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Inflation 



The  inflationary model : 

  -Typically: Einstein-Equation 

.( , , , )T diag p p pµν ρ=  Matter: 

Metric: FRW 
2 2 2 2( ) kds dt a t d= − Ω ; a =scale factor 



The Eqs. of motion : 

           

 
•  Hubble parameter H =

da(t) / dt
a(t)

=
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 Inflation !!a > 0



 model of inflation 
      Matter: scalar field  φ 
  
 
   

       

p = 1
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Scalar field 

Inflation : slow-roll Eqs. 

Cold inflation 



The slow-roll parameters 
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The end of inflation 



Cosmological Perturbations 
  Scalar  Perturbation: Cold Inflation 
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Table 1. Primordial, baseline, and optional late-time cosmological parameters.

Parameter Definition

As . . . . . . . . . . . . Scalar power spectrum amplitude (at k⇤ = 0.05 Mpc�1)
ns . . . . . . . . . . . . Scalar spectral index (at k⇤ = 0.05 Mpc�1 unless otherwise stated)
dns/d ln k . . . . . . . Running of scalar spectral index (at k⇤ = 0.05 Mpc�1 unless otherwise stated)
d2ns/d ln k2 . . . . . Running of running of scalar spectral index (at k⇤ = 0.05 Mpc�1)
r . . . . . . . . . . . . . Tensor-to-scalar power ratio (at k⇤ = 0.05 Mpc�1 unless otherwise stated)
nt . . . . . . . . . . . . Tensor spectrum spectral index (at k⇤ = 0.05 Mpc�1)
!b ⌘ ⌦b h2 . . . . . Baryon density today
!c ⌘ ⌦c h2 . . . . . . Cold dark matter density today
✓MC . . . . . . . . . . . Approximation to the angular size of sound horizon at last scattering
⌧ . . . . . . . . . . . . . Thomson scattering optical depth of reionized intergalactic medium
Ne↵ . . . . . . . . . . . Effective number of massive and massless neutrinos
⌃m⌫ . . . . . . . . . . Sum of neutrino masses
YP . . . . . . . . . . . . Fraction of baryonic mass in primordial helium
⌦K . . . . . . . . . . . Spatial curvature parameter
wde . . . . . . . . . . . Dark energy equation of state parameter (i.e., pde/⇢de) (assumed constant)

3.2. Primordial spectra of cosmological fluctuations

In inflationary models, comoving curvature (R) and tensor (h)
fluctuations are amplified by the nearly exponential expansion
from quantum vacuum fluctuations to become highly squeezed
states resembling classical states. Formally, this quantum me-
chanical phenomenon is most simply described by the evolu-
tion in conformal time, ⌘, of the mode functions for the gauge-
invariant inflaton fluctuation, ��, and for the tensor fluctuation,
h:

(ayk)00 +
 

k2 � x00

x

!

ayk = 0, (4)

with (x , y) = (a�̇/H , ��) for scalars and (x , y) = (a , h) for ten-
sors. Here a is the scale factor, primes indicate derivatives with
respect to ⌘, and �̇ and H = ȧ/a are the proper time derivative
of the inflaton and the Hubble parameter, respectively. The cur-
vature fluctuation, R, and the inflaton fluctuation, ��, are related
via R = H��/�̇. Analytic and numerical calculations of the pre-
dictions for the primordial spectra of cosmological fluctuations
generated during inflation have reached high standards of pre-
cision, which are more than adequate for our purposes, and the
largest uncertainty in testing specific inflationary models arises
from our lack of knowledge of the history of the Universe be-
tween the end of inflation and the present time, during the so-
called “epoch of entropy generation.”

This paper uses three different methods to compare inflation-
ary predictions with Planck data. The first method consists of a
phenomenological parameterization of the primordial spectra of
scalar and tensor perturbations according to:

PR(k) =
k3

2⇡2 |Rk |2

= As

 

k
k⇤

!ns�1+ 1
2 dns/d ln k ln(k/k⇤)+ 1

6
d2ns

d ln k2 (ln(k/k⇤))2+...

, (5)

Pt(k) =
k3

2⇡2

⇣

|h+k |2 + |h⇥k |2
⌘

= At

 

k
k⇤

!nt+
1
2 dnt/d ln k ln(k/k⇤)+...

, (6)

where As (At) is the scalar (tensor) amplitude and ns (nt),
dns/d ln k (dnt/d ln k), and d2ns/d ln k2 are the scalar (tensor)
spectral index, the running of the scalar (tensor) spectral index,
and the running of the running of the scalar spectral index, re-
spectively. h+,⇥ denotes the amplitude of the two polarization

states (+,⇥) of gravitational waves and k⇤ is the pivot scale.
Unless otherwise stated, the tensor-to-scalar ratio,

r =
Pt(k⇤)
PR(k⇤)

, (7)

is fixed to �8nt,2 which is the relation that holds when inflation is
driven by a single slow-rolling scalar field with a standard kinetic
term. We will use a parameterization analogous to Eq. (5) with
no running for the power spectra of isocurvature modes and their
correlations in Sect. 11.

The second method exploits the analytic dependence of the
slow-roll power spectra of primordial perturbations in Eqs. (5)
and (6) on the values of the Hubble parameter and the hier-
archy of its time derivatives, known as the Hubble flow func-
tions (HFF): ✏1 = �Ḣ/H2, ✏i+1 ⌘ ✏̇i/(H✏i), with i � 1. We will
use the analytic power spectra calculated up to second order us-
ing the Green’s function method (Gong & Stewart, 2001; Leach
et al., 2002) (see Habib et al. 2002, Martin & Schwarz 2003, and
Casadio et al. 2006 for alternative derivations). The spectral in-
dices and the relative scale dependence in Eqs. (5) and (6) are
given in terms of the HFFs by:

ns � 1 = � 2✏1 � ✏2 � 2✏21 � (2 C + 3) ✏1 ✏2 �C✏2✏3, (8)
dns/d ln k = � 2✏1✏2 � ✏2✏3, (9)

nt = � 2✏1 � 2✏21 � 2 (C + 1) ✏1 ✏2, (10)
dnt/d ln k = � 2✏1✏2 , (11)

where C ⌘ ln 2 + �E � 2 ⇡ �0.7296 (�E is the Euler-
Mascheroni constant). See the Appendix of PCI13 for more de-
tails. Primordial spectra as functions of the ✏i will be employed
in Sect. 6, and the expressions generalizing Eqs. (8) to (11) for
a general Lagrangian p(�, X), where X ⌘ �gµ⌫@µ�@⌫�/2, will be
used in Sect. 10. The good agreement between the first and sec-
ond method as well as with alternative approximations of slow-
roll spectra is illustrated in the Appendix of PCI13.

The third method is fully numerical, suitable for mod-
els where the slow-roll conditions are not well satisfied
and analytical approximations for the primordial fluctuations

2 When running is considered, we fix nt = �r(2 � r/8 � ns)/8 and
dnt/d ln k = r(r/8 + ns � 1)/8.
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      Perturbations: 
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     Observational constraints on Inflation 
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Fig. 11. Marginalized joint 68 % and 95 % CL regions for (✏1 , ✏2 , ✏3) (top panels) and (✏V , ⌘V , ⇠2V ) (bottom panels) for Planck
TT+lowP (red contours), Planck TT,TE,EE+lowP (blue contours), and compared with the Planck 2013 results (grey contours).

Fig. 12. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck compared to the theoretical
predictions of selected inflationary models. Note that the marginalized joint 68 % and 95 % CL regions have been obtained by
assuming dns/d ln k = 0.



 
 

Reconstruction: Cold Inflation 

attractor:  nS(N)  

+ N=N(φ) 

} 

V(N) } V(φ) 

Observable 

where �end = �(tend) and the slow-roll equation of motion, 3H�̇ = �V 0, is used in the

fourth equality. We assume that N is large, say N ⇠ O(10) ⇠ O(102), under the slow-

roll approximation. For the standard reheating process, N ' 50 ⇠ 60 corresponds to

the comoving scale k probed by CMB experiments first crossed the Hubble radius during

inflation (k = aH). In terms of the slow-roll parameters

✏ ⌘ 1

2

✓
V 0

V

◆2

, ⌘ ⌘ V 00

V
, (2)

ns is written as (to the first order in the slow-roll approximation),

ns � 1 = �6✏+ 2⌘. (3)

The program to reconstruct V (�) from ns(N) is to (i) first construct V (N) from Eq. (3)

and then to (ii) rewrite N as a function of � from Eq. (1) assuming large N . So, we first

need to rewrite the slow-roll parameters as functions of N . From Eq. (1), dN = (V/V 0)d�.

Hence, we have

V 0 =
dV

d�
=

V

V 0
dV

dN
⌘ V

V 0V,N . (4)

Therefore, we obtain

V 02 = V V,N , (5)

from which V,N > 0 is required: V is larger in the past in the slow-roll approximation. We

note that this inequality also follows from Ḣ < 0 which holds as long as the weak energy

condition is satisfied:

0 > Ḣ = �1

2
�̇2 = �1

6

V 02

V
= �V,N

6
, (6)

where the slow-roll equation of motion is used in the second equality.

Assuming V 0 > 0, from Eq. (5), we have

V 0 = (V V,N)
1/2 (7)

Similarly, we obtain

V 00 =
V

V 0
dV 0

dN
=

V

V 0
d

dN
(V V,N)

1/2 =
V 2
,N + V V,NN

2V,N

. (8)
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I. INTRODUCTION

The latest Planck data [1] are in good agreement with the scalar spectral index ns with

ns � 1 ⇠ �2/N , where N is the number of e-foldings. Quadratic chaotic inflation model

[2], Starobinsky model [3] and Higgs inflation with a nonminimal coupling [4] or ↵-attractor

connecting them with one parameter ”↵” [5–7] are typical examples which predict such a

relation. What else are there any inflation models predicting such a relation? In this note,

we consider such an inverse problem : reconstruct V (�) from a given ns(N). In Sec.II,

we describe the procedure for reconstructing V (�) from ns(N). In Sec. III, the case of

ns � 1 = �2/N is studied. We shall find that known examples exhaust the possibility: for

ns � 1 = �2/N , V (�) is either tanh2(��/2) (”T-model”) [5–7] or �2 (chaotic inflation) to

the leading order in the slow-roll approximation. We also examine the case of ns � 1 =

�p/N in Sec.IV. We discuss the implications for the reheating temperature for the case of

ns � 1 = �2/N in Sec.V. Sec.VI is devoted to summary.

Related studies are given in preceding works [8, 9]. In [8] the slow-roll parameter ✏ is

given as a function of N to construct V (�). In [9] the slow-roll parameters ✏ and ⌘ are given

as functions of N to construct V (N) and compute r. Related results are found in [10, 11].

In particular, ns � 1 = �p/N case is studied in [11] by solving for the slow-roll parameter ✏.

We study the same problem by solving for the potential directly. Our approach is similar

in spirit to [8]; the only di↵erence is that our starting point is one of the observables ns

rather than the slow-roll parameter ✏. Moreover, we clarify the meaning of the integration

constants and find a relation between ns(N) and V (�).

We use the units of 8⇡G = 1.

II. V (�) FROM ns(N)

We explain the method to reconstruct V (�) for a given ns(N). We study in the framework

of a single scalar field with the canonical kinetic term coupled to the Einstein gravity. To

do so, we first introduce the e-folding number N and then the scalar spectral index ns. The

e-folding number N measures the amount of inflationary expansion from a particular time

t until the end of inflation tend

N = ln(a(tend)/a(t)) =

Z tend

t

Hdt =

Z �end

�

H
d�

�̇
=

Z �end

�

H

�V 0/3H
d� =

Z �

�end

V

V 0d� , (1)

2

Thus, Eq. (3) becomes

ns � 1 = �2
V,N

V
+

V,NN

V,N

=

✓
ln

V,N

V 2

◆

,N

, (9)

and dN = (V/V 0)d� becomes

Z r
V,N

V
dN =

Z
d� . (10)

Eq. (9) and Eq. (10) are the basic equations for reconstructing V (�) from ns(N). We also

give the formulae for r and the running of the spectral index:

r = 16✏ = 8
V,N

V
, (11)

dns

d ln k
= �

✓
ln

V,N

V 2

◆

,NN

, (12)

where we have used d ln k = d ln aH = �dN under the slow-roll approximation.

III. ns � 1 = �2/N

As a warm-up, we consider the famous relation

ns � 1 = � 2

N
, (13)

which is in good agreement with the measurement of ns by Planck [1] for N ' 60. We assume

that Eq. (13) holds for N � 1. Quadratic model, Starobinsky model, Higgs inflation and

↵-attractors are known examples which predict such a relation. In this case, Eq. (9) becomes

� 2

N
= ln

✓
V,N

V 2

◆

,N

, (14)

which is integrated to give

V,N

V 2
=

↵

N2
, (15)

where ↵ is the integration constant and should be positive from V,N > 0. This equation is

again integrated to obtain V

V (N) =
1

↵/N + �
, (16)
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where �( 6= 0) is the second integration constant. The case of � = 0 is to be considered

separately. By taking the inverse of V , the meaning of the two integration constants is

clear: � is the value of 1/V at N ! 1 and ↵ is related to the value of (1/V ),N = �↵/N2.

Given V (N), we now proceed to the second step: rewrite N as a function of �. From Eq.

(10), we have
Z r

↵

N(↵ + �N)
dN =

Z
d�, (17)

which can be integrated depending on the sign of �. We first consider the case of � > 0.

For � > 0,

N =
↵

�
sinh2

⇣p
�/↵(�� C)/2

⌘
, (18)

where C is the integration constant corresponding to the shift of �. Putting this into Eq.

(16), we finally obtain

V (�) =
1

�
tanh2 (�(�� C)/2) , (19)

where we have introduced � =
p

|�|/↵ which is the ratio of 1/V (N ! 1) to �N2(1/V ),N .

The potential is in fact the same as that of ”T-model” [5], as one might have expected,

although V is only accurate for large �� since we have used the slow-roll approximation and

hence N is large. So, V is approximated as

V (�) ' 1

�

�
1� 4e��(��C)

�
. (20)

The parameter ”↵” in the ↵-attractor model [5] corresponds to 2/(3�2). The Starobinsky

model corresponds to � =
p

2/3.

On the other hand, for � < 0,

N = ��2 sin2 (�(�� C)/2) . (21)

V (N) has a pole at �↵/� = ��2 and N is restricted in the range N < ��2. Large N is

possible for small �. Putting this into Eq. (16), we obtain

V (�) = � 1

�
tan2 (�(�� C)/2) . (22)

However, from the slow-roll condition,

✏ =
V,N

2V
=

1

2(N � �2N2)
⌧ 1, (23)
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Large N 

N ⌧ ��2 is required. Therefore, the potential reduces to

V (�) ' 1

4↵
(�� C)2, (24)

which is nothing but the quadratic potential.

Finally, for � = 0 (or � = 0) which corresponds to V (N ! 1) ! 1, V = N/↵ and

N = (�� C)2/4, and so

V (�) =
1

4↵
(�� C)2, (25)

which precisely corresponds to the quadratic chaotic inflation model.

We also give predictions for the tensor-to-scalar ratio r and the running of the spectral

index from Eq. (11) and Eq. (12):

r =

8
<

:

8
N+�2N2 (� > 0)

8
N

(�  0)
(26)

dns

d ln k
= � 2

N2
= �1

2
(1� ns)

2 ' �5.6⇥ 10�4

✓
60

N

◆2

. (27)

r varies from 8/N (quadratic chaotic model) to 8/�2N2 (T-model) [5–7]. The measurement

of r could help to discriminate the model and to narrow down the shape of the potential. On

the other hand, dns/d ln k does not depend on � since ns does not depend on it. dns/d ln k

is definitely negative. Hence, the measurement of dns/d ln k, which might be possible by

future observations of the 21 cm line [12], can be used as a consistency check of the assumed

relation ns � 1 = �2/N [11].

IV. ns � 1 = �p/N

Next, we consider the more general relation

ns � 1 = � p

N
, (28)

where p > 0 and p 6= 2 are assumed. First, from Eq. (9), V (N) is written as

V (N) =
1

↵
(p�1)

N1�p + �
, (29)
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           Warm- inflation 

ρ  = ρv + ρr, 

where 

ρv = inflaton  φ, 

ρr = radiation field. 





Comparison  of the cold and warm 
inflationary pictures  



Standard Field  
 

Slow-roll Eqs. 
{ 

H2 =
1

3
⇢ =

1

3
[⇢� + ⇢�] , (1)

where H = ȧ/a denotes the Hubble parameter and the quantity a corresponds to the scale

factor. During the scenario of warm inflation we assume a two-component system, a scalar

field homogeneous � = �(t) with an energy density ⇢� and a radiation field of energy density

⇢�. Here, the total energy density ⇢ = ⇢� + ⇢�, where the energy density ⇢� in terms of the

scalar field is defined by ⇢� = �̇2/2 + V , where V denotes the e↵ective potential. In the

following, we will consider that the dots correspond to di↵erentiation with respect to the

time.

In the framework of the warm inflation, the universe is filled with a self-interacting scalar

field and radiation, and the basic equations of the densities ⇢� and ⇢� are given by [1]

⇢̇� + 3H (⇢� + P�) = �� �̇2, or equivalently �̈+ [3H + �]�̇ = �@V

@�
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and the equation of the scalar field (2) becomes
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. (5)

Here, the quantity R corresponds to the ratio between the coe�cient � and the Hubble

parameter and is defined as

R =
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3H
. (6)

Thus, in the scenario of warm inflation we identify two regimes; called the weak dissipative
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V 2
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V
, (7)

where C� is a constant and is defined as C� = ⇡2 g⇤/30, in which g⇤ denotes the number of

relativistic degrees of freedom. Here, we have considered Eq.(5).

Also, from Eq.(7), we find that temperature of the thermal bath can be written as

T =
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4C� (1 +R)2
V 2
,�

V

�1/4
. (8)

In order to have a measure of the inflationary expansion of the universe, we define the

number of e-folding N between two di↵erent values of cosmological times t and te, where

the time te corresponds to the end of inflation

N =

Z te

t

H dt0 =

Z �e

�

H
d�0

�̇
'

Z �

�e

V (1 +R)

V,�

d�0. (9)

Here, we have considered Eqs.(4) and (5).

On the other hand, due to the presence of the radiation field in warm inflation, the source

of the density fluctuations correspond to thermal fluctuations. In this sense, during the

evolution of the inflation in this framework the fluctuations of the scalar field are dominantly

thermal rather than quantum[1, 2]. Thus, in the scenario of warm inflation, the curvature

and entropy perturbations coexist, since the mixture of the scalar field and radiation are

generate at the perturbative levels. This happens because the model of warm inflation can
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be viewed as a model of two basic fields[27]. However, as was demonstrated in Ref.[3], during

warm inflation the entropy perturbations on the large scales decay and only the curvature

perturbation (adiabatic modes) survives. In this form, the power spectrum of the curvature

perturbations PS of warm inflation, assuming � = �(�) and V = V (�) together with the

slow roll approximations becomes [3, 26, 28]

PS =

p
⇡

2

H3 T

�̇2

p
(1 +R). (10)

The scalar spectral index nS is defined as nS = d lnPS/d ln k and in terms of the slow

roll parameters is given by[28]

nS � 1 = �(9R + 17)

4(1 +R)2
✏� (9R + 1)

4(1 +R)2
� +

3

2

1

(1 +R)
⌘, (11)

where the slow roll parameters ✏, ⌘ and � are given by

✏ =
1

2

✓
V,�

V

◆2

, ⌘ =
V,��

V
, and � =

V,� �,�

V �
. (12)

The tensor perturbation do not couple to the thermal background and the modes have

the equivalent amplitude as the model of cold inflation, where the tensor spectrum PT is

defined as PT = H2. Thus, the tensor to scalar ratio r in the scenario of warm inflation is

given by [28]

r =
PT

PS
=

2✏

(1 +R)3
H

T
. (13)

Note that the tensor to scalar ratio r in warm inflation cannot be written only in terms of

the slow-roll parameter ✏ as it occurs in cold inflation, in which r = 16✏.

In the following we will study the reconstruction of the e↵ective potential V (�) and the

dissipative coe�cient �(�) in the scenario of warm inflation, considering the scalar spectral

index nS(N) and the tensor to scalar ratio r(N).

III. RECONSTRUCTION

In this section, we explicate the methodology to rebuild the e↵ective potential and the

dissipation coe�cient as a function of the scalar field � in the framework of warm inflation,

from the scalar spectral index nS(N) and the tensor to scalar ratio r(N). Since we have two

quantities (V (�) and �(�)) in the reconstruction, we need first of all to build the potential

and the dissipation coe�cient in terms of the number of e-folds N . For this it is necessary to
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rewrite Eqs.(11) and (13) in terms of the potential and the dissipation coe�cient as a function

of the number of e-folds N and its derivatives, in order to obtain the di↵erential equations

for V (N) and �(N). Thus, from these equations and giving nS = nS(N) and r = r(N)

we should obtain the e↵ective potential and the dissipation coe�cient as a function of the

number N . Posteriorly, from Eq.(9) we should find the e-folds N in terms of the scalar field

in order to reconstruct the potential V (�) and the coe�cient �(�).

We start by rewriting the slow roll parameters given by Eqs.(11) and (13) in terms of

e-folds N . In fact, the slow roll parameters can be rewritten in terms of the number of

e-folds N , considering that

V,� =
dV

d�
=

V (1 +R)

V,�

V, N

then we get

V 2
,� = V (1 +R)V, N , wherewith V, N =

dV

dN
> 0. (14)

In the following, we will consider the subscript V, N = dV/dN , V,NN to V,NN = d2V/dN2,

�, N = d�/dN etc.

Analogously for V,�� we have

V,�� =
1

2V, N

⇥
(1 +R)[V 2

, N + V V, NN ] + V V, N R, N

⇤
, (15)

and for the quantity �,� we have

�,� =


V (1 +R)

V, N

�1/2
�, N . (16)

Thus, the slow roll parameters can be rewritten as

✏ =
V, N

2V
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�, N

�
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⌘ =
1
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, N + V V, NN ] + V V, N R, N
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respectively.

Equally, the temperature of the thermal bath T from Eq.(8) results

T =


RV, N

4C� (1 +R)

�1/4
. (19)

Here, we have used Eq.(14).
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The relation between the e-folding N and the scalar field can be written as

Z 
V, N

V (1 +R)

�1/2
dN =

Z
d�. (20)

Similarly, the scalar spectral index nS can be rewritten in terms of the e-folds N , consid-
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⇥
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⇤
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For the tensor to scalar ratio we have

r =
PT

PS
=

V, N

(1 +R)2
1p
3V T

, (22)

where the temperature of the thermal bath T is given by Eq.(19). Also, here we have used

Eqs.(13) and (17).

In the following we will restrict ourselves to the weak and strong dissipation regimes in

order to reconstruct the model of warm inflation from nS(N) and r(N).

IV. THE WEAK DISSIPATIVE REGIME.

We start by considering the case in which the model of warm inflation evolves in the weak

scenario in which the dissipation coe�cient � < 3H (or equivalently R < 1). During this

regime and considering Eq.(20), the relation between the e-folding N and the scalar field ,

is given by Z 
V, N

V
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dN =

Z
d�. (23)

On the other, from Eq.(11) the spectral index nS when R < 1 becomes

nS � 1 = �17

4
✏� 1

4
� +

3

2
⌘, (24)

and by considering the slow roll parameters given by Eqs.(17) and (18) the scalar spectral

index can be rewritten as

nS � 1 =
1

4


�11V, N

2V
+ 3

V, NN

V, N

� �, N

�

�
=
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4


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,N

, (25)
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respectively.
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and by considering the slow roll parameters given by Eqs.(17) and (18) the scalar spectral

index can be rewritten as
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From Eq.(13) the tensor to scalar ratio r during this scenario can be written as

r =

"
4
p
3C�

9

V, N
3

V 3/2 �

#1/4

. (26)

Here, we have used that the temperature of the thermal bath is given by T =
h

�V, N

4
p
3C� V 1/2

i1/4
,

during this scenario.

In this form, from Eqs.(25) and (26) we find that the e↵ective potential in terms of the

e-folds N can be written as

V (N) = V =
r

C̃
1/4
�

exp[

Z
(1� nS)dN ], (27)

and the coe�cient dissipation �(N) becomes

�(N) = � =
C̃�

r4


V, N

V 1/2

�3
=

"
C̃

1/4
�

r

#5/2 hr, N
r

+ (1� nS)
i3

exp


3

2

Z
(1� ns)dN

�
, (28)

where the constant C̃� is defined as C̃� = 4
p
3C�/9.

Here, we mention that the Eqs.(23), (27) and (28) are the fundamental equations in order

to reconstruct of the e↵ective potential V (�) and of the dissipation coe�cient �(�) from the

observable nS(N) and r(N), during the weak dissipative scenario.

V. THE STRONG DISSIPATIVE REGIME.

Now, we assume that the model of warm inflation evolves in the strong dissipation regime

in which the coe�cient � � 3H. Thus, from Eq.(20) the relation between the e-folding N

and the scalar field during this regime, is given by

Z 
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V R
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dN =

Z "p
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V �

#1/2

dN =

Z
d�. (29)

By considering Eq.(11) the spectral index in this regime becomes
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3

2R
⌘, (30)
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and taking into account the slow roll parameters in this scenario (R � 1), the scalar spectral

index nS can be rewritten as

nS � 1 =
3

4


�V, N

2V
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V, N
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R, N

R
� 3

�, N

�

�
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o equivalently

nS � 1 =
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V, N
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◆�

,N
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Here, we have considered Eqs.(4) and (6).

As before, the tensor to scalar ratio r results

r =
1p
3R2


4C� V, N

3

V 2

�1/4
=

1

�2

⇥
62 C� V

2 V, N
3
⇤1/4

. (33)

Here, we have used that the temperature of the thermal bath T in the strong regime is given

by T = (V, N/4C�)1/4.

By combining Eqs.(32) and (33) we find that the di↵erential equation for the e↵ective

potential is given by
V, N

V 6
= 182 C�


exp[163

R
(nS � 1)dN ]

r4

�
, (34)

and integrating we obtain that the e↵ective potential V (N) can be written as

V (N) =

✓ �1

5⇥ 182 C�

Z 
r4 exp[

16

3

Z
(1� nS)dN ]

�
dN

◆1/5

, (35)

and the dissipative coe�cient � in terms of the e-folds N can be expressed as

�(N) = 2⇥ 37/4 C1/2
�

✓
V 5/2

r2
exp[2

Z
(nS � 1)dN ]

◆
. (36)

Here, the potential V is given by Eq.(35).

Again, we refer to that the Eqs.(29), (35) and (36) are the fundamental expressions in

order to reconstruct of the e↵ective potential V (�) and �(�) from the quantities nS(N) and

r(N), during the strong dissipative regime.

VI. AN EXAMPLE.

In this section we apply the formalism of above to the two dissipative regimes (weak and

strong), considering the simplest example for the observable quantities nS(N) and r(N), in
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From Eq.(13) the tensor to scalar ratio r during this scenario can be written as

r =

"
4
p
3C�

9

V, N
3

V 3/2 �

#1/4

. (26)

Here, we have used that the temperature of the thermal bath is given by T =
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during this scenario.

In this form, from Eqs.(25) and (26) we find that the e↵ective potential in terms of the
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where the constant C̃� is defined as C̃� = 4
p
3C�/9.

Here, we mention that the Eqs.(23), (27) and (28) are the fundamental equations in order

to reconstruct of the e↵ective potential V (�) and of the dissipation coe�cient �(�) from the
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� +
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2R
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respectively.

Equally, the temperature of the thermal bath T from Eq.(8) results
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⇥
(1 +R)[V 2
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⇤
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where the temperature of the thermal bath T is given by Eq.(19). Also, here we have used

Eqs.(13) and (17).

In the following we will restrict ourselves to the weak and strong dissipation regimes in

order to reconstruct the model of warm inflation from nS(N) and r(N).
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and taking into account the slow roll parameters in this scenario (R � 1), the scalar spectral
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
ln

✓
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◆�
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o equivalently
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3

4
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ln

✓
V, N

31/2 V �2

◆�

,N
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Here, we have considered Eqs.(4) and (6).

As before, the tensor to scalar ratio r results

r =
1p
3R2


4C� V, N

3

V 2

�1/4
=

1

�2

⇥
62 C� V

2 V, N
3
⇤1/4

. (33)

Here, we have used that the temperature of the thermal bath T in the strong regime is given

by T = (V, N/4C�)1/4.

By combining Eqs.(32) and (33) we find that the di↵erential equation for the e↵ective

potential is given by
V, N

V 6
= 182 C�


exp[163

R
(nS � 1)dN ]

r4

�
, (34)

and integrating we obtain that the e↵ective potential V (N) can be written as

V (N) =

✓ �1

5⇥ 182 C�

Z 
r4 exp[

16

3

Z
(1� nS)dN ]

�
dN

◆1/5

, (35)

and the dissipative coe�cient � in terms of the e-folds N can be expressed as

�(N) = 2⇥ 37/4 C1/2
�

✓
V 5/2

r2
exp[2

Z
(nS � 1)dN ]

◆
. (36)

Here, the potential V is given by Eq.(35).

Again, we refer to that the Eqs.(29), (35) and (36) are the fundamental expressions in

order to reconstruct of the e↵ective potential V (�) and �(�) from the quantities nS(N) and

r(N), during the strong dissipative regime.

VI. AN EXAMPLE.

In this section we apply the formalism of above to the two dissipative regimes (weak and

strong), considering the simplest example for the observable quantities nS(N) and r(N), in

9

order to reconstruct analytically the e↵ective potential V (�) and dissipative coe�cient �(�).

Following, Refs.[32–34] we consider that the spectral index is given by

nS � 1 = � 2

N
, (37)

and the tensor to scalar ratio as

r =
1

N(1 + ⇠N)
, (38)

where ⇠ corresponds to a constant. In this sense, If we consider the number N before the

end of inflationary epoch at the horizon exit corresponds to N ' 60, then the scalar spectral

index and the tensor to scalar ratio given by relations (37) and (38) are well corroborate

by observational data for values ⇠ > �1/72[11, 12, 40, 41]. In the following we will assume

that the number of e-folds N is large, for values of N ⇠ O(102), under the slow roll

approximation.

Also the attractors given by Eqs.(37) and (38) in the limit ⇠N � 1 (such that r / 1/N2),

in the framework of cold inflation can be obtained in the E model[35] and also in the model

of the Higgs inflation with the nonminimal coupling [36], see also Ref.[37]. A generalization

of the attractors r(N) and nS(N) are given by r = 12�/N2 and nS � 1 = �2/N or also

called � attractor (or usually called ↵ attractor) which was developed in Ref.[38], see also

Ref.[39].

A. The weak regime.

By considering the spectral index given by Eq.(37) we find that exp[
R
(1� nS)]dN = N2

↵
,

where the quantity ↵ corresponds to the integration constant. From Eq.(27) we obtain that

the e↵ective potential in terms of the e-folding becomes

V (N) =
1

↵ C̃
1/4
�


1

⇠ + 1/N

�
. (39)

Thus, we find that V, N = ↵�1C̃�
�1/4

(⇠N+1)�2, and then the quantity V, N/V
2 = ↵C̃�/N

2

suggests that the integration constant ↵ > 0, since C̃� and V, N are positives, see Eq.(14).

Also, we mention that the potential given by Eq.(39), is similar to that found in Ref.[32],

only considering the reconstruction of V (N) from nS(N).
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By considering Eq.(28), we find that the dissipation coe�cient in terms of the number

N becomes

�(N) = �0 N
5/2 (1 + ⇠N)�1/2, where �0 =

C̃�
5/8

↵3/2
. (40)

From Eqs.(39) and (40) we find that the rate R as a function of the number of e-folds in

this regime is given by

R(N) =
�

3H
⇡ �p

3V
=

C̃
3/4
�p
3 ↵

N2. (41)

Here, we note that during the weak regime the ratio R(N) does not depend of the constant

⇠, when it is expressed in terms of the number of e-folds N . Also, in order to obtain a

scenario of weak dissipation in which R ⌧ 1, we find a lower bound for the parameter ↵,

given by ↵ � C̃
3/4
�p
3
N2. In particular for large N in which N = 60, we obtain the lower limit

↵ � 41338. Here, we have used C� = 70.

In this form, during the scenario of warm inflation we obtain a lower bound for the

integration constant ↵, considering the condition of the weak dissipative regime � ⌧ 3H.

Here, we mention that this lower bound for the integration constant ↵ � C̃
3/4
�p
3
N2, can not

be obtained in the case of standard cold inflation from the background level, and it is only

possible to say that ↵ > 0 [32].

On the other hand, from Eq.(23) we obtain that the relation between N and � is given

by the integral
Z s

1

N(1 + ⇠N)
dN =

Z
d�, (42)

and this integral depends on the sign of the constant ⇠. In the case in which ⇠ > 0, we find

that the integral given by Eq.(42) becomes

N = ⇠�1 sinh2

p
⇠

2
(�� �0)

�
, (43)

where �0 denotes an integration constant. In this form, considering Eq.(43) the potential

given by Eq.(39) can be written in terms of the scalar field as

V (�) = V0 tanh2

p
⇠

2
(�� �0)

�
, where V0 =

1

↵ ⇠ C̃
1/4
�

. (44)

This e↵ective potential corresponds to the potential studied in the T-model [34], see also

Ref.[32] from the reconstruction.
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From Eqs.(40) and (43) we obtain that the dissipation coe�cient in terms of the scalar

field is given by

�(�) =
�0

⇠5/2
tanh

p
⇠

2
(�� �0)

�
sinh4

p
⇠

2
(�� �0)

�
. (45)

An important situation occurs when the integration constant ⇠ is negative, since in par-
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By considering Eq.(28), we find that the dissipation coe�cient in terms of the number

N becomes

�(N) = �0 N
5/2 (1 + ⇠N)�1/2, where �0 =

C̃�
5/8

↵3/2
. (40)

From Eqs.(39) and (40) we find that the rate R as a function of the number of e-folds in

this regime is given by

R(N) =
�

3H
⇡ �p

3V
=

C̃
3/4
�p
3 ↵

N2. (41)

Here, we note that during the weak regime the ratio R(N) does not depend of the constant

⇠, when it is expressed in terms of the number of e-folds N . Also, in order to obtain a

scenario of weak dissipation in which R ⌧ 1, we find a lower bound for the parameter ↵,

given by ↵ � C̃
3/4
�p
3
N2. In particular for large N in which N = 60, we obtain the lower limit

↵ � 41338. Here, we have used C� = 70.

In this form, during the scenario of warm inflation we obtain a lower bound for the

integration constant ↵, considering the condition of the weak dissipative regime � ⌧ 3H.

Here, we mention that this lower bound for the integration constant ↵ � C̃
3/4
�p
3
N2, can not

be obtained in the case of standard cold inflation from the background level, and it is only

possible to say that ↵ > 0 [32].

On the other hand, from Eq.(23) we obtain that the relation between N and � is given

by the integral
Z s

1

N(1 + ⇠N)
dN =

Z
d�, (42)

and this integral depends on the sign of the constant ⇠. In the case in which ⇠ > 0, we find

that the integral given by Eq.(42) becomes

N = ⇠�1 sinh2

p
⇠

2
(�� �0)

�
, (43)

where �0 denotes an integration constant. In this form, considering Eq.(43) the potential

given by Eq.(39) can be written in terms of the scalar field as

V (�) = V0 tanh2

p
⇠

2
(�� �0)

�
, where V0 =

1

↵ ⇠ C̃
1/4
�

. (44)

This e↵ective potential corresponds to the potential studied in the T-model [34], see also

Ref.[32] from the reconstruction.
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FIG. 1: The dependence of the ratio R = �
3H versus the number of e-folds N (left panel) and the

dependence of the dissipation coe�cient � versus the scalar field (right panel) during the weak

dissipative regime. From Eq.(41) we plot R = R(N) in which the dotted solid and dashed lines

correspond to three di↵erent values of ↵ (left panel). From Eqs.(45), (48) and (50) we plot � = �(�)

for three di↵erent values of ⇠ T 0, in which we have fixed ↵ = 413.380 (right panel). Also, in these

plots we have used C� = 70.

the rate R = �/3H in terms of the e-folding number N on the weak dissipative regime, we

consider Eq.(41). The right panel shows the evolution of the dissipation coe�cient � as a

function of the scalar field. Also, in order to write down the coe�cient � in terms of the

scalar field, we consider Eqs.(45), (48) and (50) for three di↵erent values of ⇠ T 0, in which

we have fixed ↵ = 413380. In both panels we have considered C� = 70. From the left panel,

we observe that the condition for the weak dissipative regime (R ⌧ 1) is satisfied for the

values of the integration constant ↵ � 41338 ⇠ O(105). Also, we consider in this plot the

limit case of the weak scenario in which the rate R = 1, corresponding to the values N = 60

and ↵ = 41338, respectively (dotted line).

From right panel, we note that the behaviors of the di↵erent parameters � = �(�) for

the values of ⇠ T 0 are similar. Also, we mention that from the relation given by Eq.(38)

and considering values ⇠ > 0 together with large N i.e., N ⇠ O(102), the tensor to scalar

ratio r ⇠ 0.
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B. The strong regime.

By assuming the strong dissipative scenario in which � � 3H and from Eqs.(34), (37)

and (38), we find that the di↵erential equation for the potential becomes

V, N

V 6
= ↵̃4 (1 + ⇠N)4

N20/3
, where ↵̃ = 3

p
2↵C1/4

� . (51)

Now integrating this equation, we find that the e↵ective potential in terms of the number

of e-folds N results

V (N) =


3↵̃4

2618


770 + 3740⇠N + 7140⇠2N2 + 6545⇠3N3 + 2618⇠4N4

N17/3

�
+ C1

��1/5

, (52)

where C1 is an integration constant. From Eq.(36) the dissipation coe�cient �(N) can be

written as

�(N) = 2⇥ 37/4C1/2
� ↵


(1 + ⇠N)2 V 5/2

N2

�
, (53)

where V is given by Eq.(52).

Nevertheless, from these solutions we find a transcendental equation from Eq.(29) to

express the number of e-folds in function of the scalar field. Hence, in order to obtain

analytical expressions for V (�) and �(�) and therefore the reconstructions, we can study

the asymptotic form of the potential and the dissipation coe�cient in the limit N � 1/⇠ or

N ⌧ 1/⇠, together with the integration constant C1 = 0.

We start with the limit ⇠N � 1. For large N and in particular for N = 60, we find a

lower bound for the constant ⇠ given by ⇠ � 1/60 ' 0.017. Now in this limit the tensor to

scalar ratio r(N) given by Eq.(38) is approximately

r(N) =
1

N(1 + ⇠N)
⇡ 1

⇠N2
, (54)

with ⇠ a positive quantity. Here, we note that Eq.(54) corresponds to the ��attractor, in

which ⇠ = (12�)�1 [38, 39] or to T -model when ⇠ takes the value ⇠ = 1/12 in the case of

cold inflation[34].

In particular for the case in which N = 60, we obtain that the tensor to scalar ratio

r(N = 60) ⌧ 0.017. Here, we have assumed that the constant ⇠ � 0.017. Thus, the model

in this limit ⇠N � 1 and large N suggests that the tensor to scalar ratio r ⇠ 0 for values of

⇠ � 0.017.
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written as
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where V is given by Eq.(52).

Nevertheless, from these solutions we find a transcendental equation from Eq.(29) to

express the number of e-folds in function of the scalar field. Hence, in order to obtain

analytical expressions for V (�) and �(�) and therefore the reconstructions, we can study

the asymptotic form of the potential and the dissipation coe�cient in the limit N � 1/⇠ or

N ⌧ 1/⇠, together with the integration constant C1 = 0.

We start with the limit ⇠N � 1. For large N and in particular for N = 60, we find a

lower bound for the constant ⇠ given by ⇠ � 1/60 ' 0.017. Now in this limit the tensor to

scalar ratio r(N) given by Eq.(38) is approximately

r(N) =
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N(1 + ⇠N)
⇡ 1

⇠N2
, (54)

with ⇠ a positive quantity. Here, we note that Eq.(54) corresponds to the ��attractor, in

which ⇠ = (12�)�1 [38, 39] or to T -model when ⇠ takes the value ⇠ = 1/12 in the case of
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In particular for the case in which N = 60, we obtain that the tensor to scalar ratio
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Thus in the limit ⇠N � 1, the solution given by Eq.(52) of the e↵ective potential V (N)

results

V (N) ⇡ �̃�4/5N1/3, (55)

where �̃ is defined as �̃ = 31/4↵̃⇠. Similarly, the dissipation coe�cient �(N) can be written

as

�(N) ⇡ ↵1

�̃2
N5/6, where ↵1 = 2⇥ 37/4 C1/2

� ↵ ⇠2. (56)

Here, we note that the dissipation coe�cient �(N) does not depend of the constant ⇠. Also,

the ratio R = �/3H ⇡ �/
p
3V in this limit becomes

R(N) =
�

3H
⇡ �p

3V
=

↵1p
3 �̃8/5

N2/3. (57)

During the strong dissipative regime it is necessary that the condition R = �/3H � 1

be satisfied. In this way, for large N and in particular for N = 60 and considering that

⇠ � 0.017, we find an upper bound for the integrate constant ↵ given by ↵ ⌧ 4 ⇠ O(1).

Here, we have used Eq.(57).

From Eq.(29) we find that the relation between the number of e-folds and the scalar field

in the limit ⇠N � 1 is given by

N ⇡ N0 (�� �0)
6, (58)

where N0 =
↵3
1

26 39/2�̃24/5 and �0 corresponds to an integration constant. Thus, the reconstruc-

tion of the e↵ective potential as a function of the scalar field results

V (�) ⇡ V0 (�� �0)
2, where V0 =

↵1

4 33/2�̃12/5
. (59)

Therefore, in this limit (⇠N � 1) the e↵ective potential corresponds to the quadratic chaotic

potential. Similarly, the dissipation coe�cient from Eqs.(56) and (58) in this limit results

�(�) ⇡ �0 (�� �0)
5, where , �0 =

↵
7/2
1

25 315/4 �̃6
, (60)

resulting in a power law dissipative coe�cient.

As before, we show in figure 2 the evolution of the ratio R = �
3H versus the number of

e-folds N (left panel) and the dependence of the dissipative coe�cient � on the scalar field

(right panel) during the strong dissipative regime R � 1, assuming the limit N⇠ � 1. The

left panel shows the condition of the strong dissipative regime in which � � 3H, for three

di↵erent pairs of values (↵, ⇠). In order to write down the ratio R = �/3H in terms of the
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dependence of the dissipation coe�cient � versus the scalar field (right panel) during the strong

dissipative regime in the limit N⇠ � 1 or ��attractor. From Eqs.(57) and (60) we plot R = R(N)

and � = �(�), respectively. In both plots the dotted, solid and dashed lines correspond to three

di↵erent pairs of values (↵, ⇠). As before, in these plots we have used C� = 70.

e-folding number N on the strong dissipative scenario for the limit N⇠ � 1, we consider

Eq.(57). The right panel shows the evolution of the coe�cient � in terms of the scalar field.

Also, in order to write down the coe�cient � in terms of the scalar field, we consider Eq.(60).

As before, in both panels we have used C� = 70.

From the left panel, we note that the condition for the strong dissipative regime (R � 1)

in the limit ⇠N � 1 (or � attractor) is satisfied for the values of the integration constant

↵ ⌧ 4 ⇠ O(1) and for the parameter ⇠ > 0.017 ⇠ O(10�2). As before, also we consider in

this plot the limit case of the strong regime in which the ratio R = 1 and we find that the

values of the parameters ↵ = 4 and ⇠ = 0.017 for the value N = 60 or large N (dashed line).

On the other hand, now we consider the limit in which ⇠N ⌧ 1 where r(N) ⇡ 1/N . We

note this the attractor for large N and in particular for N = 60, the tensor to scalar ratio

r(N = 60) ⇡ 1/60 ' 0.02 and this attractor is well supported by the Planck data.

From Eq.(52) we find that the e↵ective potential V (N) becomes

V (N) ⇡

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e-folding number N on the strong dissipative scenario for the limit N⇠ � 1, we consider

Eq.(57). The right panel shows the evolution of the coe�cient � in terms of the scalar field.

Also, in order to write down the coe�cient � in terms of the scalar field, we consider Eq.(60).

As before, in both panels we have used C� = 70.

From the left panel, we note that the condition for the strong dissipative regime (R � 1)

in the limit ⇠N � 1 (or � attractor) is satisfied for the values of the integration constant
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and the dissipation coe�cient is given by

�(N) ⇡ 3�1/4


17

15

�1/2
N5/6

↵
. (62)

Here we observe that the potential V (N) and the dissipation coe�cient �(N) do not depend

on the parameter ⇠, since r(N) in this limit results r(N) ⇡ 1/N . By considering these

attracts, the ratio R = �/3H in terms of the number of e-folds from Eqs.(61) and (62)

becomes

R(N) ⇡ 1

37/20

"p
2 17

15

#2/5  p
C�

↵3

!1/5

N4/15. (63)

During the strong regime the condition R = �/3H � 1 is satisfied, and in particular for

the value N = 60, we find that the integrate constant ↵ is given by ↵ ⌧ 3.7 ⇠ O(1) in

order to obtain the condition of the strong regime R(N = 60) � 1. Note that this upper

bound for the parameter ↵ is similar to obtained in the previous limit (⇠N � 1).

From Eq.(29) we find that the relation between the number of e-folds and the scalar field

for large N is given by

N ⇡ Ñ0 (�� �̃0)
30/11, where Ñ0 =

2

4 11

10 347/40

✓
15

17

◆3/10
 

2

↵3 C
1/2
�

!1/10
3

5
30/11

, (64)

and �̃0 an integration constant. Thus, the e↵ective potential in terms of the scalar field can

be written as

V (�) ⇡ Ṽ0 (�� �̃0)
34/11, where Ṽ0 =

✓
17

15 ↵̃4
,

◆1/5

Ñ0
17/15

, (65)

and corresponds to a power law e↵ective potential. During this limit the dissipation coe�-

cient in terms of the scalar field becomes

�(�) ⇡ �̃0 (�� �̃0)
25/11, where �̃0 =

1

31/4 ↵

✓
17

15

◆1/2

Ñ0
5/6

. (66)

and as before corresponds to a power law dissipation coe�cient.

In this sense, we observed that considering the attractor r(N) ⇡ 1/N , both the e↵ective

potential and the dissipation coe�cient present a power law behavior during the strong

regime, and approximately its dependencies with the scalar field (reconstruction) are V (�) ⇠
�3 and �(�) ⇠ �2, respectively.
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V (�) ⇡ Ṽ0 (�� �̃0)
34/11, where Ṽ0 =
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and corresponds to a power law e↵ective potential. During this limit the dissipation coe�-
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and as before corresponds to a power law dissipation coe�cient.

In this sense, we observed that considering the attractor r(N) ⇡ 1/N , both the e↵ective

potential and the dissipation coe�cient present a power law behavior during the strong

regime, and approximately its dependencies with the scalar field (reconstruction) are V (�) ⇠
�3 and �(�) ⇠ �2, respectively.
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✓
17

15 ↵̃4
,

◆1/5

Ñ0
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Some comments and conclusions 
• Warm-Inf. : Avoid the reheating 

period- Thermal Fluctuations 
• W.-I. ⇒ Perturbations⇒Background 
(reconstruction) 
• W.-I.  ⇒  nS(N)  and r(N) 
• W.I.  we have used slow roll app. 
• W.I.  analytical solutions ??? 
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