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W(n+1)

where ¢ is a constant and w(z) is an oscillating function with a small amplitude:

Alphabet B1: W(n) vs n
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FIG. 8: Alphabet B1 and its associated complexity plots.

lw(z)| <« 1.

(a) Alphabet B1

Alphabet ¢y 7 T

Gl
G2
G3
B1
B2
B3

1.25 0.899 1.00
1.49 0.754 1.00
1.54 0.810 1.00
1.75 0.550 0.72
1.75 0.550 0.72
1.86 0.596 0.79

TABLE I: Table I: Alphabets Regression coeff

(b) Wr(n) vs n

(c) Wr(n+1) vs Wr(n)

Figure 2 presents the complexity analysis for Alphabet G1. This alphabet demonstrates a remarkably predictable
growth pattern, characteristic of "good” alphabets, evident in both its entropy plots and regression coefficients. Figure
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FIG. 9: *
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FIG. 10: Alphabet B2 and its associated complexity plots.

14(b) shows a consistent and monotonic increase in Sr(n) with n, indicating a stable, non-erratic growth in the number
of distinct tiles. The core analysis of growth monotonicity, as depicted in Figure 14(c) plotting Sr(n+1) against Sr(n),
reveals an almost perfectly linear relationship between successive entropy values. This strong linearity is quantitatively
supported by the regression coefficients from Table I: a scaling factor ¢y = 1.25 indicates a consistent base growth
rate, and an exponent v = 0.899 (approaching unity) signifies a nearly linear relationship in the logarithmic domain,
consistent with stable complexity evolution. Crucially, a Kendall’s Tau coefficient of 7 = 1.00 confirms a perfect
positive monotonic relationship, meaning St(n + 1) invariably increases with Sr(n), validating the consistent and
predictable growth inherent to ”good” alphabets. This empirical evidence for minimal oscillation strongly supports
the theoretical condition |w(z)| < 1 in Equation (11).

Figure 16 displays another example of a ”good” alphabet (G2). It is illustrated the growth of Sr(n) with n, showing
a consistent, albeit slightly less uniform, monotonic increase in entropy compared to G1. This indicates a generally
stable increase in tiles complexity. The relationship between St(n + 1) and Sr(n), depicted in Figure 16(c), reveals a
positive linear correlation, with most data points closely adhering to the regression line. From Table I, Alphabet G2
exhibits regression coefficients ¢y = 1.49 and v = 0.754. While ~ is slightly lower than G1, it still signifies a robust,
near-linear growth in the logarithmic domain, consistent with predictable complexity. More critically, the Kendall’s
Tau coefficient 7 = 1.00 confirms a perfect positive monotonic relationship, reinforcing that Sp(n + 1) consistently
increases with St(n). This perfect monotonicity, combined with the high linearity, categorizes Alphabet G2 as having



11

FIG. 11: *
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FIG. 12: Alphabet B3 and its associated complexity plots.

highly stable and desirable growth characteristics, fully supporting the minimal oscillation condition |w(2)] < 1 in
Equation (11).

Figure 18 presents the complexity analysis for Alphabet G3, another example of a ”good” alphabet. Figure 18(b)
illustrates the growth of Sp(n) with n, showing a consistent monotonic increase in entropy, indicative of stable
combinatorial expansion. The core analysis of growth monotonicity, depicted in Figure 18(c) plotting Sr(n + 1)
against Sr(n), reveals a positive linear correlation, with data points closely adhering to the regression line. As per
Table I, Alphabet G3 exhibits regression coefficients ¢y = 1.54 and v = 0.810. The ~y value, close to unity, consistently
signifies a robust, near-linear growth in the logarithmic domain, characteristic of predictable complexity. Critically,
the Kendall’s Tau coefficient 7 = 1.00 confirms a perfect positive monotonic relationship, where Sp(n+ 1) consistently
increases with Sp(n). This perfect monotonicity, combined with the observed linearity, firmly categorizes Alphabet
G3 as having highly stable and desirable growth characteristics, fully supporting the minimal oscillation condition
|w(z)|] < 1 in Equation (11).

Figures 20 and 22 depict the complexity analysis for Alphabets B1 and B2, respectively. Despite originating from
distinct alphabet structures, their Sr(n) plots and regression behaviors are empirically identical, classifying them as
"bad” alphabets. Figure 20(b) (and similarly for B2) illustrates that St(n) still shows an increasing trend with n, but
with noticeable plateaus and less uniform steps, hinting at a less stable combinatorial growth. The key divergence
from ”good” alphabets is evident in the Sr(n + 1) vs Sp(n) plot (Figure 20(c)). While a general linear trend can be
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FIG. 13: *

(a) Alphabet G1

Alphabet G1: S(n) vs n
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FIG. 14: Alphabet G1 and its associated entropy plots.

observed, there is significant dispersion of data points around the regression line, especially at higher St(n) values,
indicating structural inconsistencies and a less predictable relationship between successive entropy values. From
Table I, both Alphabets B1 and B2 share coefficients: ¢y = 1.75 and v = 0.550. The ~y value, being significantly lower
than unity, indicates a weaker, sub-linear growth in the logarithmic domain, suggesting that the relative increase in
complexity diminishes as n grows. This contrasts sharply with the stable growth seen in ”good” alphabets. Crucially,
the Kendall’s Tau coefficient 7 = 0.72 is markedly less than 1.00. This value confirms a positive correlation but
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FIG. 16: Alphabet G2 and its associated entropy plots. While the behavior is not linear, it exhibits a monotonically
increasing trend.
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explicitly indicates the presence of monotonic inversions or plateaus, where Sp(n + 1) does not consistently increase
with Sp(n). This departure from perfect monotonicity is the defining characteristic of "bad” alphabets, reflecting the
limitations in their combinatorial expansion and highlighting the non-trivial oscillations of w(z) in Equation (11).

Figure 24 presents the complexity analysis for Alphabet B3, which also falls into the category of "bad” alphabets.
Figure 24(b) illustrates the behavior of Sp(n) with n. Similar to Bl and B2, while an overall increasing trend
is observed, the growth is not perfectly smooth, showing some irregularities in the rate of entropy increase. More
critically, the Sp(n+1) vs Sp(n) plot in Figure 24(c) demonstrates significant deviation from a strict linear relationship,
exhibiting a noticeable scatter of data points around the regression line. This scatter is particularly pronounced at
higher Sr(n) values, indicating a less predictable and less stable progression of complexity. From Table I, Alphabet
B3 has regression coefficients ¢y = 1.86 and v = 0.596. The y value, significantly less than unity, confirms a sub-linear
growth in the logarithmic domain, implying that the incremental increase in complexity diminishes with increasing
sequence length, a hallmark of "bad” alphabets. The most telling characteristic is the Kendall’s Tau coefficient
7 = 0.79, which, while higher than B1/B2, remains significantly below 1.00. This value definitively indicates the
presence of monotonic violations, where Sr(n + 1) does not consistently increase with Sr(n), reflecting the inherent
structural inconsistencies and the non-negligible oscillations of w(z) in Equation (11).

The comprehensive analysis of alphabets, based on their entropy growth Sr(n), reveals a clear distinction in their
combinatorial behavior. The results for "bad” alphabets, exemplified by B1, B2, and B3, consistently indicate a
sub-linear growth in entropy (characterized by v < 1) and a loss of perfect monotonicity (indicated by 7 < 1.00). This
behavior is consistent with an inherent limitation in their ability to efficiently tile the entire space, often stemming
from the absence of superposable structures. This diminished growth rate and structural inconsistency is precisely
corroborated by the specific ¢g, v, and 7 values presented in Table I, and visibly reinforced by the corresponding
Sr(n + 1) vs Sr(n) plots. Conversely, ”good” alphabets (G1, G2, G3) exhibit near-linear growth in the logarithmic
domain (v &~ 1) and perfect monotonicity (7 = 1.00), demonstrating stable and predictable complexity expansion.
Consequently, these empirical observations provide a robust basis for distinguishing between alphabets with good and
bad tiling properties based on their entropy scaling and monotonic characteristics.

For bad alphabets, the numerical fits of the plots can still be described by Eq. (11). On the other hand, the condition
in Eq. (12) is violated for bad alphabets, namely the oscillations around the power law behavior are large.

Thus, the partial decidability protocols proposed in the present manuscript is based on this pronounced difference.
In simple terms, the protocol reads as follows:

Step 1) Compute numerically as many values as possible of the function Wr (n) (subject to the available resources,
the ideal situation being having n,.x larger than ¢ of, at least, a factor of 2 or 3: see the comments below Eq. (6))
for the alphabet I' of interest.

Step 2) Due to the large amount of combinations, it is better to use the entropy Sr (n) as main variable .

Step 3) Produce the plot P = (X,Y) = (Sr (n),Sr (n+ 1)) as described in the previous section.

Step 4) Construct the best fit of St (n+ 1) = fr (St (n)) and compute the employ Kendall’s Tau (7).

IV. PHYSICAL INTERPRETATION IN TERMS OF DISCRETE CHAOS

As it has been already emphasized in the introduction, there is a deep connections between deterministic chaos
and undecidability since the Chaitin’s results in [18]. The ”coexistence” of determinism and undecidability (see, for
instance, the detailed analysis in [19] [20] [21]) implies that undecidability can manifest itself in dynamical systems
manifesting chaotic behavior. The idea to use the second protocol instead of the first (simpler) protocol is that the
second one reveals interesting informations on the transition from good to bad alphabets. The qualitative explanation
of the effectiveness of the present approach is based on the transition to chaos in discrete mappings of logistic type
(see, for a detailed review on discrete chaos, [17]).

Let us interpret

Sr(n+1)= fr(Sr(n)) , (13)

as a discrete dynamical system (a possible choice discussed in the previous section is fr (z) = ¢pz” (1 + w(z)) although
the results in the present sections apply to generic form of fr (z)).
In particular, if fr (z) is monotone increasing* (namely, d%fp (z) > 0) the solutions of the above dynamical system

4 According to the present numerical results, this corresponds (when the parametrization fr (2) = coz” (1 + w(2)) is used) to the case in
which |w(z)| < 1.
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will tend to the solutions of the simpler (non-chaotic) dynamical system here below:
Se(n+1)= " (Se(n) , S (2) = o™, (14)

according to which Wr (n) grows exponentially with n with subexponential corrections.

On the other hand, if fr (2) is not monotone increasing® (namely, % fr (2) vanishes and changes sign, generically,
more than once) and local mazima and minima appear, the dynamical system in Eq. (13) can enter into a chaotic
phase. In particular, the more peaked is the local maximum, the closer is the shape of fr (z) to a logistic map in the
chaotic phase. Thus, although the explicit analytic form of fr (z) is not available, the present results show that the
maps fr (z) associated to good alphabets do not manifest chaotic tendency while the ones associated to bad alphabets
manifest a clear chaotic tendency.

In particular, in the terminal region of the experimental data for non-tiling ("bad”) alphabets, one can observe
a departure from sustained growth, manifesting as a decreasing trend in the relationship between successive values.
While initial iterations may exhibit increasing values of S(n + 1) with respect to S(n), the final experimental points
reveal a clear inversion, indicating that larger values of S(n) are associated with smaller subsequent values of S(n+1).
This decay suggests an inherent constraint within these alphabets that limits their expansive behavior.

This eventual decrease in S(n+ 1) as S(n) increases can be qualitatively described by a functional form reminiscent
of a downward-opening parabola. Although not necessarily an exact fit, a quadratic model of the type

S(n+1) = 8o — a[S(n) - b]* (15)

where Sy, a > 0, and b are constants, captures the essence of this behavior. This form illustrates how, beyond a
certain point related to b, increasing S(n) leads to a reduction in S(n + 1), ultimately resulting in the observed decay.
This tendency towards a decreasing relationship at larger values of S(n) appears to be a distinguishing feature of
alphabets that are unable to tile the plane: the similarity with the logistic map is manifest. We will come back on
this very interesting issue in a future publication.

V. QUANTIFYING "GOODNESS” AND "BADNESS” OF ALPHABETS

In this section, we will discuss how the physical arguments in the previous sections are actually confirmed by a
statistical analysis of the numerical data. In complex systems involving sequential or time-dependent data, quanti-
fying the relative quality of different datasets presents significant analytical challenges. This section examines how
correlation measures can serve as effective tools for evaluating monotonic relationships within our alphabets, allowing
us to distinguish between what we term “good” and “bad” behaviors.

When analyzing correlation in datasets with extreme values and seeking to identify monotonic trends rather than
strictly linear relationships, the choice of correlation coefficient becomes crucial. While the Pearson correlation
coefficient is commonly employed in statistical analysis, its limitations make it suboptimal for our specific requirements.

The Pearson correlation coefficient (1) measures the linear relationship between variables:

cov(X,Y)

OX0y

However, this measure presents several drawbacks for our analysis. Pearson’s coefficient assumes linearity in rela-
tionships, is highly sensitive to extreme values and outliers, requires normally distributed data, and can be significantly
influenced by the scale and magnitude of observations. These characteristics make it inadequate for our datasets, which
contain extreme values and where we are primarily concerned with monotonic trends rather than linear relationships.

Kendall’s Tau (7), a non-parametric measure of rank correlation, offers a more suitable alternative for our analysis:

(Number of concordant pairs) — (Number of discordant pairs)

in(n—1)

T =

5 According to the present numerical results, this corresponds (when the parametrization fr (z) = coz” (1 4+ w(2)) is used) to the case in
which |w(z)| is not small compared to 1.
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Kendall’s Tau evaluates correlation based on the concordance of pairs—whether the ranks of paired observations
move in the same direction—rather than the magnitude of differences. This approach provides several advantages for
our specific analytical needs:

First, Kendall’s Tau is particularly robust when dealing with datasets containing outliers or extreme values, as is
the case with several of our alphabets. Because it focuses on the relative ordering of data points rather than their
actual values, the coefficient is less affected by unusually large or small observations.

Second, Kendall’s Tau excels at detecting monotonic relationships without assuming linearity. Our primary interest
lies in determining whether the regression patterns across different alphabets consistently increase or decrease, making
monotonic behavior more relevant than strict linearity.

Third, the coefficient maintains its reliability even with smaller sample sizes, which is beneficial when analyzing
rarer alphabetic patterns.

Kendall’s Tau has demonstrated its utility across numerous scientific disciplines. In environmental science, re-
searchers have employed it to detect monotonic trends in climate data where extreme weather events might skew
other correlation measures [22]. In economics, it has proven valuable for analyzing market behaviors when dealing
with volatile price movements [23]. Researchers regularly use Kendall’s Tau when examining relationships between
particulate matter progression, particularly when distributions are non-normal [24].

Our methodology involves applying Kendall’s Tau to measure the monotonic trends present in different alphabets.
For “good” alphabets, we observe high 7 values, indicating strong monotonic relationships consistent with theoretical
expectations. Conversely, “bad” alphabets exhibit lower 7 values, reflecting weaker monotonic behavior and greater
dispersion in the data.

By employing Kendall’s Tau as our primary correlation measure, we establish a robust framework for distinguishing
between alphabets that exhibit consistent, predictable behavior (high 7 values) and those that demonstrate erratic
patterns (low 7 values). This approach provides an objective metric for quantifying the relative “goodness” or
“badness” of different alphabets, facilitating more rigorous comparative analysis and more reliable conclusions about
their underlying properties.

VI. RESUMING THE RESULTS OF THE PRESENT WORK

Here we will resume what we have done in the present work. We have associated to any alphabet I' a temperature,
an entropy and a partition function. The requirement of a good thermodynamical behavior provides one with a very
nice criteria (sufficient conditions) ensuring that I' can tile the plane. The simplest of all is the first protocol which
only uses the fact that in most of physically reasonable systems the degeneracy of the energy level is an increasing
function of the energy. The second protocol which has been defined discloses a nice analogy between the transition
from good to bad alphabets and the transition from regular to chaotic behavior in discrete mapping of logistic type.
In order to use these idea in practice, the Kendall’s Tau must be used. It seems that the present strategy has a quite
wide range of possible applications.

A. What we have not done

As far as the first protocol is concerned, the idea is physically simple and correct but in practice one cannot compute
Wr (n) for any n so that one has to stop at some finite ny,.x. We do not have a rigorous answer to the question of
how large nyax should be (compared to ¢) in order to be sure that the alphabet under examination is a good one.
For instance, we cannot exclude the following situation. It could happen that we have the numerical verification of
Eq. (4) for (1, 2, 3,.., ¢-10'°") but then, when n = 1 + ¢ - 10'°", the condition in Eq. (4) is violated. On the other
hand, in the examples we have examined (where we have periodic tilings, aperiodic self-similar tiling, tilings which
are neither periodic nor self-similar) it seems that if n,.x is 2 or 3 times ¢ is large enough. Similar considerations
hold for the second protocol.

As far as the similarity of the transition from good to bad alphabets and of the transition from regular to chaotic
behavior in discrete mapping of logistic types, we have not shown rigorously that bad alphabets are always associated
to chaotic discrete mappings while good alphabet to regular ones. The difficulty lies in the fact that the analytic form
of fr (z) cannot be computed and so one has to use numerical fits of the mapping fr (z). The presence or absence
of chaotic behavior may depend on the family of functions which are chosen to do the fit. However, the connections
between deterministic chaos and undecidability (discussed in details in [18] [19] [20] [21] and references therein) lead
to the fact that the existence of deterministic chaos in dynamical systems can be related to a sort of Godelian
undecidability rather than to the typical numerical untractability. Since the Wang tiling problem is also undecidable,
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it is reasonable to assume that discrete mappings associated to Wang alphabets manifest their undecidability through
chaotic behavior (consistently with [19] [20] [21]).
We will come back on these interesting issues in a future publication.

VII. CONCLUSIONS AND PERSPECTIVES

In the present manuscript we have proposed two partial decidability protocols for the Wang tilings problem (which
is the prototype of the undecidable problem in combinatorics and statistical mechanics). The idea is to define effective
entropy and temperature associated to any alphabet I' (together with the corresponding partition function). A subclass
of good alphabets can be identified by requiring, basically, a good thermodynamical behavior. This proposal has been
tested successfully with the known available good alphabets (which produce periodic tilings, aperiodic but self-similar
tilings as well as tilings which are neither periodic nor self-similar). From the theoretical physics viewpoint, it is a very
intriguing result to be able to reduce the undecidable instances of the Wang tiling problem using sound arguments
from statistical mechanics. The present analysis also shows that the transition from good to bad alphabets is very
similar to the transition from regular to chaotic behavior in discrete mappings of logistic type.

From the practical viewpoint, the present results are quite powerful. The computational challenges encountered in
scaling Wang tilings, particularly the rapid increase in effort required to expand the tiling plane with larger alphabets,
suggest that determining whether a given alphabet can tile the infinite plane may be an inherently difficult problem,
potentially residing within the NP-hard class. The observed distinction between ”good” alphabets, which allow for
tiling, and ”"bad” alphabets, which exhibit eventual decreasing trends in their associated mappings, further hints at
a fundamental difference in their complexity. While this study does not definitively resolve the P vs NP problem,
the apparent difficulty in efficiently finding a tiling solution, even when a valid configuration can be readily verified,
aligns with the prevailing conjecture that P # NP, implying that the Wang tiling problem could represent a scenario
where finding a solution is significantly more computationally demanding than checking its correctness.
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FIG. 20: Alphabet B1 and its associated entropy plots.
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FIG. 22: Alphabet B2 and its associated entropy plots.
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FIG. 24: Alphabet B3 and its associated entropy plots.
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