to the resonance phenomenon, generating radiation that carries information about the dark
photon-photon coupling.

For parametric resonance to occur, the radiation must be produced faster than the rate
at which it leaves the soliton, given by →2/Rsol. If this condition holds, the photon occupation
number then grows exponentially with a characteristic growth rate of →mg2f2(0), leading to
the e”cient, Bose-enhanced emission of the ensuing radiation. A Floquet analysis shows that
this condition is met if g2X̄2/2 > 2/Rsol [41]. This results in a critical mass threshold above
which soliton masses must lie for parametric resonance to occur. Inserting the relations for
X̄ and Rsol given in Eq. (2.3) and Eq. (2.5), respectively, we arrive at the threshold value
shown in Eq. (2.6). Combining this threshold with the condition for us to remain in the
non-relativistic regime, such that g2X̄2

↑ 1, we find the range of couplings for which both

– 13 –



FAST RADIO BUSRTS SURVEYS

We can compare the characteristics of the electromagnetic radiation emitted during soliton 
mergers to those of FRBs.

FRBs are also brief and highly energetic bursts of radio-frequency energy whose astrophys-
ical origins remain mysterious.

Frequency range , with durations of  and flux densities and 
fluences in the range of  and , respectively.

Extremal observed values are  and  for FRB200428 ( ).

∼ (100 MHz − 10 GHz) ∼ 1 ms
(5 × 10−4 − 102) Jy (5 × 10−4 − 102) Jy ms

∼ 106 Jy ∼ 106 Jy ms 3 × 104 ly

Prog. Part. Nucl. Phys. 103 (2018); Astron. Astrophys. Rev. 27 (2019).

Nature 587 (2020); Publ. Astron. Soc. pac. 132 (2020).
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We cannot claim to explain FRBs with soliton mergers.

To produce  bursts, we already saturate our allowed parameter space, requiring 
 and .

For the flux density and fluence, we fiducialize to our largest considered cosmic distances at 
.  Our best recovered quantities are  and 

(larger than the extremal values from FRB 200428).

The non-observation of our predicted signals provides a powerful means of constraining the 
merger rate, and in turn, the dark matter fraction in vector solitons.

∼ 1 ms
m ∼ 10−6 eV g ∼ 10−9 GeV−1

z = 4 (DL ∼ 10 Gpc) SB ∼ 107 Jy ℱ ∼ 108 Jy ms
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The number of events detected within a patch of 
the sky  should follow a Poisson distribution, 

.

A confidence level limit of non-observation, 
we requiere an expectation value distribution 

.

We write the upper limit on the merger rate 
taking a comoving volume for .

For each soliton mass, we identify an upper limit 
on the fraction of dark matter fraction that 
solitons can compose,  , e.g. a lower bound for 

 given the DM fraction, .

N
N ∼ Pois(λ)

95 %

λ < 3

z = 4

f limDM
Msol Mlower

sol

λ ≡
ε𝒱(z)

4π
ΓTOTAL

merg ≲ 3

ΓTOTAL
merg ≲ ΓTOTAL

lim ≡ 3
4π

ε𝒱(z = 4)

fDM ≲
Γmerg

lim
ΓTOTAL

lim (Msol; fDM = 1)

Science 318 (2007); Astrophys. J. 844 (2017); Nature 562 (2018); MNRAS 455 (2016).
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FIG. 7: Left: The 95% confidence level upper limits on the fraction of dark matter that vector solitons can compose
fDM with minimum soliton mass Mmin

sol . Limits are shown for the telescopes considered in ??. The bands correspond
to the where each limit can lie as a result of the uncertainty in the merger rate, shown in Fig. 5, and the range of
frequencies probed by each telescope. Results are shown for the density profile index ω = 1. Each band commences
at the tidally limit soliton mass and terminates when the non-relativistic limit becomes invalid, set by µ/m = 10→1.
Right: The region of the parameter space of the e!ective coupling g and dark photon mass m probed by our considered
telecopes within the region of validity of our analysis (c.f. Fig. 6).

Telescope ω [deg2 hr] f [GHz]

Lorimer et al. [104] 4.3 → 103 1.23–1.52

CHIME PF [71] 2.4 → 105 0.400–0.800

HTRU [74] 1.7 → 106 1.23–1.52

CHIME (Proj.) [72] 5.3 → 106 0.400–0.800

GBT (Proj.) [105] 1.0 → 104 4.00–8.00

TABLE II: The telescopes we have considered in con-
straining the dark matter fraction composed of vector
solitons. The relevant properties for our analysis are their
exposures (ε) and the radio frequency range to which
they are sensitive (f).

rate, accounting for the spiky dark matter density pro-
files that arise from the adiabatic growth of supermas-
sive black holes at galactic centers. By incorporating the
e!ects of enhanced soliton densities and velocity disper-
sions in these regions, we predicted the rate at which
supercritical solitons form—those exceeding the critical
mass threshold required to trigger highly energetic bursts
of radio-frequency radiation via parametric resonance.

Using the non-observation of such radio tran-
sients—radio silence—in fast radio burst (FRB) sur-
veys, we statistically constrained the soliton merger rate.
Combining these observational limits with our theoret-
ical predictions, we derived upper bounds on the frac-
tion of dark matter fDM that can reside in vector soli-
tons. We considered the sky exposures from the original

FRB discovery by Lorimer et al., as well as from CHIME,
ASKAP, and Parkes. We found that the first FRB de-
tection already limits the soliton fraction tofDM ↭ 10→1,
with Parkes and ASKAP tightening this to fDM ↭ 10→2,
and CHIME projected to reach fDM ↭ 10→3 at full
exposure. Our findings open a new direction in the
phenomenology of ultralight vector fields, demonstrat-
ing how observational constraints on soliton dynamics
can inform and refine theoretical models of dark matter
beyond the Standard Model.
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A. Soliton merger rate in Milky Way-like galaxies

The rate at which solitons merge in the galaxy, per unit
time, for two solitons each with mass Msol, is expressed
as an integral over the dark matter halo in the following
way:

”merg =

∫ rvir

0

4ϑr2

2

(
ϖDM(r)fDM

Msol

)2

→ ↑ϱe!(vrel)vrel↓merg dr ,

(A1)
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First constraints on the dark matter fraction in spin-1 dark photon solitons by considering 
their mergers in the dense astrophysical environments surrounding supermassive black 
holes.

Using the non-observation of such radio transients—radio silence—in fast radio burst 
(FRB) surveys, we statistically constrained the soliton merger rate.

Combining these observational limits with our theoretical predictions, we derived upper 
bounds on the fraction of dark matter  that can reside in vector solitons.fDM

39
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Telescope !lim
merg [Mpc→3 day→1] fmin

DM Msol [M↑] m [eV] gmax [GeV→1]

Lorimer et al. [75] 4.2 → 10→10 7.0 → 10→2 1 → 10→10–2 → 10→5 (5.1–6.3) → 10→6 3.0 → 10→8

CHIME PF [77] 7.5 → 10→12 9.4 → 10→3 4 → 10→10–6 → 10→5 (1.7–3.3) → 10→6 1.6 → 10→8

ASKAP [78] 3.5 → 10→12 6.4 → 10→3 2 → 10→10–2 → 10→5 (5.2–6.2) → 10→6 3.0 → 10→8

HTRU [76] 1.1 → 10→12 3.5 → 10→3 2 → 10→10–2 → 10→5 (5.1–6.3) → 10→6 3.0 → 10→8

CHIME (Proj.) [109] 3.4 → 10→13 2.0 → 10→3 4 → 10→10–6 → 10→5 (1.7–3.3) → 10→6 1.6 → 10→8

GBT (Proj.) [79] 1.8 → 10→10 4.6 → 10→2 1 → 10→11–6 → 10→6 (1.7–3.3) → 10→5 1.6 → 10→7

TABLE III: The inferred properties from our analysis for the telescopes we have considered. These include the upper
limit on the soliton merger rate (!lim

merg), the minimum constraint on the dark matter fraction in vector solitons using

our mean 95% confidence level limit (f lim
DM), and the range of soliton masses (Msol); dark photon masses (m); and

maximal couplings (gmax) probed by each telescope. The minimum coupling is always gmin → 1.3↑10→18 GeV→1. The
relevant details for our analysis for each telescope are summarized in Table II and our results are visualized in Fig. 6.

yield !TOTAL
merg ↭ 4.2↑10→10 Mpc→3 day→1 and !TOTAL

merg ↭
1.1 ↑ 10→12 Mpc→3 day→1. Our best projected limit fol-
lows from the full CHIME anticipated exposure [109],
giving !TOTAL

merg ↭ 3.4 ↑ 10→13 Mpc→3 day→1.

We can convert our upper limits on !lim
merg to ones on

the DM fraction that vector solitons can compose fDM.
Using our predictions of the merger rate given in Fig. 5,
which assume a DM fraction of unity, and the fact that
!TOTAL

merg ↓ f2
DM from Eq. (11), we then have that

fDM(Msol) ↭
√

!lim
merg

!TOTAL
merg (Msol; fDM = 1)

. (28)

Thus, for a given telescope, we can identify an upper
limit on the fraction of DM fraction that solitons can
compose given the non-observation of our predicted sig-
nal by radio-transient surveys.

To compute this limit, we first convert the frequency
range to which a telescope is sensitive to the dark pho-
ton masses that would produce these same radiation fre-
quencies using m = 2ωf . For the maximum and min-
imum dark photon masses, corresponding to the maxi-
mum and minimum of a telescope’s frequency range, we
then find the range of soliton masses that retain tidal
stability and conform to the non-relativistic approxima-
tion via Eqs. (4) and (10), respectively. This yields two
bands within which our upper limit can lie that incorpo-
rate the uncertainties in the SMBH mass function, shown
in Fig. 4. We then take the envelope of these bands to
represent the region where the true limit should lie. Fi-
nally, we take the geometric mean of the limits at the
boundaries of this envelope to be the best estimator of
our limit. For all of our limits and projections, we as-
sume the density profile index ε = 1, showing the limits
for other ε values in Appendix B. Since higher ε values
lead to larger merger rates, this choice gives us the most
conservative upper limits.

We show our 95% confidence level upper limits on the
fraction of DM that vector solitons can compose for each

of our considered telescopes in Fig. 7. Since each tele-
scope has a characteristic frequency range of sensitivity,
the dark photon masses they are able to probe varies,
leading to distinct ranges for the probable soliton masses.
Generally, the higher the probed frequency is, the lower
the soliton mass that a telescope can detect. We also
show the regions of the parameter space in the e”ective
coupling g and dark photon mass m to which each tele-
scope is sensitive. We embed these parts of the param-
eter space within the complete region of interest for our
analysis, shown in Fig. 6 and explained further in Sec-
tion III B.

We summarize our main results in Table III, which in-
cludes the minimum DM fraction constrained fmin

DM , the
range of probable soliton masses, the dark photon masses
probed, and the maximum e”ective coupling strength
reached gmax. The most stringent constraints on fDM oc-
cur at the lowest soliton masses, where the merger rate
is largest, as shown in Fig. 5. From the first FRB study
by Lorimer et al. alone, we can already constrain the
DM fraction in vector solitons to be fDM ↭ 7.0 ↑ 10→2.
CHIME Pathfinder, ASKAP, and the Parkes HTRU sur-
vey are all approximately one order of magnitude more
constraining, such that fDM can be at most ↭ 9.4↑10→3,
↭ 6.4 ↑ 10→3, and ↭ 3.5 ↑ 10→3, respectively. Our pro-
jection for the full CHIME exposure yields the strongest
constraint, with fDM ↭ 2.0 ↑ 10→3, whereas our GBT
projection, though less constraining, probes the lowest
soliton mass of Msol → 1 ↑ 10→11M↑.

Within the parameter space of the e”ective coupling g
and dark photon mass m, each telescope is sensitive to a
specific region dictated by its probable frequency range.
Given the non-observation of a radio signal consistent
with our predictions, a telescope can exclude its relevant
part of the parameter space if the DM fraction in vector
solitons fDM lies above the value that the telescope can
constrain. If instead fDM is lower than this upper limit,
the band is once again allowed. Outside of any given re-
gion, a telescope is insensitive to the parameter space as
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e�ective field theory. We focus on dimension-6 operators since we find that such interactions
lead to significant photon production from solitons even in vacuum. Astrophysical implications
of a more natural dimension-4 operator: gauge kinetic mixing [46, 47], has been explored
extensively in the literature (e.g. [48–51]), albeit in non-solitonic settings. Photon production
from such a coupling is also of interest in the presence of solitons, and might lead to enhanced
signals. Furthermore, our e�ort here is complementary to the significant ongoing e�ort to
detect light dark photon dark matter in terrestrial settings [52].

The remainder of the article is organized as follows. The content of section 2 establishes
the scope of the problem: we specify the model for massive dark photons interacting with
electromagnetism, we discuss a possible ultraviolet embedding for the dimension-6 operators
that we study, and we present the spatially-localized polarized vector soliton configurations.
The core results of our study are presented in section 3, which includes our analysis of
the electromagnetic field’s equation of motion using Floquet theory and our predictions for
the Floquet exponents arising from parametric resonance of a dark photon homogeneous
configuration with either linear or circular polarization. In section 4, we apply previous results
to study electromagnetic radiation from polarized vector solitons and discuss the possible
astrophysical signatures. In section 5, we conclude and summarize key points of our work.
Appendix A contains details of the homogeneous Floquet analysis, appendix B contains the
modified Floquet analysis for an inhomogeneous vector soliton, and appendix C includes an
extension of our work to the case of fuzzy dark photon dark matter.

2 Modeling dark photon interactions with light

We are interested in the interactions of a massive spin-1 dark photon with electromagnetism.
Consider a massive real vector field Xµ(x), which we call the dark photon field. The properties
and interactions of these particles are encoded in the action

S[Xµ(x),Aµ(x),gµ‹(x)] =
⁄

d4x
Ô

≠g
5
≠

1
4Xµ‹Xµ‹

≠
1
2m2XµXµ

≠
1
4Fµ‹F µ‹ + 1

2m2

plR+Lint

6

(2.1)

where Xµ‹ = ÒµX‹ ≠ Ò‹Xµ is the dark photon field strength tensor, Fµ‹ = ÒµA‹ ≠ Ò‹Aµ

is the electromagnetic field strength tensor, R is the Ricci scalar, and indices are raised
and lowered with the metric gµ‹(x). We work in natural units where ~ = c = 1 are set to
one, mpl = 1/

Ô
8fiGN is the reduced Planck mass, and (- + + +) is the metric signature.

We also write Xµ = (X0, X) and ˆµf = (ḟ , Òf). We consider small values of the mass
parameter m π 10 eV corresponding to light dark photons. Extending earlier work on dark
photons, we allow for interactions between Xµ(x) and the electromagnetic field Aµ(x), which
is represented by Lint. We enumerate the relevant interaction operators in section 2.2; these
include Lint ∏ Fµ‹Ffl‡X–X— and Fµ‹Ffl‡ˆ–X— where the Lorentz indices may be contracted
with various combinations of the inverse metric and Levi-Civita symbol.

2.1 Non-relativistic modes of the dark photon field

We are interested in the dark photon as a candidate for the cold dark matter. In the systems of
interest, only non-relativistic modes of the dark photon field will propagate; these modes have
small wavenumbers k π m and large de Broglie wavelengths ⁄ ∫ 2fi/m. This observation
motivates a perturbative expansion in powers of the dark photon field’s spatial gradient; the
parametric relations are |ÒXµ| ≥ ⁄≠1Xµ π mXµ ≥ Ẋµ. We work to leading order in this
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expansion, which e�ectively amounts to setting ÒXµ = 0.1 The temporal component of
the dark photon field, X0(x), is non-dynamical in the theories that we study. In the time
component of the Euler-Lagrange equations, Ẍ0(x) cancels out and its equation of motion is
an algebraic constraint equation, which has the solution X0 =

!
Ò

2
≠m2

"≠1!
Ò ·Ẋ), neglecting

gravitational and electromagnetic interactions. Working to leading order in the gradient
expansion, we set X0(x) = 0.

2.2 Interactions with electromagnetism

Since we seek to study electromagnetic radiation from vector solitons, it is necessary to
introduce a coupling between the dark photon field Xµ(x) and the electromagnetic field
Aµ(x). Working in the context of e�ective field theory (EFT), we consider all operators that
are consistent with electromagnetic gauge invariance, and we organize the operators based
on their mass dimension. The only such operator with mass dimension-4 is the so-called
gauge-kinetic mixing [46, 47]

L (4)

int
∏ Fµ‹X–— , (2.2)

where Fµ‹ = ˆµA‹ ≠ ˆ‹Aµ is the usual electromagnetic field strength tensor and X–— =
ˆ–X— ≠ ˆ—X–. The Lorentz indices can be contracted using any combination of the diagonal
inverse Minkowski metric ÷µ‹ and the totally-antisymmetric Levi-Civita symbol ‘µ‹fl‡; we
normalize ≠÷00 = ÷11 = ÷22 = ÷33 = ‘0123 = 1. The gauge kinetic mixing can be exchanged
for a coupling to charged matter by performing a field redefinition. In this work we consider
systems in the absence of free charges, and the gauge-kinetic mixing operators do not lead
to electromagnetic radiation from a dark photon field. At mass dimension-5 there are no
operators coupling the vector soliton to electromagnetism, since such operators would carry
an odd number of Lorentz indices, which cannot be fully contracted using only the two-
index metric and the four-index Levi-Civita symbol. At dimension-6 the following operators
are available:

L (6)

int
∏ Fµ‹Ffl‡X–X— , Fµ‹Ffl‡ˆ–X— , Fµ‹XflX‡ˆ–X— , Fµ‹ˆflX‡ˆ–X— , Fµ‹ˆflˆ‡ˆ–X— .

(2.3)

The third, fourth, and fifth operators involve only one factor of the electromagnetic field
Aµ(x). In the presence of a background dark photon field Xµ(x), these operators provide
a source for Aµ(x). The radiation arising from such source terms is highly suppressed for
long-wavelength background fields if plasma e�ects can be neglected [53], and we do not
discuss these operators further here.

The dimension-6 operators that we study are summarized as follows:2

O1 = ≠
1

2
Fµ‹F̃ µ‹(X · X) ¥ 2(E · B)(X · X) (2.4a)

O2 = ≠
1

2
Fµ‹F µ‹(X · X) ¥ (E · E)(X · X) ≠ (B · B)(X · X) (2.4b)

O3 = FµflF ‹flXµX‹ ¥ (B · B)(X · X) ≠ (E · X)2
≠ (B · X)2 (2.4c)

O4 = F̃µflF̃ ‹flXµX‹ ¥ (E · E)(X · X) ≠ (E · X)2
≠ (B · X)2 (2.4d)

O5 = FµflF ‹flˆµX‹ ¥ (E ◊ B) · Ẋ . (2.4e)
1
We work in the zero spatial gradient approximation locally, but indirectly take spatial gradients into

account by including the finite size e�ects of dark photon configurations in the phenomenology.
2
Some of these operators are related to one another using integration by parts (dropping total derivatives)

and equations of motion. For the non-relativistic dark photon field, a few other operators reduce to one of

these; for instance FµflF̃ ‹flXµX‹ ¥ ≠O1.
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ULTRAVIOLET EMBEDDING

Suppose that  is the vector potential associated with a dark  gauge symmetry and 
suppose that the UV theory includes a dark Higgs field  with .

If the dark Higgs acquires a nonzero vacuum expectation value , then  may 
arise from the dimension-8 operator

                .

In our EFT, we have  where  is the mass scale of the dark 
photon and  is the UV scale of new physics.

Xμ U(1)d
ϕ(x) Dμϕ = ∂μϕ − igdXμϕ

⟨ϕ⟩ = v/ 2 𝒪2

ℒ8 = −
1
8

M−4 |Dαϕ |2 FμνFμν

g2 ∼ g2
dv2/M4 ∼ m2/M4 m ∼ gdv

M 41



ELECTROMAGNETIC 
EQUATION OF MOTION

Working in the Coulomb gauge , the electromagnetic equation of motion admits 
a Fourier representation of the form:.

∇ ⋅ A = 0

JCAP05(2023)015
3.1 Electromagnetic equation of motion

For each of the five operators that we study, the electromagnetic field’s equation of motion is
linear. Working in the Coulomb gauge Ò · A = 0, the equation of motion admits a Fourier
representation:

OijÄj + PijȦj + QijAj = 0 , (3.1)

where the matrix coe�cients are

Oij =

Y
________]

________[

”ij , Lint = g2
O1

”ij +
!
2g2

|X|
2"

”ij , Lint = g2
O2

”ij +
!
≠2g2"

XiXj +

1
2g2 k·X

|k|2

2
kiXj , Lint = g2

O3

”ij +
!
2g2

|X|
2"

”ij +

1
2g2 k·X

|k|2

2
kiXj +

!
≠2g2"

XiXj , Lint = g2
O4

”ij , Lint = g2
O5

(3.2a)

Pij =

Y
________]

________[

0 , Lint = g2
O1

!
4g2X ·Ẋ

"
”ij , Lint = g2

O2
!
≠2g2"

ẊiXj +
!
≠2g2"

XiẊj +

1
2g2 k·X

|k|2

2
kiẊj +

1
2g2 k·Ẋ

|k|2

2
kiXj , Lint = g2

O3
!
4g2X ·Ẋ

"
”ij +

!
≠2g2"

ẊiXj +
!
≠2g2"

XiẊj +

1
2g2 k·Ẋ

|k|2

2
kiXj +

1
2g2 k·X

|k|2

2
kiẊj , Lint = g2

O4
!
≠2ig2k·Ẋ

"
”ij , Lint = g2

O5

(3.2b)

Qij =

Y
_______]

_______[

|k|
2 ”ij +

!
4ig2X ·Ẋ

"
‘ijkkk , Lint = g2

O1

|k|
2 ”ij +

!
2g2

|k|
2

|X|
2"

”ij , Lint = g2
O2

|k|
2 ”ij +

!
≠2g2

(k·X)
2"

”ij +
!
≠2g2

|k|
2"

XiXj +
!
2g2k·X

"
kiXj , Lint = g2

O3

|k|
2 ”ij +

!
≠2g2

(k·X)
2
+2g2

|k|
2

|X|
2"

”ij +
!
≠2g2

|k|
2"

XiXj +
!
2g2k·X

"
kiXj , Lint = g2

O4

|k|
2 ”ij +

!
≠ig2k·Ẍ

"
”ij , Lint = g2

O5

.

(3.2c)

Here ki = (k)i and Xi = [X(t)]i and Ai = [Ak(t)]i with A(t, x) =
s

d3k Ak(t) eik·x/(2fi)3.
To derive these expressions we have made two simplifying assumptions. First, we work to
leading order in powers of the coupling g2. If the dimensionless combination g2

|X|
2 were to

become O(1), our EFT expansion would be invalid, and we are safe to assume g2
|X|

2
π 1,

which lets us work to leading order in g2. Second, we neglect gradients of the dark photon
field. Whereas for a vector soliton, the dark photon field is inhomogeneous on a scale ≥ R,
the modes that exhibit parametric resonance are inhomogeneous on a much shorter length
scale ⁄ = 2fi/k ≥ m≠1

π R. To study electromagnetic radiation in these modes and calculate
their Floquet exponent, it is a good approximation to neglect spatial gradients of X [43].

3.2 Applying Floquet theory

To identify the growing solutions of eq. (3.1), we adapt known techniques from Floquet theory.
Floquet theory is well established, however, our system is somewhat non-trivial compared
to the usual textbook examples because of the coupling of di�erent components as well as
constraints that must be respected. Here, we follow section 3.2.1–3.2.3 in ref. [55], where a
general framework to compute Floquet solutions was presented and is most easily adapted to
our needs.
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"
”ij , Lint = g2

O2
!
≠2g2"
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FLOQUET THEORY (REDUCED SYSTEM) 
Before applying Floquet theory to analyse the solutions of the Fourier representation of the electromagnetic 
modes, we impose  and eliminate . Explicity, we have  for . k ⋅ A = 0 A3 A3 = − k−1

3 (k2A2 + k1A1) k3 ≠ 0

JCAP05(2023)015

Reduced system. Before applying Floquet theory to analyse the solutions of eq. (3.1), we
impose the Coulomb constraint k·A = 0 and eliminate A3. Explicitly, A3 = ≠k≠1

3
(k2A2+k1A1)

for k3 ”= 0. With this substitution, eq. (3.1) becomes

ÕijÄj +P̃ijȦj +Q̃ijAj = 0, where Õij ©Oij ≠Oi3kj/k3 (similarly for P̃,Q̃ and i, j = 1,2).
(3.3)

Eq. (3.3) is a system of two, second order di�erential equations which can be written as four
first order equations:

q̇(t) = Ũ(t) q(t) with q(t) =
A

A(t)
Ȧ(t)

B

and Ũ(t) =

Q

a
0 1

≠Õ
≠1

Q̃ ≠Õ
≠1

P̃

R

b . (3.4)

If Ũ(t + T ) = Ũ(t) is periodic with period T , then Floquet’s theorem guarantees a general
solution of the form q(t) =

q
4

s=1 cs Ps(t) eµst where Ps(t + T ) = Ps(t), and µs are called the
Floquet exponents. If Ÿ[µs] > 0 for any s, then the equation of motion admits exponentially
growing solutions.

Floquet exponents. The Floquet exponents may be calculated by solving the matrix
equation Ḟ(t) = Ũ(t)F(t) with the initial condition F(0) = 1 (numerically if necessary). The
matrix solution F(t) with this initial condition is often referred to as the fundamental solution.
The fundamental solution evaluated at t = T is called the Monodromy matrix F(T ). Let
fs = |fs|ei◊s , with s = 1 to 4, be the (complex) eigenvalues of the Monodromy matrix F(T ).
Then, the Floquet exponents are given by µs = T ≠1 [ln |fs| + i◊s]. Since det(F) = 1, it follows
that

q
4

s=1 µs = 0.

Fastest growing solutions. Eigenvectors ‘s of the Monodromy matrix provide the func-
tions Ps(t) = F(t)‘se≠µst. Since Ps(t + T ) = Ps(t) is periodic, if one solves the equation
numerically, a solution is only needed for one period (as is the case for calculating Floquet
exponents). If we order the eigenvalues by the largest real part, then q1(t) = c1P1(t)eµ1t

provides the fastest growing solution.
So far we have suppressed the dependence of our quantities of interest on k to reduce

clutter in the equations. Let us re-instate this dependence to discuss the fastest growing
solutions more explicitly. For each Fourier mode, indexed by a wavevector k, there are four
Floquet exponents, and four eigenvectors corresponding to particular polarizations of the
outgoing electromagnetic field. We label the Floquet exponents by µk,s with arbitrary 3-vector
k and with s = 1 ≠ 4 (similarly for the eigenvectors ‘k,s). If the equation of motion admits
exponentially growing solutions, the dynamics will be dominated by the solution that grows
most quickly. Therefore it is useful to identify

µk,max = max
s

Ÿ[µk,s] and µmax = max
k, s

Ÿ[µk,s] . (3.5)

The quantity µk,max gives the largest real part of the four Floquet exponents for a given
wavevector k, and the quantity µmax gives the largest Floquet exponent among all possible
wavevectors. In a given system, µmax parametrizes the growth rate of electromagnetic radiation,
while µk,max parametrizes the radiation emitted in a particular direction and with a particular
wavelength ⁄ = 2fi/|k|. For a given k, the polarization of the radiation is determined by
inspecting ‘k,max, which denotes the eigenvector corresponding to the Floquet exponent with
the largest real part for fixed k.
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q̇(t) = Ũ(t) q(t) with q(t) =
A

A(t)
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If   is periodic with period , then Floquet’s theorem guarantees a general solution 

of the form  where  and   are called Floquet exponents. 

If  for any , then the equation of motion admits exponentially growing solutions.

Ũ(t + T) = Ũ(t) T

q(t) =
4

∑
s=1

csPs(t)eμst Ps(t + T) = Ps(t) μs

ℛ(μs) > 0 s 43
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2.0

<latexit sha1_base64="WAvuBCOXzIv6eORRkmH6cY8XN6U=">AAACAHicbVC5TsNAFFxzBnMZKChoVkRIVJYdhaOMoKEMEjmkxIrWm3Wyyh7W7hrJstLwKzQUIETLZ9DxN9iJC0iYajTznt68CWNGtfG8b2tldW19Y7OyZW/v7O7tOweHbS0ThUkLSyZVN0SaMCpIy1DDSDdWBPGQkU44uS38ziNRmkrxYNKYBByNBI0oRiaXBs5xP5LCRIhTlmaMq6ldcy9saA+cqud6M8Bl4pekCko0B85XfyhxwokwmCGte74XmyBDylDMyNTuJ5rECE/QiPRyKhAnOshmD0zhWa4MYSQVLNLAmfp7I0Nc65SH+SRHZqwXvUL8z+slJroOMirixBCB54eihEEjYdEGHFJFsGFpThBWNM8K8RgphE3eWVGCv/jyMmnXXP/Srd/Xq42bso4KOAGn4Bz44Ao0wB1oghbAYAqewSt4s56sF+vd+piPrljlzhH4A+vzB93clUU=</latexit>

2.5

<latexit sha1_base64="qrlDQVtzTLEdhmTCIYwUt39LCEg=">AAACAHicbVC5TsNAFFyHK5grQEFBsyJCorJsiIAygoYySOSQEitab9bJKntYu2sky3LDr9BQgBAtn0HH32AnLiBhqtHMe3rzJogY1cZ1v63Kyura+kZ1097a3tndq+0fdLSMFSZtLJlUvQBpwqggbUMNI71IEcQDRrrB9Lbwu49EaSrFg0ki4nM0FjSkGJlcGtaOBqEUJkScsiRlXGX2hePa0B7W6q7jzgCXiVeSOijRGta+BiOJY06EwQxp3ffcyPgpUoZiRjJ7EGsSITxFY9LPqUCcaD+dPZDB01wZwVAqWKSBM/X3Roq41gkP8kmOzEQveoX4n9ePTXjtp1REsSECzw+FMYNGwqINOKKKYMOSnCCsaJ4V4glSCJu8s6IEb/HlZdI5d7xLp3HfqDdvyjqq4BicgDPggSvQBHegBdoAgww8g1fwZj1ZL9a79TEfrVjlziH4A+vzB9fClUE=</latexit>

3.0

<latexit sha1_base64="MzW+ItqCXwrss5RoM5rN1dCmmGY=">AAACEHicbVC7TsNAEDzzDOEVoKQ5ESGoIhtFQBlBQxkkAkiJFa0va3Lizrbu1ojIyifQ8Cs0FCBES0nH32CHFJAw1WhmVzs7QaKkJdf9cmZm5+YXFktL5eWV1bX1ysbmpY1TI7AlYhWb6wAsKhlhiyQpvE4Mgg4UXgW3p4V/dYfGyji6oEGCvoabSIZSAOVSt7LXCeOIQtBSDTKlzbDcoT4S8HaH8J4yA72hX+blbqXq1twR+DTxxqTKxmh2K5+dXixSjREJBda2PTchPwNDUijMz6QWExC3cIPtnEag0frZ6KEh382VHg9jw4t0fKT+3shAWzvQQT6pgfp20ivE/7x2SuGxn8koSQkj8XMoTBWnmBft8J40KEgNcgLCyDwrF30wICjvsCjBm3x5mlwe1LzDWv28Xm2cjOsosW22w/aZx45Yg52xJmsxwR7YE3thr86j8+y8Oe8/ozPOeGeL/YHz8Q2bb5zq</latexit> ✓[
ra

d]

<latexit sha1_base64="91qv1qdX0/Xla/Hn1a2EXSGj0z0="></latexit>

O3 andO4, linear pol.
<latexit sha1_base64="yT0wN8/L64ewXLU1DeSOrbOyN7s="></latexit>

O3 andO4, circular pol.

<latexit sha1_base64="ZirONJMStFJBCBPYUpUyy0ozbDw=">AAACD3icbVC7TsMwFHXKq4RXgJHFogK1AyWpKmCsYGEsEn1ITVo5rtNatZPIdpCiKH/Awq+wMIAQKysbf0PSdoCWMx2dc6/uuccNGZXKNL+1wsrq2vpGcVPf2t7Z3TP2D9oyiAQmLRywQHRdJAmjPmkpqhjphoIg7jLScSc3ud95IELSwL9XcUgcjkY+9ShGKpMGxqntBb7yEKcsTpgSqV6enPHKeXnUr9kuEkk37dd4ZWCUzKo5BVwm1pyUwBzNgfFlDwMcceIrzJCUPcsMlZMgoShmJNXtSJIQ4QkakV5GfcSJdJLpPyk8yZQh9AIB83Bwqv7eSBCXMuZuNsmRGstFLxf/83qR8q6chPphpIiPZ4e8iEEVwLwcOKSCYMXijCAsaJYV4jESCKusQj0rwVp8eZm0a1Xrolq/q5ca1/M6iuAIHIMysMAlaIBb0AQtgMEjeAav4E170l60d+1jNlrQ5juH4A+0zx+mE5vE</latexit>

(k �m)/(g2X̄2m)
<latexit sha1_base64="ZirONJMStFJBCBPYUpUyy0ozbDw=">AAACD3icbVC7TsMwFHXKq4RXgJHFogK1AyWpKmCsYGEsEn1ITVo5rtNatZPIdpCiKH/Awq+wMIAQKysbf0PSdoCWMx2dc6/uuccNGZXKNL+1wsrq2vpGcVPf2t7Z3TP2D9oyiAQmLRywQHRdJAmjPmkpqhjphoIg7jLScSc3ud95IELSwL9XcUgcjkY+9ShGKpMGxqntBb7yEKcsTpgSqV6enPHKeXnUr9kuEkk37dd4ZWCUzKo5BVwm1pyUwBzNgfFlDwMcceIrzJCUPcsMlZMgoShmJNXtSJIQ4QkakV5GfcSJdJLpPyk8yZQh9AIB83Bwqv7eSBCXMuZuNsmRGstFLxf/83qR8q6chPphpIiPZ4e8iEEVwLwcOKSCYMXijCAsaJYV4jESCKusQj0rwVp8eZm0a1Xrolq/q5ca1/M6iuAIHIMysMAlaIBb0AQtgMEjeAav4E170l60d+1jNlrQ5juH4A+0zx+mE5vE</latexit>

(k �m)/(g2X̄2m)
<latexit sha1_base64="ZirONJMStFJBCBPYUpUyy0ozbDw=">AAACD3icbVC7TsMwFHXKq4RXgJHFogK1AyWpKmCsYGEsEn1ITVo5rtNatZPIdpCiKH/Awq+wMIAQKysbf0PSdoCWMx2dc6/uuccNGZXKNL+1wsrq2vpGcVPf2t7Z3TP2D9oyiAQmLRywQHRdJAmjPmkpqhjphoIg7jLScSc3ud95IELSwL9XcUgcjkY+9ShGKpMGxqntBb7yEKcsTpgSqV6enPHKeXnUr9kuEkk37dd4ZWCUzKo5BVwm1pyUwBzNgfFlDwMcceIrzJCUPcsMlZMgoShmJNXtSJIQ4QkakV5GfcSJdJLpPyk8yZQh9AIB83Bwqv7eSBCXMuZuNsmRGstFLxf/83qR8q6chPphpIiPZ4e8iEEVwLwcOKSCYMXijCAsaJYV4jESCKusQj0rwVp8eZm0a1Xrolq/q5ca1/M6iuAIHIMysMAlaIBb0AQtgMEjeAav4E170l60d+1jNlrQ5juH4A+0zx+mE5vE</latexit>

(k �m)/(g2X̄2m)

<latexit sha1_base64="yNhzRblv8eLR1lSLUJnebNJ8kZs=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEN4ZEirosunFZwT6gDWUynbRD5xFmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89YcyoNp73bVVWVtfWN6qb9tb2zu6es3/Q1jJRmLSwZFJ1Q6QJo4K0DDWMdGNFEA8Z6YST28LvPBKlqRQPJo1JwNFI0IhiZHJp4Bz1IylMhDhlaca4mtrnvusNnJrnejPAZeKXpAZKNAfOV38occKJMJghrXu+F5sgQ8pQzMjU7ieaxAhP0Ij0cioQJzrIZvGn8DRXhjCSChZZ4Ez9vZEhrnXKw3ySIzPWi14h/uf1EhNdBxkVcWKIwPNDUcKgkbDoAg6pItiwNCcIK5pnhXiMFMImb8zOS/AXX14m7QvXv3Tr9/Va46asowqOwQk4Az64Ag1wB5qgBTDIwDN4BW/Wk/VivVsf89GKVe4cgj+wPn8AcJ6VJA==</latexit>�1.0
<latexit sha1_base64="g5nAO3F7HEiJ+67L0M6RZPZJ2HY=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgxpBIfSyLblxWsA9oQ5lMJ+3QmUmYmQghFPwVNy4Ucet3uPNvnLRZaOtZHc65l3vuCRNGlfa8b2tpeWV1bb2yYW9ube/sOnv7LRWnEpMmjlksOyFShFFBmppqRjqJJIiHjLTD8W3htx+JVDQWDzpLSMDRUNCIYqSN1HcOe1EsdIQ4ZVnOuJzYZ5570XeqnutNAReJX5IqKNHoO1+9QYxTToTGDCnV9b1EBzmSmmJGJnYvVSRBeIyGpGuoQJyoIJ/Gn8ATowxgFEtYZIFT9fdGjrhSGQ/NJEd6pOa9QvzP66Y6ug5yKpJUE4Fnh6KUQR3Dogs4oJJgzTJDEJbUZIV4hCTC2jRmmxL8+ZcXSevc9S/d2n2tWr8p66iAI3AMToEPrkAd3IEGaAIMcvAMXsGb9WS9WO/Wx2x0ySp3DsAfWJ8/dqyVKA==</latexit>�0.5

<latexit sha1_base64="Wn42y88+IVibZvvyQaolEYrXVlw=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgqiRS1GXRjcsK9gFtKJPppB06jzAzEUIo+CtuXCji1u9w5984abPQ1rOZwzn3cs+cKGFUG9//dlZW19Y3Nitb7vbO7t6+d3DY1jJVmLSwZFJ1I6QJo4K0DDWMdBNFEI8Y6UST28LvPBKlqRQPJktIyNFI0JhiZKw08I77sRQmRpyyLGdcTV2/5rsDr2qfGeAyCUpSBSWaA++rP5Q45UQYzJDWvcBPTJgjZShmZOr2U00ShCdoRHqWCsSJDvNZ/Ck8s8oQxlLBIgucqb83csS1znhkJzkyY73oFeJ/Xi818XWYU5Gkhgg8PxSnDBoJiy7gkCqCDcssQVhRmxXiMVIIG9tYUUKw+OVl0r6oBZe1+n292rgp66iAE3AKzkEArkAD3IEmaAEMcvAMXsGb8+S8OO/Ox3x0xSl3jsAfOJ8/OhOVAA==</latexit>

0.0
<latexit sha1_base64="zvEyzzpbgQHYoQDFsE2m5O4ddA4=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGR+lgW3bisYB/QhjKZTtqh8wgzEyGEgr/ixoUibv0Od/6NSZuFtp7V4Zx7ueeeMGZUG8/7tiorq2vrG9VNe2t7Z3fP2T9oa5koTFpYMqm6IdKEUUFahhpGurEiiIeMdMLJbeF3HonSVIoHk8Yk4GgkaEQxMrk0cI76kRQmQpyyNGNcTW3PvbAHTs1zvRngMvFLUgMlmgPnqz+UOOFEGMyQ1j3fi02QIWUoZmRq9xNNYoQnaER6ORWIEx1ks/hTeJorQxhJBYsscKb+3sgQ1zrlYT7JkRnrRa8Q//N6iYmug4yKODFE4PmhKGHQSFh0AYdUEWxYmhOEFc2zQjxGCmGTN1aU4C++vEza565/6dbv67XGTVlHFRyDE3AGfHAFGuAONEELYJCBZ/AK3qwn68V6tz7moxWr3DkEf2B9/gBBrJUF</latexit>

0.5
<latexit sha1_base64="4WlytiUafRxdq8pb6UEFBhAKKg4=">AAAB/nicbVDLSsNAFL3xWeMrKq7cDBbBVUmkqMuiG5cV7APaUCbTSTt0JhNmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89QcyZNq77ba2srq1vbFa27O2d3b195+CwrWWiCG0RyaXqBlhTziLaMsxw2o0VxSLgtBNMbgu/80iVZjJ6MGlMfYFHEQsZwSaXBs5xP5SRCbFgPM24UFPbq7n2wKm6NXcGtEy8klShRHPgfPWHkiSCRoZwrHXPc2PjZ1gZRjid2v1E0xiTCR7RXk4jLKj2s1n8KTrLlSEKpUJFFjRTf29kWGidiiCfFNiM9aJXiP95vcSE137GojgxNCLzQ2HCkZGo6AINmaLE8DQnmCiWZ0VkjBUmJm+sKMFbfHmZtC9q3mWtfl+vNm7KOipwAqdwDh5cQQPuoAktIJDBM7zCm/VkvVjv1sd8dMUqd47gD6zPHzualQE=</latexit>

1.0
<latexit sha1_base64="yNhzRblv8eLR1lSLUJnebNJ8kZs=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEN4ZEirosunFZwT6gDWUynbRD5xFmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89YcyoNp73bVVWVtfWN6qb9tb2zu6es3/Q1jJRmLSwZFJ1Q6QJo4K0DDWMdGNFEA8Z6YST28LvPBKlqRQPJo1JwNFI0IhiZHJp4Bz1IylMhDhlaca4mtrnvusNnJrnejPAZeKXpAZKNAfOV38occKJMJghrXu+F5sgQ8pQzMjU7ieaxAhP0Ij0cioQJzrIZvGn8DRXhjCSChZZ4Ez9vZEhrnXKw3ySIzPWi14h/uf1EhNdBxkVcWKIwPNDUcKgkbDoAg6pItiwNCcIK5pnhXiMFMImb8zOS/AXX14m7QvXv3Tr9/Va46asowqOwQk4Az64Ag1wB5qgBTDIwDN4BW/Wk/VivVsf89GKVe4cgj+wPn8AcJ6VJA==</latexit>�1.0

<latexit sha1_base64="g5nAO3F7HEiJ+67L0M6RZPZJ2HY=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgxpBIfSyLblxWsA9oQ5lMJ+3QmUmYmQghFPwVNy4Ucet3uPNvnLRZaOtZHc65l3vuCRNGlfa8b2tpeWV1bb2yYW9ube/sOnv7LRWnEpMmjlksOyFShFFBmppqRjqJJIiHjLTD8W3htx+JVDQWDzpLSMDRUNCIYqSN1HcOe1EsdIQ4ZVnOuJzYZ5570XeqnutNAReJX5IqKNHoO1+9QYxTToTGDCnV9b1EBzmSmmJGJnYvVSRBeIyGpGuoQJyoIJ/Gn8ATowxgFEtYZIFT9fdGjrhSGQ/NJEd6pOa9QvzP66Y6ug5yKpJUE4Fnh6KUQR3Dogs4oJJgzTJDEJbUZIV4hCTC2jRmmxL8+ZcXSevc9S/d2n2tWr8p66iAI3AMToEPrkAd3IEGaAIMcvAMXsGb9WS9WO/Wx2x0ySp3DsAfWJ8/dqyVKA==</latexit>�0.5
<latexit sha1_base64="Wn42y88+IVibZvvyQaolEYrXVlw=">AAAB/nicbVDLSsNAFJ34rPEVFVduBovgqiRS1GXRjcsK9gFtKJPppB06jzAzEUIo+CtuXCji1u9w5984abPQ1rOZwzn3cs+cKGFUG9//dlZW19Y3Nitb7vbO7t6+d3DY1jJVmLSwZFJ1I6QJo4K0DDWMdBNFEI8Y6UST28LvPBKlqRQPJktIyNFI0JhiZKw08I77sRQmRpyyLGdcTV2/5rsDr2qfGeAyCUpSBSWaA++rP5Q45UQYzJDWvcBPTJgjZShmZOr2U00ShCdoRHqWCsSJDvNZ/Ck8s8oQxlLBIgucqb83csS1znhkJzkyY73oFeJ/Xi818XWYU5Gkhgg8PxSnDBoJiy7gkCqCDcssQVhRmxXiMVIIG9tYUUKw+OVl0r6oBZe1+n292rgp66iAE3AKzkEArkAD3IEmaAEMcvAMXsGb8+S8OO/Ox3x0xSl3jsAfOJ8/OhOVAA==</latexit>

0.0
<latexit sha1_base64="zvEyzzpbgQHYoQDFsE2m5O4ddA4=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyGR+lgW3bisYB/QhjKZTtqh8wgzEyGEgr/ixoUibv0Od/6NSZuFtp7V4Zx7ueeeMGZUG8/7tiorq2vrG9VNe2t7Z3fP2T9oa5koTFpYMqm6IdKEUUFahhpGurEiiIeMdMLJbeF3HonSVIoHk8Yk4GgkaEQxMrk0cI76kRQmQpyyNGNcTW3PvbAHTs1zvRngMvFLUgMlmgPnqz+UOOFEGMyQ1j3fi02QIWUoZmRq9xNNYoQnaER6ORWIEx1ks/hTeJorQxhJBYsscKb+3sgQ1zrlYT7JkRnrRa8Q//N6iYmug4yKODFE4PmhKGHQSFh0AYdUEWxYmhOEFc2zQjxGCmGTN1aU4C++vEza565/6dbv67XGTVlHFRyDE3AGfHAFGuAONEELYJCBZ/AK3qwn68V6tz7moxWr3DkEf2B9/gBBrJUF</latexit>

0.5
<latexit sha1_base64="4WlytiUafRxdq8pb6UEFBhAKKg4=">AAAB/nicbVDLSsNAFL3xWeMrKq7cDBbBVUmkqMuiG5cV7APaUCbTSTt0JhNmJkIIBX/FjQtF3Pod7vwbkzYLbT2rwzn3cs89QcyZNq77ba2srq1vbFa27O2d3b195+CwrWWiCG0RyaXqBlhTziLaMsxw2o0VxSLgtBNMbgu/80iVZjJ6MGlMfYFHEQsZwSaXBs5xP5SRCbFgPM24UFPbq7n2wKm6NXcGtEy8klShRHPgfPWHkiSCRoZwrHXPc2PjZ1gZRjid2v1E0xiTCR7RXk4jLKj2s1n8KTrLlSEKpUJFFjRTf29kWGidiiCfFNiM9aJXiP95vcSE137GojgxNCLzQ2HCkZGo6AINmaLE8DQnmCiWZ0VkjBUmJm+sKMFbfHmZtC9q3mWtfl+vNm7KOipwAqdwDh5cQQPuoAktIJDBM7zCm/VkvVjv1sd8dMUqd47gD6zPHzualQE=</latexit>

1.0

<latexit sha1_base64="XAmQGsA2NyUVv0ATexGPoyeXWnA="></latexit>

O1 andO2, linear pol.

<latexit sha1_base64="bDbg3gm18jEXfL0HlXXQ9Dd6gMc="></latexit> µk,max

g2X̄2m

<latexit sha1_base64="/YLmYNuRvWr3AzO6OxfVGIJe+/U=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBzWK8issDCDEyo+w8Tc4bQZoOdPROffqnnuCmFGlXffbqmxsbm3vVHftvf2DwyPnuNZVUSIx6eCIRbIfIEUYFaSjqWakH0uCeMBIL5jdFX7viUhFI/Go05j4HE0EDSlG2kgjpzYMI6FDxClLM6Zlbs9HTt1tuAvAdeKVpA5KtEfO13Ac4YQToTFDSg08N9Z+hqSmmJHcHiaKxAjP0IQMDBWIE+Vni+w5PDfKGIaRhEUQuFB/b2SIK5XywExypKdq1SvE/7xBosMbP6MiTjQReHkoTBjUESyKgGMqCdYsNQRhSU1WiKdIIqxNXbYpwVt9eZ10LxveVaP50Ky3bss6quAUnIEL4IFr0AL3oA06AIM5eAav4M3KrRfr3fpYjlascucE/IH1+QOPBZTJ</latexit>x
<latexit sha1_base64="wczNExxE7r0OXBQ0oOiQcS0WJAg=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCUIAWMFC2OR6ENqo8pxndaqH5HtIKKov8LCAEKs/Agbf4PTZoCWMx2dc6/uuSdKGNXG97+dytr6xuZWddvd2d3bP/AOax0tU4VJG0smVS9CmjAqSNtQw0gvUQTxiJFuNL0t/O4jUZpK8WCyhIQcjQWNKUbGSkOvNoilMDHilGU5M2rmZkOv7jf8OeAqCUpSByVaQ+9rMJI45UQYzJDW/cBPTJgjZShmZOYOUk0ShKdoTPqWCsSJDvN59hk8tcoIxlLBIgicq783csS1znhkJzkyE73sFeJ/Xj818XWYU5Gkhgi8OBSnDBoJiyLgiCqCDcssQVhRmxXiCVIIG1uXa0sIll9eJZ3zRnDZuLi/qDdvyjqq4BicgDMQgCvQBHegBdoAgyfwDF7BmzNzXpx352MxWnHKnSPwB87nD5CJlMo=</latexit>y

<latexit sha1_base64="nddzV7z7xTwI4rZkRg7szlB1a3A=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBxGi/AoLAwix8iNs/A1OmwFaznR0zr26554gZlRp1/22KmvrG5tb1W17Z3dv/8A5rHVVlEhMOjhikewHSBFGBeloqhnpx5IgHjDSC2Y3hd97IFLRSNzrNCY+RxNBQ4qRNtLIqQ3DSOgQccrSjGmZ208jp+423DngKvFKUgcl2iPnaziOcMKJ0JghpQaeG2s/Q1JTzEhuDxNFYoRnaEIGhgrEifKzefYcnhplDMNIwiIInKu/NzLElUp5YCY50lO17BXif94g0eGVn1ERJ5oIvDgUJgzqCBZFwDGVBGuWGoKwpCYrxFMkEdamLtuU4C2/vEq65w3votG8a9Zb12UdVXAMTsAZ8MAlaIFb0AYdgMEjeAav4M3KrRfr3fpYjFascucI/IH1+QOSDZTL</latexit>z

<latexit sha1_base64="/YLmYNuRvWr3AzO6OxfVGIJe+/U=">AAAB+3icbVC7TsMwFHXKq4RXKCOLRYXEVCWoAsYKFsYi0YfURpXjOq1V24lsBzWK8issDCDEyo+w8Tc4bQZoOdPROffqnnuCmFGlXffbqmxsbm3vVHftvf2DwyPnuNZVUSIx6eCIRbIfIEUYFaSjqWakH0uCeMBIL5jdFX7viUhFI/Go05j4HE0EDSlG2kgjpzYMI6FDxClLM6Zlbs9HTt1tuAvAdeKVpA5KtEfO13Ac4YQToTFDSg08N9Z+hqSmmJHcHiaKxAjP0IQMDBWIE+Vni+w5PDfKGIaRhEUQuFB/b2SIK5XywExypKdq1SvE/7xBosMbP6MiTjQReHkoTBjUESyKgGMqCdYsNQRhSU1WiKdIIqxNXbYpwVt9eZ10LxveVaP50Ky3bss6quAUnIEL4IFr0AL3oA06AIM5eAav4M3KrRfr3fpYjlascucE/IH1+QOPBZTJ</latexit>x
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Figure 1. Electromagnetic radiation arising from a homogeneous dark photon field coupled to
electromagnetism though several dimension-6 operators via the phenomenon of parametric resonance.
Top: The maximal Floquet exponent µk,max is shown as a function of the wavenumber k of the
electromagnetic radiation and the polar angle ◊ such that cos ◊ = k · ẑ/k. The dominant Floquet
band is centered at k ¥ m and has width O(g2X̄2m), where m is the dark photon mass, X̄ is the field
amplitude, and g is the coupling to electromagnetism with Lint = g2

Oi. The three panels correspond
to di�erent operators Oi and di�erent polarizations for the dark photon field. Bottom: These graphics
illustrate the orientation of the radiation’s polarization. The green arrows denote the polarization of
the dark photon field (e.g., vector soliton), while the red and blue arrows denote the polarization of
the emitted radiation (for di�erent operators). For operators O1 and O2 (bottom-left) the radiation
is emitted isotropically, and has no preferred polarization direction. For operators O3 and O4 with
a linearly-polarized dark photon field (bottom-middle) the radiation is predominatly emitted in the
directions normal to ẑ, whereas for a circularly-polarized dark photon field (bottom-right) the emission
is predominantly aligned with ±ẑ.

Next we discuss operators O3 and O4. The analytic calculations are facilitated by moving
to a circular polarization basis for the outgoing radiation. The top-right panel of figure 1 shows
the Floquet chart for operator O3, and the chart for O4 is indistinguishable. The Floquet
exponent is maximized for ◊ = 0 and fi, corresponding to radiation in the direction normal to
the plane of the dark photon field, k = kz ẑ, as shown in the right bottom panel of figure 1.
The radiation carries circular polarization with the same handedness as the dark photon field.
This means that the radiation emitted from ◊ = 0 and ◊ = fi have opposite helicity.
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both O1 and O2 have the same behavior in regard to the direction and polarization of the
radiation. We find that µk,max is independent of the wavevector’s orientation, and the
electromagnetic radiation is emitted isotropically. Since the operators only depend on |X|,
the radiation doesn’t ‘know’ about the dark photon field’s orientation, and we obtain the
same radiation pattern as if the condensate had been a scalar field [43]. Our numerical
results for operator O2 are illustrated in the top-left panel of figure 1, and the chart for O1 is
indistinguishable. The dominant Floquet band is centered at k = m. The isotropic emission
is reflected in the ‘vertical’ nature of the Floquet band, which is independent of the angle ◊
between k and X. For both operators, the emitted radiation has no preferred polarization
direction as shown in the left bottom panel in figure 1.

Next we discuss operators O3 and O4. Here the indices for the dark photon field contract
with the indices for the electric and magnetic fields, and this leads to a richer structure in
the Floquet chart. The top-middle panel of figure 1 shows the Floquet charts for O3 and
O4 which are identical. The maximal Floquet exponent g2X̄2m/2 is obtained for ◊ = fi/2,
corresponding to emission that is normal to the dark photon field’s orientation, k ‹ ẑ.
Whereas for ◊ = 0 or fi, corresponding to k = kz ẑ, the Floquet exponent is smaller by a
factor of 2. More generally, our analytical analysis yields an expression (A.11) for the maximal
Floquet exponent (maximizing over orientations of the electromagnetic field’s polarization)
with an arbitrary angle ◊ between k and ẑ, which is given by

µk,max(◊) = 1
2g2X̄2m

3
1 ≠

1
2 cos2 ◊

4
. (3.10)

The radiation’s polarization is found to be di�erent for the two operators. For operator O3

the outgoing radiation at ◊ = fi/2 is polarized in the direction of the dark photon field X Ã ẑ,
and for operator O4 it is normal to the dark photon field in the azimuthal direction „̂, as
indicated in the bottom-middle panel of figure 1.

3.4 Circularly polarized dark photon field

We consider a homogeneous and circularly-polarized dark photon field, which is written as

X(t, x) = X̄
Ô

2
!
cos(mt) x̂ + sin(mt) ŷ

"
, (3.11)

where X has a constant magnitude and varying orientation. By performing the Floquet
analysis described above, we calculate the Floquet exponents µk,s. We provide some details of
this derivation for O3 in appendix A.2. Maximizing the real part over all possible directions
and polarizations of the outgoing radiation yields

µmax =

Y
_______]

_______[

0 , for Lint = g2
O1

0 , for Lint = g2
O2

1

2
g2X̄2m , for Lint = g2

O3

1

2
g2X̄2m , for Lint = g2

O4

O(g4) , for Lint = g2
O5

. (3.12)

Operators O1 and O2 do not lead to parametric resonance for a circularly polarized dark
photon field, hence µmax = 0. For these operators, the dark photon field enters through |X|,
which remains constant in the circularly-polarized configuration (3.11). For operator O5, the
Floquet exponent is imaginary at O(g2); see section 3.3.
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Whereas for ◊ = 0 or fi, corresponding to k = kz ẑ, the Floquet exponent is smaller by a
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and for operator O4 it is normal to the dark photon field in the azimuthal direction „̂, as
indicated in the bottom-middle panel of figure 1.

3.4 Circularly polarized dark photon field

We consider a homogeneous and circularly-polarized dark photon field, which is written as

X(t, x) = X̄
Ô

2
!
cos(mt) x̂ + sin(mt) ŷ
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Analytical approximations. Since Õ
≠1

Q̃ and Õ
≠1

P̃ are periodic functions with period
T = 2fi/Ê0, they can be expanded as a Fourier series Õ

≠1
Q̃ =

q
l[Õ≠1

Q̃]leilÊ0t and Õ
≠1

P̃ =q
l[Õ≠1

P̃]leilÊ0t, where l is an integer. In the small source amplitude regime, we expect a
solution of the form Ã(t) = Ã+(t)eiÊ0t + Ã≠(t)e≠iÊ0t, with a slowly varying Ã±(t). Since
interaction operators O1 through O4 are quadratic in the photon and dark photon fields, at
leading order, this ansatz corresponds to the process X + X æ A + A. Here, the X particles
are at rest with initial energy Ê0. The emitted photons have the same energy k + O(g2) = Ê0.
Plugging this ansatz in the reduced system of equations, and collecting terms Ã e±iÊ0t, we
arrive at

˙̃y(t) = M̃ỹ(t) with ỹ(t) =
A

Ã+(t)
Ã≠(t)

B

, (3.6)

where

M̃=

Q

ca
≠

i(Ê2
0≠|k|2)
2Ê0

1≠
(Ê2

0+|k|2)
4Ê2

0
[Õ≠1

P̃]0 + i
2Ê0

#
O≠1Q

$
0

(Ê2
0+|k|2)
4Ê2

0
[Õ≠1

P̃]2 + i
2Ê0

#
Õ

≠1
Q̃

$
2

(Ê2
0+|k|2)
4Ê2

0
[Õ≠1

P̃]≠2 ≠
i

2Ê0

#
Õ

≠1
Q̃

$
≠2

i(Ê2
0≠|k|2)
2Ê0

1≠
(Ê2

0+|k|2)
4Ê2

0
[Õ≠1

P̃]0 ≠
i

2Ê0

#
O≠1Q

$
0

R

db .

(3.7)
Here, we have only kept terms up to O(g2) and use Õ

≠1
P̃ = O(g2), [O≠1Q]0 = [Õ≠1

Q̃]0 ≠

|k|
21 = O(g2). Note that these considerations mean that all entries in the above matrix are

O(g2), and so are the eigenvalues. The four eigenvalues of M̃ are the Floquet exponents µs

for s = 1 ≠ 4.

3.3 Linearly polarized dark photon field

We consider a homogeneous and linearly-polarized dark photon field, which is written as

X(t, x) = X̄ cos(mt) ẑ , (3.8)

where X has a constant orientation and varying magnitude. We have set the temporal
oscillation frequency Ê0 = m which is an excellent approximation in the non-relativistic
limit. For each of the operators, O1 through O5, we perform the Floquet analysis described
above, working to leading order in powers of the coupling g2. To illustrate the details of
these analytic calculations, we work through the derivation for operator O3 in appendix A.1;
the calculations for other operators are similar. For each operator, the maximum Floquet
exponent (real part) is found to be

µmax =

Y
_______]

_______[

1

2
g2X̄2m , for Lint = g2

O1

1

2
g2X̄2m , for Lint = g2

O2

1

2
g2X̄2m , for Lint = g2

O3

1

2
g2X̄2m , for Lint = g2

O4

O(g4) , for Lint = g2
O5

, (3.9)

where the maximization is performed over all possible wavevectors k and all possible polariza-
tions of the outgoing radiation. The results are equivalent for operators O1 through O4, and
we discuss these results further below. For O5, the real part of the Floquet exponent is para-
metrically higher order in the coupling. This is because the additional time derivative in O5,
see eq. (2.4), brings a factor of i which renders the leading-order Floquet exponent imaginary.

First we discuss operators O1 and O2. For both of these operators, the dark photon field
enters via X ·X, so its indices are not ‘entangled’ with the electromagnetic field. Consequently
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