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@ Classical dual [Coussaert, Henneaux, van Driel (1995)]
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e Construction of (classical) dual field theories for 3D gravity
] AdS3 AsymptOtIC Symmetry = 2><Virasor0 [Brown,Henneaux (1986)]
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@ Classical dual [Coussaert, Henneaux, van Driel (1995)]
len = 161rc Sd3x\/—7g (R + e%) = CS[AT] = CS[A7]

CS[A] = ﬁJTr [AdA+ §A3] AE =S gy

HR —  lowzw = = § dtdoTr (g7t 0,g8 1 01g] — KT [G]

BC — I = £ {dtdpd,¢ds0
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Motivation

@ Generalization for the flat case [Bamich, Gomberoff, Gonzslez (2013)]

1 s .
lew = 162G fd xy/—gR CS action for ISO(2,1)
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HR —  lpaemwzw = JdtdqﬁTr [A)\lo/ -5 (A’A1)2]
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Motivation

@ Generalization for the flat case [Bamich, Gomberoff, Gonzslez (2013)]

1 s .
lew = 162G fd xy/—gR CS action for ISO(2,1)

k . 1
HR —  lpaemwzw = fdtdqur [A)\lo/ -5 (A’A1)2]
™

k .
BC —  lpatLiouville = 5 f dtdo [('¢ — 7]

@ Asymptotic Symmetry= BMS3

[jma Jn] = (m - n)jern + 1%5m,fn
[jmapn] = (m - n)Pm+n + %5m,—n
[Pm,’])n] = 0
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Motivation

@ General solution of 3D Einstein eqs with A < 0 and
Brown-Henneaux BC

— (rdx™ — g6l b~ dx™)(rdx™ — g6l

btdx™
r2 r r <)
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Motivation

@ General solution of 3D Einstein eqs with A < 0 and
Brown-Henneaux BC

2
ds® = E—drz — (rdx* — B! b™dx™)(rdx™ — 8rGe

btdx™
r2 r r <)

e with x* = £ + ¢ and the arbitrary 27-periodic functions
) transforming as

bt = (04FF)2bT o FE — ¢ S 4 [FE]

under xT — ¥ (xt), FE(xT +27) = FE(xT) + 2n

Classical duals to 3D gravity from a geometrical point of view



Motivation

@ General solution of 3D Einstein eqs with A < 0 and
Brown-Henneaux BC
72 8nGl, _  _ 81 G/l

ds? = —dr® — (rdx* — . b™dx™)(rdx™ — .

btdx™)

e with x* = £ + ¢ and the arbitrary 27-periodic functions
bt (x*) t ansformmg as

= (04fE) bt o fE — ¢S, 4[]

under x* — fE(x%), FE(x* +27) = FE(x%) £ 27

@ Solution space = coadjoint representation of two copies of the
Virasoro group.
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Motivation

@ 3D flat Einstein gravity (A = 0) [Barich, Troessaert (2010)]

ds® = 2[8nGpdu — dr + 87 G(j + up')dy]du + r’dy?
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Motivation

@ 3D flat Einstein gravity (A = 0) [Barich, Troessaert (2010)]
ds® = 2[8nGpdu — dr + 87 G(j + up')dy]du + r’dy?

o Under the BMS3 transformations p = p(e) and j = j(v)
transform as

B = (F)2pof——L5,[f
p=(F)ypof—5 5If]

=y a///] of

7:f/2- '+ 2q/p —
J= ()l +ap’ +2d'p—

Classical duals to 3D gravity from a geometrical point of view



Motivation

@ 3D flat Einstein gravity (A = 0) [Barich, Troessaert (2010)]
ds® = 2[8nGpdu — dr + 87 G(j + up')dy]du + r’dy?

o Under the BMS3 transformations p = p(e) and j = j(v)
transform as

B = (F)2pof——L5,[f
p=(F)ypof—5 5If]

=y a///] of

7:f/2- '+ 2q/p —
J= ()l +ap’ +2d'p—

@ Coadjoint action of the BMS3 group [garmich,0blak (2015)]
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Motivation

@ 3D flat Einstein gravity (A = 0) [Barich, Troessaert (2010)]
ds® = 2[8nGpdu — dr + 87 G(j + up')dy]du + r’dy?

o Under the BMS3 transformations p = p(e) and j = j(v)
transform as

B = (F)2pof——L5,[f
p=(F)ypof—5 5If]

o . C2
— ()2 ' L0/ p — "o f
J=)U+ap +2dp 247roz]o
@ Coadjoint action of the B/I\Z% Eroup [Barnich,Oblak (2015)]

o Coadjoint orbits are endowed with a symplectic
structure, which allows to construct geometric actions
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Outline

@ Geometric actions on coadjoint Orbits

@ Centrally extended groups

© Kat-Moody and Virasoro groups

@ Geometric actions for semi-direct products
© Kat-Moody and ]ﬁ\?Sg group

@ Discussion and perspectives
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Geometric actions on coadjoint Orbits

Adjoint action

@ A Lie group G can act on itself by conjugation

h— ghg™*

dg(s)
ds

o Lie Algebra = Tangent vectors at the identity X = .
s=
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Geometric actions on coadjoint Orbits

Adjoint action

@ A Lie group G can act on itself by conjugation

h— ghg™*
o Lie Algebra = Tangent vectors at the identity X = di(:) .
s=
@ Adjoint action of G on g
d _ dh(s)
Ad,Y = — (gh ! Y =
g dS (g (s)g ) <0 ) dS 0
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Geometric actions on coadjoint Orbits

Adjoint action

@ A Lie group G can act on itself by conjugation

h— ghg™*
@ Lie Algebra = Tangent vectors at the identity X = di(:) .
s=
@ Adjoint action of G on g
d _ dh(s)
Ad,Y = — (gh(s)g™! , Y =
€ ds ( ) <=0 ds |._o
@ Infinitesimal adjoint action of g on itself
d
adXY = E (Adg(s) Y) = [X, Y]
s=0
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@ Dual space g*
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Adjoint action

@ Dual space g*

e (,):g* xg—> R a pairing betweem g and its dual space
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Adjoint action

@ Dual space g*
e (,):g* xg—> R a pairing betweem g and its dual space
o Coadjoint representation of G

(Ad¥b, X = (b, Adg1X)
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Adjoint action

o

Dual space g*

(,):g* x g —> R a pairing betweem g and its dual space

Coadjoint representation of G

(Ad¥b, X = (b, Adg1X)

Defines the coadjoint action of G on b € g*
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Adjoint action

o

Dual space g*

(,):g* x g —> R a pairing betweem g and its dual space

Coadjoint representation of G

(Ad¥b, X = (b, Adg1X)

Defines the coadjoint action of G on b € g*

(]

Differential of Ady at the identity: Infinitesimal coadjoint
action of g on g*

(adib, Yy = — (b, adx Y
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Geometric actions on coadjoint Orbits

Coadjoint orbits

e Coadjoint orbits are submanifolds of g*

Ob0 = {bZAd;bo‘gG G}
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Geometric actions on coadjoint Orbits

Coadjoint orbits

e Coadjoint orbits are submanifolds of g*
Obo = {bz Adzbo ‘ g € G}
@ Isotropy group

Hbo = {hE G’Adgb():bo}
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Coadjoint orbits

e Coadjoint orbits are submanifolds of g*

Op, = {b= Adzbo | g € G}
@ Isotropy group

Hp, = {he G | Ady by = bo}

e Group manifolds Op, =~ G/Hp,
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Coadjoint orbits

e Coadjoint orbits are submanifolds of g*

Op, = {b= Adzbo | g € G}
@ Isotropy group

Hp, = {he G | Ady by = bo}

e Group manifolds Op, =~ G/Hp,

@ Coadjoint orbits are symplectic manifolds [kirillov (1962), Kostant(1970)]
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Geometric actions on coadjoint Orbits

Coadjoint orbits

@ How to define a symplectic form for Op,?
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Geometric actions on coadjoint Orbits

Coadjoint orbits

@ How to define a symplectic form for Op,?
@ Pre-symplectic form

Q- %<Adz,1b0, ad90>
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Coadjoint orbits

@ How to define a symplectic form for Op,?
@ Pre-symplectic form

1
Q-3 <Ad;,1b0, ad90>
@ 0 is the left invariant Maurer-Cartan form on G

1
do = —§ad90
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Geometric actions on coadjoint Orbits

Coadjoint orbits

@ How to define a symplectic form for Op,?
@ Pre-symplectic form

1

Q-3 (Ad% 1bo,adgt))
@ 0 is the left invariant Maurer-Cartan form on G
1

do = —§ad90

e Theorem: Pull-back of €2 on O, defines a symplectic

structure on Obo [Kirillov (1974)]
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Geometric actions on coadjoint Orbits

Coadjoint orbits

@ How to define a symplectic form for Op,?
@ Pre-symplectic form
1
Q-3 <Ad;,1b0, ad90>
@ 0 is the left invariant Maurer-Cartan form on G
1
df = ——adyl
20
e Theorem: Pull-back of €2 on O, defines a symplectic
structure on Obo [Kirillov (1974)]
o Qs closed = locally exact

Q=da, a= <Ad;,1b0, 9>,
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Geometric Actions

@ Geometric action

lalg; bo] = f <Ad*_1bo,9>
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Geometric Actions

@ Geometric action

lalg; bo] = f <Ad*_1bo,9>

o Gauge symmetries: left action g — L - g with L € Hp,
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@ Geometric action

lalg; bo] = f <Ad*_1bo,9>

o Gauge symmetries: left action g — L - g with L € Hp,
o Global symmetries: right action g — g - R (dR = 0).
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Geometric Actions

@ Geometric action

lalg; bo] = f <Ad*_1bo,9>

o Gauge symmetries: left action g — L - g with L € Hp,
o Global symmetries: right action g — g - R (dR = 0).
@ Noether charges

igQ=dQx, Qx=—bX)
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Geometric Actions

@ Geometric action

lalg; bo] = f <Ad*_1bo,9>

Gauge symmetries: left action g — L - g with L € H,y,
Global symmetries: right action g — g - R (dR = 0).
Noether charges

igQ=dQx, Qx=—bX)

Form a representation of G under the action of the global
symmetries,

LV)@I Qx, = Q[xl,x2]
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Geometric Actions
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Geometric Actions

How to chose a Hamiltonian?
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Geometric Actions

How to chose a Hamiltonian?
o Noether charges H = Qx, = —(b, Xo)
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Geometric Actions

How to chose a Hamiltonian?
o Noether charges H = Qx, = —(b, Xo)

@ Combinations of Noether charges

1

H= ok Q.. Qayy Qo= —(bies)
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Geometric Actions

How to chose a Hamiltonian?
o Noether charges H = Qx, = —(b, Xo)

@ Combinations of Noether charges

1

H= ok Q.. Qayy Qo= —(bies)

@ k an invariant symmetric tensor on g*
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Geometric actions on coadjoint Orbits

Geometric Actions

How to chose a Hamiltonian?
Noether charges H = Qx, = —(b, Xo)

@ Combinations of Noether charges
1 ai...a
H= ﬁk M Qay - Qs Qi = —(b,es)

k an invariant symmetric tensor on g*

Ig = Sv(a — Hdt) preserves the symmetries

Classical duals to 3D gravity from a geometrical point of view
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Centrally extended groups

Central extension

o Central extension G = G x R

Classical duals to 3D gravity from a geometrical point of view



Centrally extended groups

Central extension

o Central extension G = G x R

e Elements are pairs (g, m) with group operation

(g1, m1) (g2, m2) = (g182, M1 + m2 + =(g1, &2))
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Centrally extended groups

Central extension

o Central extension G = G x R

e Elements are pairs (g, m) with group operation

(g1, m1) (g2, m2) = (g182, M1 + m2 + =(g1, &2))

@ = is a 2—cocycle on G

Z(g1g,83) + =(g1,82) = =(g1,8283) + =(g2, &3)
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Central extension
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Centrally extended groups

Central extension

o Centrally extended Lie algebra g = g®R
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Centrally extended groups

Central extension

o Centrally extended Lie algebra g = g®R

@ Adjoint representation of G

Ad(g,m) (Xa n) = (Ang7 n-— <5 (g) 7X>)
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Centrally extended groups

Central extension

o Centrally extended Lie algebra g = g®R

@ Adjoint representation of G
Ad(g,m) (X7 n) = (Ang7 n-— <5 (g) 7X>)
@ S is the Souriau cocycle on G

(5(8).X) = — < [Z(&.h(5)™) +=(h(s),57)]
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Centrally extended groups

Central extension

Centrally extended Lie algebra g=g®R

Adjoint representation of G

Ad(g,m) (Xa n) = (Ang7 n— <5 (g) 7X>)

@ S is the Souriau cocycle on G
(5(8).X) = — < [Z(&.h(5)™) +=(h(s),57)]
s=0

@ Infinitesimal adjoint action

ad(x,m (Y, k) = [(X;n), (Y, k)] = (X, Y], =(s(X), Y))
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Central extension
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Centrally extended groups

Central extension

@ Generalized geometric action

I = J<Ad§b0,9> sy = J<Adzkg7m) (bos )., (6,02) )
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Centrally extended groups

Central extension

@ Generalized geometric action

I = J<Ad§b0,9> sy = J<Adzkg7m) (bos )., (6,02) )

e Pairing between g and g*: {(b,c),(X,n)) =<{b,X) + cn
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Centrally extended groups

Central extension

@ Generalized geometric action

I = J<Ad;b0,9> — g = f<AdEkg7m) (bo, c), (9795)>

e Pairing between g and g*: {(b,c),(X,n)) =<{b,X) + cn
e Coadjoint action: Adf, (b, c) = (Adjb—cS(g71),¢)
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Centrally extended groups

Central extension

@ Generalized geometric action

I = J<Ad;b0,9> — g = f<AdEkg7m) (bo, c), (9795)>

e Pairing between g and g*: {(b,c),(X,n)) =<{b,X) + cn
e Coadjoint action: Adf, (b, c) = (Adjb—cS(g71),¢)

@ Maurer-Cartan equation

1 1
do = 7§ad99 — d(0,0=) = *Ead(eﬂz)(e’ b=)
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Centrally extended groups

Central extension
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Centrally extended groups

Central extension

o Centrally extended geometric action

e = J<Ad§bo,6> + CJ(—<5 (g),60) +6=).
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Centrally extended groups

Central extension

o Centrally extended geometric action

e = J<Ad§bo,6> + CJ(—<5 (g),60) +6=).

@ Defining
u="Tg , 5(T)=—ho/c
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Centrally extended groups

Central extension

o Centrally extended geometric action

J<Ad*bo,0>+cf (g),0)+0=).

@ Defining
u="Tg , 5(T)=—ho/c

e = cf(—<5(u),e>+95)

Classical duals to 3D gravity from a geometrical point of view
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Loop group LG: continuous maps from the unit circle to G

g:S' > G, o—gle), glp+2m) =gy
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Loop group LG: continuous maps from the unit circle to G

g:5' -G, o—glp), glp+2m)=2glp
o AdX = gXg1, Adgb = ghg~!
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Loop group LG: continuous maps from the unit circle to G

g:S'—> G, o glp), gle+2m) =gy

o AdX = gXg1, Adgb = ghg~!
@ Pairing between Lg and Lg*

27
(b (p), X () = fo dg Tr [b(2) X ()]
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Kad&-Moody group
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Ka&-Moody and Virasoro groups

Kad&-Moody group

o Kaé-Moody group LG: Central extension of LG
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Ka&-Moody and Virasoro groups

Kad&-Moody group

o Kaé-Moody group LG: Central extension of LG

@ The central extension is determined by the 2—cocycle

— 1 1= = _
=(g1,82) = e J_ Tr [g; 'dg1dgog; |
T™JD
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Ka&-Moody and Virasoro groups

Kad&-Moody group

o Kaé-Moody group LG: Central extension of LG

@ The central extension is determined by the 2—cocycle

— 1 155
=(g1,82) = e JD Tr [g; 'dg1dgog; |
@ Souriau cocycle
I
—8& 0.8
S =58
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Ka&-Moody and Virasoro groups

Kad&-Moody group

Ka¢-Moody group LG: Central extension of LG

The central extension is determined by the 2—cocycle

— 1 155
=(g1,82) = e JD Tr [g; 'dg1dgog; |
@ Souriau cocycle
1
S — _15
(&)=5_¢

@ Maurer Cartan equation d(0,0=z) = (—3[0,6], =(0,X, Y))

_ 1 27 _ _ _
(0,0=) = (g ldg, — (J doTr [g 1o,e8 1dg] + I, Tr [g dgg ™ 'deg dg]))
4 0 D
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Kad&-Moody group
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Ka&-Moody and Virasoro groups

Kad&-Moody group

o Centrally extended geometric action

/ g bo, c] J<Ad b0,9>+CJ S(g),0)+6=)
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Centrally extended geometric action

27
I = JJ dTr [bodgg t— [Tg 10,88 1dg] +clg]
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Centrally extended geometric action

27
g = JJ dTr [bodgg t— [Tg 10,88 1dg] +clg]

o [ is the WZ term Ig] = i3 {Tr [(dgg—1)3]
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Centrally extended geometric action

27
g = JJ dTr [bodgg t— [Tg 10,88 1dg] +clg]

o [ is the WZ term Ig] = i3 {Tr [(dgg—1)3]

@ Noether charges

Qux,nm) = f:ﬂ deTr [(%g’l%g - g’lbog) X(s@)]
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Centrally extended geometric action

27
g = JJ dTr [bodgg t— [Tg 10,88 1dg] +clg]

o [ is the WZ term Ig] = i3 {Tr [(dgg—1)3]

@ Noether charges

Qux,nm) = f:ﬂ deTr [(%g’l%g - g’lbog) X(s@)]

@ We choose the Hamiltonian Hy = %SdcpTr [Qz]
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Centrally extended geometric action

27
g = JJ dTr [bodgg t— [Tg 10,88 1dg] +clg]

o [ is the WZ term Ig] = i3 {Tr [(dgg—1)3]
@ Noether charges
27
— P I |
Q(x,n) _L dgoTr[(zﬂg 0.8 — 8 bog) X(@]

@ We choose the Hamiltonian Hy = %SdcpTr [Qz]
@ The term proportional to by can be absorbe by defining
u="T(p)g where T710,T = —2Tp,
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Kad&-Moody group
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Full geometric action

c _ .
& = oy Jdtdngr [u™t o uu 0 u] + cT[u]
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Ka&-Moody and Virasoro groups

Kad&-Moody group

@ Full geometric action

c _ .
& = oy Jdtdngr [u™t o uu 0 u] + cT[u]

Chiral WZW model
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Kad&-Moody group

@ Full geometric action

c _ .
& = oy Jdtdngr [u™t o uu 0 u] + cT[u]

Chiral WZW model

@ The dependence on the orbit representative by is translated
into a nontrivial periodicity of the field v,

u(p +27) = M(bo)u(p), M (bo) = Pexp [—2; 3@ dg bo}
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@ Diffeomorphism group of the circle Diff (51),
flo+2m) =f(p)+2mr, f >0
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@ Diffeomorphism group of the circle Diff (51),
flo+2m) =f(p)+2mr, f >0
o Lie algebra Vec (S%): vector fields on the circle X = X (¢) d,,
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Virasoro group

@ Diffeomorphism group of the circle Diff (51),
flo+2m) =f(p)+2mr, f >0

o Lie algebra Vec (S%): vector fields on the circle X = X (¢) d,,
@ Dual space: Vec (51)* quadratic differentials b = b (¢) (dp)?.
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Virasoro group

Diffeomorphism group of the circle Diff (51),
flo+2m) =f(p)+2mr, f >0

Lie algebra Vec (S*): vector fields on the circle X = X (¢) d,,
2

Dual space: Vec (51)* quadratic differentials b = b (p) (dg)”.
Pairing betwen Vec (51) and its dual

(b, X) = f de b () X (v) -
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Virasoro group

Diffeomorphism group of the circle Diff (51),
flo+2m) =f(p)+2mr, f >0

Lie algebra Vec (S*): vector fields on the circle X = X (¢) d,,
2

Dual space: Vec (51)* quadratic differentials b = b (p) (dg)”.
Pairing betwen Vec (51) and its dual

(b, X) = f de b () X (v) -

@ Adjoint and coadjoint actions
1
Adea X = X (F(9)) 0, Adiib = F(9)° b(F () (dp)’
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Virasoro group

e Virasoro group: Central extension of Diff (S')
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Virasoro group

e Virasoro group: Central extension of Diff (S')
@ Thurston-Bott cocycle
27

=(hh) = ——
(172) 4877'0

dylog(0d,f1 © f)0,(log(0pf2)).
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Virasoro group

e Virasoro group: Central extension of Diff (S')

@ Thurston-Bott cocycle
21
=(h,h) = ~18n . dylog(0d,f1 © f)0,(log(0pf2)).

@ The Souriau cocycle is the Schwarzian derivative

" 1" 2
1 f 3(f
SO ="z | 7 2 (f)
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Virasoro group

e Virasoro group: Central extension of Diff (S')
@ Thurston-Bott cocycle
27

487 ),

@ The Souriau cocycle is the Schwarzian derivative

" 1" 2
1 f 3(f
SO ="z |7 2 <f>
@ Maurer-Cartan form

df . 1 (> df ("
<9’95>=<f/‘%48ﬁ J, % <f>)

=(h,h)=— dylog(0d,f1 © f)0,(log(0pf2)).
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Virasoro group

Centrally extended geometric action

I s LF: bos €] = j<Adj’ébo,9> + cj (—(S(f),0) + 0=)
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Virasoro group

@ Centrally extended geometric action
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Virasoro group

@ Centrally extended geometric action

L c f"
@ Hamiltonian: Noether charge associated to X = —0,

_ 2 Liz
H—Jdcp [bo(f)f + I 77|
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Virasoro group

@ Centrally extended geometric action

L c f"
@ Hamiltonian: Noether charge associated to X = —0,
_ n,
H—Jdcp [bo(f)f +487r |

@ Defining F = T o f where T satisfies ¢ S[T] = —bo(p) and
Op,F = eX

| C
Dift(SY) ~ 247

Jdt dp d,x0-x | Chiral boson action
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Semidirec products

@ Semidirec product group
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Semidirec products

@ Semidirec product group

Se=Gxs A
e Elements: (g,a), ge Gandae A
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Semidirec products

@ Semidirec product group

Se=Gxs A
e Elements: (g,a), ge Gandae A

@ Group operation

(g1, 1) (&2, 2) = (8182, 00 + 04, 12)
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Semidirec products

@ Semidirec product group
Se =G xs A
e Elements: (g,a), ge Gandae A
@ Group operation
(g1,1) (82, 02) = (8182, 1 + T 2)
o Lie algebra s = g® A.
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Semidirec products

Semidirec product group

Se =G xs A
Elements: (g,a), g€ G and a € A

Group operation

(g1, 1) (&2, 2) = (8182, 00 + 04, 12)

Lie algebra s = g® A.
Pairing between s and its dual

(U p) s (Xsa)yg =G, X0 +{p,ayy

Classical duals to 3D gravity from a geometrical point of view
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Semidirec products

e Westudy o =Adand A=g — S =G Xaq gap
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Semidirec products

@ Westudy o =Adand A=g — S = G Xaq gap
@ Adjoint and coadjoint actions
Ad(g’a) (Y, ,8) (Adg Y, Adgﬁ — adAdgya)
A () (Adz,l j— Ad?_adsp, Ad;,lp)
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Semidirec products

@ Westudy o =Adand A=g — S = G Xaq gap
@ Adjoint and coadjoint actions

Ad(g’a) (Y, ,8) (Adg Y, Adgﬁ — adAdgya)
A () (Adz,l j— Ad?_adsp, Ad;,lp)

@ Maurer-Cartan equation

1
dag = —adpay —> d(0,0,) = — <2ad90,ad9a9>
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Semidirec products

@ Westudy o =Adand A=g — S = G Xaq gap

@ Adjoint and coadjoint actions
Ad(g’a) (Y, ,8) (Adg Y, Adgﬁ — adAdgya)
AdY i) = (Adz,l j— Ad?_jadip, Ad?, p)

@ Maurer-Cartan equation
1
dag = —adpay —> d(0,0,) = — <2ad90,ad9a9>

@ Geometric action

/gAd = J<Ad; (jo — adeo) ,9>

Classical duals to 3D gravity from a geometrical point of view
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Centrally extended semidirect products

o Central extension S = G X pq gab
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Geometric actions for semi-direct products

Centrally extended semidirect products

@ Central extension § -G X Ad Dab
e Elements (g,a) — (g, m1, o, mp)
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Geometric actions for semi-direct products

Centrally extended semidirect products

o Central extension S = G X pq gab
e Elements (g,a) — (g, m1, o, mp)
@ Geometric action follows from

Jo— (osc1), po— (po,c2),

Adg — Ady , (0,0,) — (6,0=,0,,0.,)

Adg ad Ad( (g’ml)

g’ml)’
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Centrally extended semidirect products

Central extension S = G X Aq 8ab
Elements (g, ) — (g, m1, o, mp)
Geometric action follows from

Jo— (osc1), po— (po,c2),

Adg - Ad(g,ml)a Ad; - Adzkg,ml)’ (9’ 904) - (97 0=, ba, Hw)

Defining new fields u = Tg and a = n + Ady«a such that

. C
@25(T) = —po, 2Ady-15(n) = —jo + épo

Classical duals to 3D gravity from a geometrical point of view



Geometric actions for semi-direct products

Centrally extended semidirect products

o Central extension S = G X pq gab
Elements (g, ) — (g, m1, o, mp)
@ Geometric action follows from

Jo— (osc1), po— (po,c2),
Adg — Ad AdZ — AdY, L (6,6.) — (6,62, 00,0,

Defining new fields u = Tg and a = n + Ady«a such that

g’ml)’

. C
@25(T) = —po, 2Ady-15(n) = —jo + épo

@ Geometric action on a coadjoint orbit O(j ¢, po.c»)

ls., = 61J(—<5(u) ,0) +6=z) — c2f<Ad>; (s(a)),0)
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Kad¢-Moody case

@ Semidirec product §Ad e X Ad iElab
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Kad¢-Moody case

@ Semidirec product §Ad e X Ad iElab
e Elements (g(p), mi, a(p), m), g(p) € [G, aelg
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Kad¢-Moody case

@ Semidirec product §Ad e X Ad IjE;ab

e Elements (g(p), mi, a(p), m), g(p) € [G, aelg
@ Geometric action

. (&) _
e, = il k= 06 () + £20) |
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Kad¢-Moody case

@ Semidirec product §Ad e X Ad IjE;ab

e Elements (g(p), mi, a(p), m), g(p) € [G, aelg
@ Geometric action

. (&) _
e, = il k= 06 () + £20) |

@ Noether charges associated to the right action of the group

27 i} i [ —1/. @2
szf de Tr [X]], j=—8 0pg—g |jo— —0pa—[a,p])g
0 27 27
27 @ 1. 1
Py = J dy Tr [vp] , p=—g 0pg—8& P&
0 27
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Kad¢-Moody case

@ Semidirec product §Ad e X Ad IjE;ab

e Elements (g(p), mi, a(p), m), g(p) € [G, aelg
@ Geometric action

. (&) _
e, = il k= 06 () + £20) |

@ Noether charges associated to the right action of the group

27 i} i [ —1/. @2
szf de Tr [X]], j=—8 0pg—g |jo— —0pa—[a,p])g
0 27 27
27 @ 1. 1
Py = J dy Tr [vp] , p=—g 0pg—8& P&
0 27

@ We choose as Hamiltonian Hy = Z § dTr [p?]
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Kad¢-Moody case
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Kad¢-Moody case

o Defining u=Tg and a=1n+ TaT!
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Kad¢-Moody case

o Defining u=Tg and a=1n+ TaT!
o Full geometric action = Chiral WZW + Flat chiral WZW

C1 - _
ILAGKAdLAgab =5 Jdtdngr [u 10, uu 18_u] + ¢ Mul

1
— 2C—72T fd@dtTr [L)ula’ - 2(ulu’)2}
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Kad¢-Moody case

o Defining u=Tg and a=1n+ TaT!
o Full geometric action = Chiral WZW + Flat chiral WZW

C1 - _
ILAGKAdLAgab =5 Jdtdngr [u 10, uu 18_u] + ¢ Mul

1
— 2C—72T fd@dtTr [L)ula’ - 2(ulu’)2}

e Comes from CS theory for the ISO(2,1)
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Kad¢-Moody case

o Defining u=Tg and a=1n+ TaT!
o Full geometric action = Chiral WZW + Flat chiral WZW

C1 - _
ILAGKAdLAgab =5 Jdtdngr [u 10, uu 18_u] + ¢ Mul

1
— 2C—72T fd@dtTr [L)ula’ - 2(ulu’)2}

e Comes from CS theory for the ISO(2,1)

@ Now the fields can be non-periodic
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]i\ng group

@ The B/N[\S:), group can be defined as

BMS, — DIt (57)  Vee (51).,
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]i\ng group

@ The B/N[\S:), group can be defined as

BMS, — DIt (57)  Vee (51).,

e Elements (f, my, «, my), where f is a diffeomorphism of the
circle and a(y + 27) = a(y)
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]i\ng group

@ The B/N[\S:), group can be defined as

BMS, — DIt (57)  Vee (51).,

e Elements (f, my, «, my), where f is a diffeomorphism of the
circle and a(y + 27) = a(y)
@ Geometric action

. C
Iz, = Iorcsn [Fio- C1]+Jd90 [f’df (pga +2ppa — ﬁa”’) o f]
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]i\ng group

@ The B/N[\S:), group can be defined as

BMS, — DIt (57)  Vee (51).,

e Elements (f, my, «, my), where f is a diffeomorphism of the
circle and a(y + 27) = a(y)

@ Geometric action

. C
Iz, = Iorcsn [Fio- C1]+Jd90 [f’df (pga +2ppa — ﬁa”’) o f]

@ Noether charges
J _ Jzﬂ, de a f//z o f//2
0

2o + pha + 2ppa’) o f + — — P:JZ"mp po(f) + — —
0 0 0 487 f12 ) 0 487 2
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]i\ng group

@ The B/N[\S:), group can be defined as

BMS, — DIt (57)  Vee (51).,

e Elements (f, my, «, my), where f is a diffeomorphism of the

circle and a(p + 271) = a(p)
@ Geometric action

. C
Iz, = Iorcsn [Fio- C1]+Jd90 [f’df (pga +2ppa — ﬁa”’) o f]

@ Noether charges
27
J :Jo de

The Hamiltonian is chosen as H = P

a £12 2 » o £12
2(jo + pha + 2ppa’) o f + —— — P:J do | Fpo(f) + — —
Uo + Py poc’) w12 |, 4o [N+
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]i\ng group

@ Defining new fields F = T o f and a = n + Adva
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]i\ng group

@ Defining new fields F = T o f and a = n + Adva
@ Geometric action on a coadjoint orbit of BMS3

| _a dod F" %] do [FldF3" o F
B, = agr | 999 | T ar ) AR PR O F]
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]i\ng group

@ Defining new fields F = T o f and a = n + Adva
@ Geometric action on a coadjoint orbit of BMS3

| _a dod F" %] do [FldF3" o F
B, = agr | 999 | T ar ) AR PR O F]

@ In terms of y = log(F’) and ¢ = &'(F) = Chiral boson +
Flat Liouville

1 2
/BMS3 o fdtdgo@ XO0—X 24 dpdt < ¢ — 5X )
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]i\ng group

@ Defining new fields F = T o f and a = n + Adva
@ Geometric action on a coadjoint orbit of BMS3

| _a dod F" %] do [FldF3" o F
B, = agr | 999 | T ar ) AR PR O F]

@ In terms of y = log(F’) and ¢ = &'(F) = Chiral boson +
Flat Liouville

1
- Al T2
/BMS3 o fdt dp 0,Xx0-Xx 24 dpdt <XC X )

o Classical dual to 3D flat gravity (with non-periodic fields)
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Summary

@ We have studied geometric actions for centrally extended
groups and semidirect products.

@ Geometric actions for various groups arising in
three-dimensional gravity have been constructed.

@ Noether charges and possible Hamiltonians have been
discussed.

@ In the case of the Ka&-Moody groups, these actions can be
written as chiral WZW models by introducing non-trivial
perodicities in the groups elements.
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Discussion and perspectives

Summary

@ We have studied geometric actions for centrally extended
groups and semidirect products.

@ Geometric actions for various groups arising in
three-dimensional gravity have been constructed.

@ Noether charges and possible Hamiltonians have been
discussed.

@ In the case of the Ka&-Moody groups, these actions can be
written as chiral WZW models by introducing non-trivial
perodicities in the groups elements.

@ In the case of the Virasoro and the B/I\/I\Sg groups, the classical
duals for 3D gravity are recovered by introducing.
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Future directions

@ To study the bulk duals of the geometric actions taking
holonomies into account.

@ To study the connection between Chiral WZW models and
classical duals of 3D gravity when more general boundary
conditions are adopted [Grumiller, Merbis, Riegler (2017)]

@ Generalization to other groups as Warped Virasoro and
non-relativistic symmetries as the Bargmann group

Classical duals to 3D gravity from a geometrical point of view



Discussion and perspectives

Future directions

@ To study the bulk duals of the geometric actions taking
holonomies into account.

@ To study the connection between Chiral WZW models and
classical duals of 3D gravity when more general boundary
conditions are adopted [Grumiller, Merbis, Riegler (2017)]

@ Generalization to other groups as Warped Virasoro and
non-relativistic symmetries as the Bargmann group

@ To study the geometric action for BMSy
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Discussion and perspectives

Thank you!
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