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Figura 1.1: Mapa del del Universo construido por el SDSS. Cada punto de la imagen
representa una galaxia; A grandes distancias, el Universo es homogéneo e isótropo.

1.2.2. Expansión del Universo

La expansión del Unverso es un hecho fundamental descubierto hace poco más
de 100 años por Edwin Hubble, y es considerado la piedra angular de nuestro
entendimiento del universo. La expansión se refiere a que cada galaxia individual se
aleja de cada otra galaxia, haciendo que las distancias entre galaxias se incremente
[3]. Con el fin de describir esta expansión, se introduce el factor de escala a(t), el
cual es una función que crece con respecto al tiempo cósmico t, de tal manera que
la distancia entre dos objetos distantes en el Universo es proporcional a a(t). Por
otro lado, la tasa de expansión, es decir, el crecimiento relativo de las distancias por
unidad de tiempo, es caracterizado por el parámetro de Hubble H(t) [7], dado por

H(t) =
ȧ(t)

a(t)
, (1.35)

donde el punto sobre el factor de escala denota derivada con respecto al tiempo
cósmico. Por convención, el factor de escala y el parámetro de Hubble en el tiempo
presente son denotados respectivamente por a0 y H0. Una cantidad f́ısica que permite
medir distancias en el Universo es conocido como el redshift z. Dado que el Universo
se expande, también lo hará la longitud de onda � de un fotón emitido en un pasado
lejano, la cual crecerá proporcionalmente con a(t) [7]. Este redshift está determinado
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Distance [Mpc]!Fig. 2.4 Historical measurements of the velocity-distance relationship in an expanding uni-
verse. The left plot shows Hubble’s original data from 1929, including an optimistic
linear fit to Hubble’s law [1]. The right plot includes additional data from 1931
collected together with Humason [2]. Both measurements contain systematic errors
and overestimate Hubble’s constant significantly, H0 ≈ 500 km/s/Mpc.

2.2.3 Distances∗

Measuring distances in cosmology is notoriously difficult. Notice that the distances
appearing in the metric are not observable. Even the physical distance dphys = a(t)χ
cannot be observed because it is the distance between separated events at a fixed
time. A more practical definition of “distance” must take into account that the
universe is expanding and that it takes light a finite amount of time to reach us.

Luminosity distance
An important way to measure distances in cosmology uses so-called standard can-
dles. These are objects of known intrinsic brightnesses, so that their observed
brightnesses can be used to determine their distances. Essentially, an object of
a given brightness will appear dimmer if it is further away.

Hubble used Cepheids to discover the expansion of the universe. These are stars
whose brightnesses vary periodically. The observed periods were found to be cor-
related with the intrinsic brightness of the stars. By measuring the time variation
of Cepheids, astronomers can infer their absolute brightnesses and then use their
observed brightnesses to infer their distances. However, the Cepheid method only
works for relatively small distances. To measure larger distances we need brighter
sources. These are provided by type Ia supernovae—stellar explosions that arise
when a white dwarf accretes too much matter from a companion star. Supernovae
are rare (roughly a few per century in a typical galaxy), but outshine all stars in
the host galaxy and can therefore be seen out to enormous distances. By observ-
ing many galaxies, astronomers can then measure a large number of supernovae.
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24 The Expanding Universe

flat spherical hyperbolic!Fig. 2.1 The spacetime of the universe can be foliated into flat, spherical (positively-curved)
or hyperbolic (negatively-curved) spatial hypersurfaces.

• Flat space: The simplest possibility is three-dimensional Euclidean space E3.
This is the space in which parallel lines don’t intersect. Its line element is

d!2 = dx2 = δijdxidxj , (2.9)

which is clearly invariant under spatial translations xi !→ xi + ai and rotations
xi !→ Ri

kxk, with δijRi
kRj

l = δkl.
• Spherical space: The next possibility is a three-space with constant positive

curvature. On such a space, parallel lines will eventually meet. This geometry
can be represented as a three-sphere S3 embedded in four-dimensional Euclidean
space E4:

d!2 = dx2 + du2 , x2 + u2 = R2
0 , (2.10)

where R0 is the radius of the sphere. Homogeneity and isotropy on the surface
of the three-sphere are inherited from the symmetry of the line element under
four-dimensional rotations.

• Hyperbolic space: Finally, we can have a three-space with constant negative cur-
vature. On such a space, parallel lines diverge. This geometry can be represented
as a hyperboloid H3 embedded in four-dimensional Lorentzian space R1,3:

d!2 = dx2 − du2 , x2 − u2 = −R2
0 , (2.11)

where R2
0 > 0 is a constant determining the curvature of the hyperboloid. Ho-

mogeneity and isotropy of the induced geometry on the hyperboloid are in-
herited from the symmetry of the line element under four-dimensional pseudo-
rotations—i.e. Lorentz transformations, with u playing the role of time.

The line elements of the spherical and hyperbolic cases can be combined as

d!2 = dx2 ± du2 , x2 ± u2 = ±R2
0 . (2.12)

The differential of the embedding condition gives udu = ∓x · dx, so that we can
eliminate the dependence on the auxiliary coordinate u from the line element

d!2 = dx2 ± (x · dx)2
R2

0 ∓ x2
. (2.13)

1.  Problema del Horizonte

ΔT
T

≈ 10−5

2.  Problema de de la Planitud

k ≃ 0



• Guth A., The inflationary universe: A possible solution to the horizon and flatness problems, 1981 Phys. Rev. D 23 347. 
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3 V(ϕ) ≈ constante a(t) ∼ eHt



⇒ inflacióna(t) ∼ eHt

V (�)

�

�̇

��

�

Singularidad Big Bang

Contacto causal

Fin de in"ación
rueda lentamente

Campo escalar

·ϕ

Inflación bajo la aproximación Slow-Roll
1
2

·ϕ2 ≪ V(ϕ)

| ··ϕ | ≪ |3H ·ϕ | , |Vϕ | |η | ≪ 1

a)

b)

Aproximación Slow-Roll



⇒ inflacióna(t) ∼ eHt

V (�)

�

�̇

��

�

Singularidad Big Bang

Contacto causal

Fin de in"ación
rueda lentamente

Campo escalar

·ϕ

Inflación bajo la aproximación Slow-Roll

Parámetros Slow-Roll

1
2

·ϕ2 ≪ V(ϕ)

| ··ϕ | ≪ |3H ·ϕ | , |Vϕ | |η | ≪ 1

a)

b)

Aproximación Slow-Roll

ϵV ≡ 1
2κ (

Vϕ

V )
2

ηV ≡ 1
κ

Vϕϕ

V



N ≈ κ∫
ϕ

ϕend

V
Vϕ

dϕ

Cantidad de inflación:

Número de e-folds

Parámetros Slow-Roll

1
2

·ϕ2 ≪ V(ϕ)

| ··ϕ | ≪ |3H ·ϕ | , |Vϕ | |η | ≪ 1

a)

b)

Aproximación Slow-Roll

⇒ inflacióna(t) ∼ eHt

V (�)

�

�̇

��

�

Singularidad Big Bang

Contacto causal

Fin de in"ación
rueda lentamente

Campo escalar

·ϕ

Inflación bajo la aproximación Slow-Roll

ϵV ≡ 1
2κ (

Vϕ

V )
2

ηV ≡ 1
κ

Vϕϕ

V



V (�)

�

�̇

��

�

Singularidad Big Bang

Contacto causal

Fin de in"ación
rueda lentamente

Campo escalar

·ϕ

··a = 0 ⟺ ϵ = 1, |η | = 1

Fin de inflación:

Inflación bajo la aproximación Slow-Roll

Cantidad de inflación:

Número de e-folds

Parámetros Slow-Roll

1
2

·ϕ2 ≪ V(ϕ)

| ··ϕ | ≪ |3H ·ϕ | , |Vϕ | |η | ≪ 1

a)

b)

Aproximación Slow-Roll

ϵV ≡ 1
2κ (

Vϕ

V )
2

ηV ≡ 1
κ

Vϕϕ

V

N ≈ κ∫
ϕ

ϕend

V
Vϕ

dϕ



V (�)

�

�̇

��

�

Singularidad Big Bang

Contacto causal

Fin de in"ación
rueda lentamente

Campo escalar

·ϕ

··a = 0 ⟺ ϵ = 1, |η | = 1

Fin de inflación:

Inflación bajo la aproximación Slow-Roll

Cantidad de inflación:

Número de e-folds

Parámetros Slow-Roll

1
2

·ϕ2 ≪ V(ϕ)

| ··ϕ | ≪ |3H ·ϕ | , |Vϕ | |η | ≪ 1

a)

b)

Aproximación Slow-Roll

ϵV ≡ 1
2κ (

Vϕ

V )
2

ηV ≡ 1
κ

Vϕϕ

V

Recalentamiento

N ≈ κ∫
ϕ

ϕend

V
Vϕ

dϕ



Recalentamiento

Inflación

MCE

t

(Hot)Big-Bang:  
Época del Universo 

densa y caliente.



reality, inflation ends at some finite time, and the approximation (60) although valid at early times,

breaks down near the end of inflation. So the surface ⌧ = 0 is not the Big Bang, but the end of

inflation. The initial singularity has been pushed back arbitrarily far in conformal time ⌧ ⌧ 0, and

light cones can extend through the apparent Big Bang so that apparently disconnected points are

in causal contact. In other words, because of inflation, ‘there was more (conformal) time before

recombination than we thought’. This is summarized in the conformal diagram in Figure 9.

6 The Physics of Inflation

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the universe grew

exponential at an accelerating rate. In Einstein gravity this requires a negative pressure source or

equivalently a nearly constant energy density. In this section we describe the physical conditions

under which this can arise.

6.1 Scalar Field Dynamics

reheating

Figure 10: Example of an inflaton potential. Acceleration occurs when the potential energy of

the field, V (�), dominates over its kinetic energy, 1

2
�̇
2. Inflation ends at �end when the

kinetic energy has grown to become comparable to the potential energy, 1

2
�̇
2 ⇡ V . CMB

fluctuations are created by quantum fluctuations �� about 60 e-folds before the end of

inflation. At reheating, the energy density of the inflaton is converted into radiation.

The simplest models of inflation involve a single scalar field �, the inflaton. Here, we don’t

specify the physical nature of the field �, but simply use it as an order parameter (or clock) to

parameterize the time-evolution of the inflationary energy density. The dynamics of a scalar field

(minimally) coupled to gravity is governed by the action

S =

Z
d4

x
p

�g


1

2
R +

1

2
g
µ⌫

@µ� @⌫� � V (�)

�
= SEH + S� . (61)

The action (61) is the sum of the gravitational Einstein-Hilbert action, SEH, and the action of a

scalar field with canonical kinetic term, S�. The potential V (�) describes the self-interactions of the
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Espectro de Potencia de las perturbaciones escalares

Inf lación predice un Espectro 
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P(k)

k

Pℛ ∝ kns−1
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Planck (2018) y de BICEP/Keck (2021)

En la aproximación slow-roll

ns − 1 ≈ − 6ϵV + 2ηV

r = 16ϵV
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As(k)
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Planck Collaboration: Cosmological parameters

Fig. 27. Constraints on the running of the scalar spectral index
in the ⇤CDM model, using Planck TT,TE,EE+lowE+lensing
when marginalizing over r (samples, coloured by the spectral
index at k = 0.05Mpc�1), and the equivalent result when r = 0
(black contours). The Planck data are consistent with zero run-
ning, but also allow for significant negative running, which gives
a positive tilt ns,0.002, and hence less power, on large scales
(k ⇡ 0.002Mpc�1).

r0.002 < 0.066,
dns/d ln k = �0.006 ± 0.013,

)
95 %, TT,TE,EE+lowE
+lensing+BK15+BAO. (45b)

The combination of Planck and BK15 robustly constrain the
tensor ratio to be small, with r0.002 <⇠ 0.06. The implications
for inflation are slightly more model dependent as a result of
degeneracies between ns and additional parameters in extended
⇤CDM models. However, as shown in Table 5, the extensions
of ⇤CDM that we consider in this paper cannot substantially
shift the value of the spectral index when the tensor amplitude is
small, so the overall conclusions are unlikely to change substan-
tially in extended models.

7.3. Spatial curvature

The base-⇤CDM model assumes that the spatial hypersurfaces
are flat, such as would be predicted (to within measurable pre-
cision) by the simplest inflationary models. This is a prediction
that can be tested to high accuracy by the combination of CMB
and BAO data (the CMB alone su↵ers from a geometric degener-
acy, which is weakly broken with the addition of CMB lensing).
This is illustrated in Fig. 29.

The combination of the Planck temperature and polarization
power spectra give

⌦K = �0.056+0.028
�0.018 (68 %, Planck TT+lowE), (46a)

⌦K = �0.044+0.018
�0.015 (68 %, Planck TT,TE,EE+lowE), (46b)

an apparent detection of curvature at well over 2�. The 99 %
probability region for the TT,TE,EE+lowE result is �0.095 <
⌦K < �0.007, with only about 1/10000 samples at ⌦K � 0. This

�2
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Fig. 28. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model, using Planck TT,TE,EE+lowE and Planck
TT,TE,EE+lowE+lensing (red and green, respectively), and
joint constraints with BAO and BICEP2/Keck (blue, including
Planck polarization to determine the foreground components,
Ade et al. 2018). This assumes the inflationary consistency re-
lation and negligible running. Dashed grey contours show the
joint constraint when using CamSpec instead of Plik as the
high-` Planck likelihood, indicating the level of modelling un-
certainty in the polarization results. Dotted lines show the loci
of approximately constant e-folding number N, assuming simple
V / (�/mPl)p single-field inflation. Solid lines show the approx-
imate ns–r relation for locally quadratic and linear potentials to
first order in slow roll; red lines show the approximate allowed
range assuming 50 < N < 60 and a power-law potential for the
duration of inflation. The solid black line (corresponding to a
linear potential) separates concave and convex potentials.

is not entirely a volume e↵ect, since the best-fit �2 changes by
��2

e↵ = �11 compared to base ⇤CDM when adding the one ad-
ditional curvature parameter. The reasons for the pull towards
negative values of ⌦K are discussed at length in PCP15 and
Sect. 6.2. They are essentially the same as those that lead to the
preference for AL > 1, although slightly exacerbated in the case
of curvature, since the low multipoles also fit the low-` temper-
ature likelihood slightly better if ⌦K < 0. As with the AL > 1
preference, the joint Planck polarization result is not robust at
the approximately 0.5� level to modelling of the polarization
likelihoods, with the CamSpec TT,TE,EE+lowE likelihood giv-
ing ⌦K = �0.037+0.019

�0.014.
Closed models predict substantially higher lensing ampli-

tudes than in ⇤CDM, so combining with the lensing reconstruc-
tion (which is consistent with a flat model) pulls parameters back
into consistency with a spatially flat universe to well within 2�:

⌦K = �0.0106 ± 0.0065 (68 %, TT,TE,EE+lowE
+lensing). (47a)
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FIG. 5. Constraints in the r vs. ns plane for the Planck
2018 baseline analysis, and when also adding BICEP/Keck
data through the end of the 2018 season plus BAO data to
improve the constraint on ns. The constraint on r tightens
from r0.05 < 0.11 to r0.05 < 0.035. This figure is adapted from
Fig. 28 of Ref. [2] with the green contours being identical.
Some additional inflationary models are added from Fig. 8 of
Ref. [35] with the purple region being natural inflation.
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Fig. 1. The behavior of the number of e* folds N on the scalar field � (upper panel)
and the reconstructed effective potential dimensionless ÉV = C V versus the scalar field
� (lower panel), for different values of the speed of sound c

s
f

at the end of inflationary
epoch. In these plots we have used the values C Ù 3.04 ù 10102, ↵ Ù 1.80 ù 10102 and
N

f
= 0.8.
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respectively. Besides, the parameter � is an integration constant and the
quantity 2F1 corresponds to the hypergeometric function [73].

In this form, replacing the number of e* folds in terms of the
scalar field given by Eq. (36) into the potential (34), we find that the
reconstruction of the effective potential as a function of the scalar field
becomes
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Additionally, we have that the speed of sound as a function of the
scalar field can be written as

c
s
(�) Ù Éc

sf

⌅

F
*1(�)

⇧*�
, (42)

here in the reconstruction of c
s
(�), we have considered Eq. (30).

In Fig. 1, the upper panel shows the evolution of the number of
e* folds N versus the scalar field �, while the lower panel shows the
reconstructed effective potential ÉV in terms of the scalar field. In both
panels, we consider the situation in which the speed sound at the end of

Fig. 2. The upper panel shows the reconstruction of the coupling function g as a
function of the scalar field and the lower panel shows the speed of sound in terms of
the scalar field i.e., c

s
(�). As before we have considered different values of the speed

of sound at the end of inflation c
s
f

. Besides, we have used the values C Ù 3.04ù10102,
↵ Ù 1.80 ù 10102 and N

f
= 0.8, respectively. (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.)

inflation c
sf
has three different values. Besides, in these plots we have

assumed the values of C Ù 3.04ù10102, ↵ Ù 1.80ù10102 and N
f
= 0.8,

respectively. In order to write down values of the number of e* folds
N(�) and the effective potential ÉV (�), we have used Eqs. (36) and
(40), respectively. From the upper panel we observe that the end of the
inflationary epoch in which N

f
Ì O(1) the scalar field takes the values

�
f
Ì O(0). Also, we observe that the number of e*folds N takes the

values N Ì 60 when the scalar field is approximately � Ì O(M
p
). From

the lower panel we note that for values of � > 3M
p
, the reconstructed

potential becomes constant equal to V Ì C and independent of the
value of the sound seed at the end of inflation c

sf
.

In Fig. 2, the upper panel shows the reconstruction of the coupling
function versus the scalar field �, while the lower panel shows the
reconstructed speed of sound in terms of the scalar field. As before, in
both panels we consider the case in which the speed sound at the end
of inflation c

sf
has three different values. Also, in these plots we have

assumed the values of C Ù 3.04ù10102, ↵ Ù 1.80ù10102 and N
f
= 0.8,

respectively. From Fig. 2 we note that the coupling function increases
very fast for large N (see relation between � and N of Fig. 1). Besides,
from the lower panel we observe that the speed of sound presents a
small slope in relation to the scalar field. Here we note that during
the inflationary scenario the cases in which c

sf
= 0.99 (green line) or

c
sf

= 0.6 (blue line) the evolution of the speed c
s
(�) increases up to the

specified value of c
sf
. However, for the situation in which c

sf
= 0.99

(red line) this dependence with the scalar field decreases when the field
moves from N Ì O(102) to the end of inflation where N

f
Ì O(1).

Fig. 3 portrays the evolution of the different slow roll parameters
in terms of the scalar field defined by Eq. (12). Here we note that
these parameters are less than unity, in order to satisfy the slow- roll
approximation during the inflationary scenario. Besides, we observe
from Fig. 2 (lower panel) that the sound of speed c

s
= c

s
(�) exhibits

a small variation with respect to the scalar field, then this suggests that
the parameter s tends toward zero, as shown in the right panel of Fig. 3.
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respectively. Besides, the parameter � is an integration constant and the
quantity 2F1 corresponds to the hypergeometric function [73].

In this form, replacing the number of e* folds in terms of the
scalar field given by Eq. (36) into the potential (34), we find that the
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e* folds N versus the scalar field �, while the lower panel shows the
reconstructed effective potential ÉV in terms of the scalar field. In both
panels, we consider the situation in which the speed sound at the end of
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inflation c
sf
has three different values. Besides, in these plots we have

assumed the values of C Ù 3.04ù10102, ↵ Ù 1.80ù10102 and N
f
= 0.8,

respectively. In order to write down values of the number of e* folds
N(�) and the effective potential ÉV (�), we have used Eqs. (36) and
(40), respectively. From the upper panel we observe that the end of the
inflationary epoch in which N

f
Ì O(1) the scalar field takes the values

�
f
Ì O(0). Also, we observe that the number of e*folds N takes the

values N Ì 60 when the scalar field is approximately � Ì O(M
p
). From

the lower panel we note that for values of � > 3M
p
, the reconstructed

potential becomes constant equal to V Ì C and independent of the
value of the sound seed at the end of inflation c

sf
.

In Fig. 2, the upper panel shows the reconstruction of the coupling
function versus the scalar field �, while the lower panel shows the
reconstructed speed of sound in terms of the scalar field. As before, in
both panels we consider the case in which the speed sound at the end
of inflation c

sf
has three different values. Also, in these plots we have

assumed the values of C Ù 3.04ù10102, ↵ Ù 1.80ù10102 and N
f
= 0.8,

respectively. From Fig. 2 we note that the coupling function increases
very fast for large N (see relation between � and N of Fig. 1). Besides,
from the lower panel we observe that the speed of sound presents a
small slope in relation to the scalar field. Here we note that during
the inflationary scenario the cases in which c

sf
= 0.99 (green line) or

c
sf

= 0.6 (blue line) the evolution of the speed c
s
(�) increases up to the

specified value of c
sf
. However, for the situation in which c

sf
= 0.99

(red line) this dependence with the scalar field decreases when the field
moves from N Ì O(102) to the end of inflation where N

f
Ì O(1).

Fig. 3 portrays the evolution of the different slow roll parameters
in terms of the scalar field defined by Eq. (12). Here we note that
these parameters are less than unity, in order to satisfy the slow- roll
approximation during the inflationary scenario. Besides, we observe
from Fig. 2 (lower panel) that the sound of speed c

s
= c

s
(�) exhibits

a small variation with respect to the scalar field, then this suggests that
the parameter s tends toward zero, as shown in the right panel of Fig. 3.

 y  para diferentes valores de la velocidad del sonido  al final de la época 

inflacionaria. En estos gráficos hemos utilizado los valores ,  y 
.

N(ϕ) Ṽ(ϕ) = CV(ϕ) csf

C ≃ 3.04 × 1010κ2 α ≃ 1.80 × 1010κ2

Nf = 0.8
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). From
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potential becomes constant equal to V Ì C and independent of the
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In Fig. 2, the upper panel shows the reconstruction of the coupling
function versus the scalar field �, while the lower panel shows the
reconstructed speed of sound in terms of the scalar field. As before, in
both panels we consider the case in which the speed sound at the end
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has three different values. Also, in these plots we have
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these parameters are less than unity, in order to satisfy the slow- roll
approximation during the inflationary scenario. Besides, we observe
from Fig. 2 (lower panel) that the sound of speed c

s
= c

s
(�) exhibits

a small variation with respect to the scalar field, then this suggests that
the parameter s tends toward zero, as shown in the right panel of Fig. 3.

Plots de   y  para diferentes valores de la velocidad del sonido  al final de la época 

inflacionaria. En estos gráficos hemos utilizado los valores ,  y 
.

g(ϕ) cs(ϕ) csf

C ≃ 3.04 × 1010κ2 α ≃ 1.80 × 1010κ2

Nf = 0.8
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Fig. 3. The graphs show the evolution of slow roll parameters as a function of the scalar field �, for some values of the speed of sound c
s
f

at the end of inflation epoch. As
before we have considered different values of the speed of sound at the end of inflation c

s
f

. Besides, we have used the values C Ù 3.04 ù 10102, ↵ Ù 1.80 ù 10102 and N
f
= 0.8,

respectively.

On the other hand, to constrain the integration constant ↵, we can
consider the expression of the scalar power spectrum given by Eq. (15).
Thus, using the Eqs. (15) and (30) we obtain that the power spectrum
A
s
is given by

A
s
Ù 

2

12↵⇡2 Éc
sf

N
2
4

1 * 2↵N�*1

(1 * �)C

5

, (43)

and then the integration constant ↵ becomes

↵ = 
2
N

2

12⇡2 Éc
sf

A
s

L

1 + 
2
N

2

6⇡2A
s
C c

sf
N

f
x

M*1

, where

x = (1 * �)
0

N

N
f

1(1*�)
.

(44)

Besides, from the effective potential given by Eq. (34) together with
Eq. (27), we obtain that the tensor to scalar ratio as a function of the
number of e-folds N yields

r Ù
8↵ Éc

sf

C N2

4

1 * ↵

(1 * �)C N
�*1

5*1
. (45)

In this way, from the tensor to scalar ratio (45) and considering
Eq. (44), we find an equation for the quantity x (defined in Eq. (44))
given by

x = (1 * �)
0

N

N
f

1(1*�)
=

↵0↵1
(1 * ↵1C) = ↵2 with ↵1C ë 1. (46)

Here, the quantities ↵0 and ↵1 become

↵0 =
É↵0
N

f

= 
2
N

2

12⇡2 A
s
c
sf
N

f

, and ↵1 =
3⇡2

A
s
r

22 , (47)

respectively. In this form, the solution of Eq. (46) for the parameter �
can be written in terms of the observational parameters A

s
, r and the

number of e* folds N as

� = 1 *
ProductLog

⌅

↵2 ln(N_N
f
)
⇧

ln(N_N
f
) . (48)

Here the ProductLog function corresponds to a product logarithm, also
called the Omega function or Lambert W function, see e.g., Refs. [74,
75].

Now inserting Eq. (48) into Eq. (31), we find that the second
integration constant C is constrained by an upper and lower bounds
from the observational parameters A

s
, r and the number of e* folds N

together with the parameters at the end of inflation c
sf
and N

f
as

F1 * 1
↵1 F1

< C f
F2 * 1
↵1 F2

, (49)

where the quantities F1 and F2 are defined as

F1 =
(N_N

f
)

˘

3↵0↵1csf

b

f

f

d

1 *
ln(

˘

3c
sf
)

ln(N_N
f
)

c

g

g

e

and

F2 =
(N_N

f
)

↵0↵1csf

L

1 *
ln(c

sf
)

ln(N_N
f
)

M

.

(50)

On the other hand, in order to obtain the number of e*folds at the
end of inflation N

f
, we can consider the slow roll parameter ✏ defined

by Eq. (19) together with the reconstructed potential (34). In this way,
assuming that inflation ends when ✏(N = N

f
) = 1 (or equivalently

áa = 0), we have that

N
3
f
* p0 Nf

*
2p20

(1 * �) = 0, where p0 =
É↵0

2(2_↵1 * C) . (51)

Here the parameter p0 is a function of the N
f
, and then the Eq. (51)

does not have an analytical solution. However, we can solve the
Eq. (51) numerically. Thus, in particular considering the values of
N = 60, A

s
= 2.2ù10*9, r = 0.04, c

sf
= 1 and assuming the upper bound

of Eq. (49) for C (that depends of N
f
), then numerically we find that

the number of e*folds at the end of inflation from Eq. (51) becomes
N

f
Ù 5.08 and for the case in which c

sf
= 0.6 we have N

f
Ù 6.96. Now

for the case in which we consider the tensor to scalar ratio r = 0.001
together with the lower and upper bounds of speed of sound at the end
of inflation 1_

˘

3 < c
sf

f 1, we find that the number of e*folds at the
end of inflationary epoch N

f
is in the range 0.62 f N

f
< 0.84. In this

sense, we find that the number of e*folds at the end of inflation N
f

becomes N
f
Ì O(1).

In relation to the consistency relation i.e., r = r(n
s
), combining

Eqs. (29) and (45), we find that this relation can be written as

r(n
s
) Ù

2↵ Éc
sf
(1 * n

s
)2

C

4

1 * 2�*1 ↵
(1 * �)C (1 * n

s
)1*�

5*1
. (52)

In Fig. 4 we show the evolution of the tensor to scalar ratio r on
the scalar spectral index n

s
(consistency relation) for different values

of the number of e*folds at the end of inflation N
f
, from the latest

BICEP/Keck data [76]. For this plot we have fixed the value of the
speed of sound at the end of the inflationary phase c

sf
= 0.6. In this

figure, the dotted, dashed and solid lines correspond to the pairs (C Ù
2.87ù1092, ↵ Ù 2.48ù10102), (C Ù 5.94ù1092, ↵ Ù 2.42ù10102) and
(C Ù 3.05ù10102, ↵ Ù 2.25ù10102), respectively. Besides, considering
Ref. [76], two-dimensional marginalized constraints on the tensor to
scalar ratio and the scalar spectral index fixed at k0 = 0.002Mpc*1.
The latest BICEP/Keck results places stronger limits on the ratio r

shown in blue (at 68% blue region and 95% light blue region levels
of confidence) and the green color corresponds to the two-dimensional
marginalized constraints found in Ref. [77].

We noted from Fig. 4 that the reconstruction of our model is well
supported by the latest BICEP/Keck data when the speed of sound at
the end of inflation c

sf
= 0.6 and the number of e*folds at the end

of inflation N
f
Ì O(1). Similarly, the model is well supported by the

Planck data (plane r = r(n
s
)) when the speed of sound at the end of

inflation c
sf
lies in the range 1_

˘

3 < c
sf

f 1 and the number of e*folds
at the end of inflation N

f
Ì O(1) (figure not shown).

The resulting allowed values for the integration constants C, ↵, N
f

and � for the different values of the speed of sound at the end of the
inflationary epoch are shown in Table 1. Here we have considered the
values N

k
= 60, A

sk
= 2.2 ù 10*9 and r

k
= 0.001. The Table 1 shows

that the integration constants C and ↵ become similar and the order of
O(1010)2. Also, we observer from Table 1 that the number of e*folds
at the end of the inflationary epoch N

f
Ì O(1) and the parameter �

associated to the power of the speed of sound is close to zero. Besides
from the Table 1, we note that the constraints on the parameters C, ↵

Parámetros slow-roll para diferentes valores de la velocidad del sonido  al final de la época 

inflacionaria. En estos gráficos hemos utilizado los valores ,  y 
.

csf

C ≃ 3.04 × 1010κ2 α ≃ 1.80 × 1010κ2

Nf = 0.8
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1.- En el contexto de inflación slow-roll, hemos obtenido un formalismo general de reconstrucción 
para las variables del background en el marco de una teoría no canónica. 

2.- Para obtener las reconstrucciones del potencial escalar y la función de acoplamiento en 
términos del campo escalar, hemos considerado parametrizaciones simples tanto para el índice 
espectral y para la velocidad del sonido. 

3.- Las restricciones a los parámetros del modelo no dependen en gran medida del valor de la 
velocidad del sonido al final de inflación. 

4.- Es factible describir la época del reheating en términos de los diferentes parámetros. 

5.- Hemos encontrado que el número de e-folds de recalentamiento junto con la temperatura 
durante el recalentamiento no dependen fuertemente del valor de la velocidad del sonido al final 
del escenario inflacionario.

Comentarios Finales
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El índice espectral como atractor
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