
Geometric actions on coadjoint Orbits
Centrally extended groups
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Motivation

Construction of (classical) dual field theories for 3D gravity
AdS3: Asymptotic symmetry “ 2ˆVirasoro [Brown,Henneaux (1986)]

rL˘m,L˘n s “ pm ´ nqL˘m`n `
c˘
12
δm,´n c˘ “

3`

2G
Classical dual [Coussaert, Henneaux, van Driel (1995)]

IEH “ 1
16πG

ş

d3x
?
´g

`

R ` 2
`2

˘

“ CSrA`s ´ CSrA´s

CSrAs “
κ

4π

ż

Tr

„

AdA`
2

3
A3



Aa ˘ “
ea

`
˘ ωa

HR ÝÑ IcWZW “ κ
4π

ş

dtdϕTr
“

g´1Bϕgg
´1B¯g

‰

´ κΓ rG s

BC ÝÑ Icb “
κ

2π

ş

dtdϕBϕφB¯φ
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Motivation

Generalization for the flat case [Barnich, Gomberoff, González (2013)]

IEH “
1

16πG

ż

d3x
?
´gR CS action for ISOp2, 1q

HR ÝÑ IflatWZW “
k

π

ż

dtdφTr

„

9λλ´1α1 ´
1

2

`

λ1λ´1
˘2


BC ÝÑ IflatLiouville “
k

2π

ż

dtdφ
“

ζ 1 9ϕ´ ϕ12
‰

Asymptotic Symmetry= BMS3

rJm,Jns “ pm ´ nqJm`n `
c1
12δm,´n

rJm,Pns “ pm ´ nqPm`n `
c2
12δm,´n

rPm,Pns “ 0
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Motivation

General solution of 3D Einstein eqs with Λ ă 0 and
Brown-Henneaux BC

ds2 “
`2

r2
dr2 ´ prdx` ´

8πG`

r
b´dx´qprdx´ ´

8πG`

r
b`dx`q

with x˘ “ t
` ˘ ϕ and the arbitrary 2π-periodic functions

b˘px˘q transforming as

rb˘ “ pB˘f
˘q2b˘ ˝ f ˘ ´ c˘Sx˘rf

˘s

under x˘ Ñ f ˘px˘q, f ˘px˘ ` 2πq “ f ˘px˘q ˘ 2π

Solution space = coadjoint representation of two copies of the
Virasoro group.

P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Kač-Moody and {BMS3 group
Discussion and perspectives

Motivation

General solution of 3D Einstein eqs with Λ ă 0 and
Brown-Henneaux BC

ds2 “
`2

r2
dr2 ´ prdx` ´

8πG`

r
b´dx´qprdx´ ´

8πG`

r
b`dx`q

with x˘ “ t
` ˘ ϕ and the arbitrary 2π-periodic functions

b˘px˘q transforming as

rb˘ “ pB˘f
˘q2b˘ ˝ f ˘ ´ c˘Sx˘rf

˘s

under x˘ Ñ f ˘px˘q, f ˘px˘ ` 2πq “ f ˘px˘q ˘ 2π

Solution space = coadjoint representation of two copies of the
Virasoro group.

P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Motivation

3D flat Einstein gravity (Λ “ 0) [Barnich, Troessaert (2010)]

ds2 “ 2r8πGpdu ´ dr ` 8πG pj ` up1qdϕsdu ` r2dϕ2

Under the zBMS3 transformations p “ ppϕq and j “ jpϕq
transform as

rp “ pf 1q2p ˝ f ´
c1

24π
Sϕrf s

rj “ pf 1q2rj ` αp1 ` 2α1p ´
c2

24π
α3s ˝ f

Coadjoint action of the zBMS3 group [Barnich,Oblak (2015)]

Coadjoint orbits are endowed with a symplectic
structure, which allows to construct geometric actions
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Kač-Moody and {BMS3 group
Discussion and perspectives

Motivation

3D flat Einstein gravity (Λ “ 0) [Barnich, Troessaert (2010)]

ds2 “ 2r8πGpdu ´ dr ` 8πG pj ` up1qdϕsdu ` r2dϕ2

Under the zBMS3 transformations p “ ppϕq and j “ jpϕq
transform as

rp “ pf 1q2p ˝ f ´
c1

24π
Sϕrf s

rj “ pf 1q2rj ` αp1 ` 2α1p ´
c2

24π
α3s ˝ f

Coadjoint action of the zBMS3 group [Barnich,Oblak (2015)]

Coadjoint orbits are endowed with a symplectic
structure, which allows to construct geometric actions

P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Adjoint action

A Lie group G can act on itself by conjugation

h ÝÑ ghg´1

Lie Algebra = Tangent vectors at the identity X “ dgpsq
ds

ˇ

ˇ

ˇ

s“0
Adjoint action of G on g

AdgY “
d

ds

`

gh psq g´1
˘

ˇ

ˇ

ˇ

ˇ

s“0

, Y “
dhpsq

ds

ˇ

ˇ

ˇ

ˇ

s“0

Infinitesimal adjoint action of g on itself

adXY “
d

ds

`

AdgpsqY
˘

ˇ

ˇ

ˇ

ˇ

s“0

“ rX ,Y s

P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Adjoint action

Dual space g˚

x , y : g˚ ˆ g ÝÑ R a pairing betweem g and its dual space

Coadjoint representation of G

@

Ad˚g b,X
D

“
@

b,Adg´1X
D

Defines the coadjoint action of G on b P g˚

Differential of Ad˚g at the identity: Infinitesimal coadjoint
action of g on g˚

xad˚Xb,Y y “ ´ xb, adXY y

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Coadjoint orbits

Coadjoint orbits are submanifolds of g˚

Ob0 “
 

b “ Ad˚g b0 | g P G
(

Isotropy group

Hb0 “
 

h P G | Ad˚g b0 “ b0

(

Group manifolds Ob0 – G{Hb0

Coadjoint orbits are symplectic manifolds [Kirillov (1962), Kostant(1970)]
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Coadjoint orbits

How to define a symplectic form for Ob0?

Pre-symplectic form

Ω “
1

2

A

Ad˚g´1b0, adθθ
E

θ is the left invariant Maurer-Cartan form on G

dθ “ ´
1

2
adθθ

Theorem: Pull-back of Ω on Ob0 defines a symplectic
structure on Ob0 [Kirillov (1974)]

Ω is closed ùñ locally exact

Ω “ da, a “
A

Ad˚g´1b0, θ
E

,
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Geometric Actions

Geometric action

IGrg ; b0s “

ż

Ob0

A

Ad˚g´1b0, θ
E

Gauge symmetries: left action g Ñ L ¨ g with L P Hb0

Global symmetries: right action g Ñ g ¨ R (dR “ 0).
Noether charges

ivR
X

Ω “ dQX , QX “ ´xb,X y

Form a representation of G under the action of the global
symmetries,

LvR
X1

QX2 “ QrX1,X2s

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Geometric Actions

How to chose a Hamiltonian?

Noether charges H “ QX0 “ ´xb,X0y

Combinations of Noether charges

H “
1

m!
ka1...amQa1 . . .Qam , Qa “ ´xb, eay

k an invariant symmetric tensor on g˚

IG “
ş

γpa´ Hdtq preserves the symmetries
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Central extension

Central extension pG “ G ˆ R
Elements are pairs pg ,mq with group operation

pg1,m1q pg2,m2q “ pg1g2,m1 `m2 ` Ξpg1, g2qq

Ξ is a 2´cocycle on G

Ξpg1g2, g3q ` Ξpg1, g2q “ Ξpg1, g2g3q ` Ξpg2, g3q

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Central extension

Centrally extended Lie algebra pg “ g‘ R
Adjoint representation of pG

Adpg ,mq pX , nq “ pAdgX , n ´ xS pgq ,X yq

S is the Souriau cocycle on G

xS pgq ,X y “ ´
d

ds

“

Ξpg , hpsqg´1q ` Ξphpsq, g´1q
‰

ˇ

ˇ

ˇ

ˇ

s“0

Infinitesimal adjoint action

adpX ,nq pY , kq “ rpX , nq , pY , kqs “ prX ,Y s,´xspX q,Y yq

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Central extension

Generalized geometric action

IG “

ż

@

Ad˚g b0, θ
D

ÝÑ I
pG “

ż

A

Ad˚pg ,mq pb0, cq , pθ, θΞq

E

Pairing between pg and pg˚: xpb, cq , pX , nqy “ xb,X y ` cn

Coadjoint action: Ad˚pg ,mq pb, cq “
`

Ad˚gb ´ cS
`

g´1
˘

, c
˘

Maurer-Cartan equation

dθ “ ´
1

2
adθθ ÝÑ dpθ, θΞq “ ´

1

2
adpθ,θΞq

pθ, θΞq

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Pairing between pg and pg˚: xpb, cq , pX , nqy “ xb,X y ` cn

Coadjoint action: Ad˚pg ,mq pb, cq “
`

Ad˚gb ´ cS
`

g´1
˘

, c
˘

Maurer-Cartan equation

dθ “ ´
1

2
adθθ ÝÑ dpθ, θΞq “ ´

1

2
adpθ,θΞq

pθ, θΞq
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Central extension

Centrally extended geometric action

I
pG
“

ż

@

Ad˚gb0, θ
D

` c

ż

p´ xS pgq , θy ` θΞq .

Defining
u “ Υg , SpΥq “ ´b0{c

I
pG
“ c

ż

p´ xS puq , θy ` θΞq
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Kač-Moody group

Loop group LG : continuous maps from the unit circle to G

g : S1 Ñ G , ϕ ÞÑ gpϕq, gpϕ` 2πq “ gpϕq

AdgX “ gXg´1, Ad˚gb “ gbg´1

Pairing between Lg and Lg˚

xb pϕq ,X pϕqy “

ż 2π

0
dϕ Tr rbpϕqX pϕqs
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Kač-Moody group

Kač-Moody group xLG : Central extension of LG

The central extension is determined by the 2´cocycle

Ξ pg1, g2q “
1

4π

ż

D̄
Tr

“

g´1
1 d̄g1d̄g2g

´1
2

‰

Souriau cocycle

S pgq “
1

2π
g´1Bϕg

Maurer Cartan equation dpθ, θΞq “
`

´1
2 rθ, θs,

1
4π xBϕX ,Y y

˘

pθ, θΞq “

ˆ

g´1dg,
1

4π

ˆ
ż 2π

0
dϕTr

”

g´1
Bϕgg´1dg

ı

`

ż

D̄
Tr

”

g´1 d̄gg´1 d̄gg´1dg
ı

˙˙
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Centrally extended geometric action

I
yLG
rg ; b0, cs “

ż

@

Ad˚gb0, θ
D

` c

ż

p´ xS pgq , θy ` θΞq
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Kač-Moody group

Centrally extended geometric action

I
yLG
“

ż ż 2π

0
dϕTr

”

b0dgg
´1 ´

c

4π
g´1Bϕgg

´1dg
ı

` c Γrg s

Γ is the WZ term Γrg s “ 1
12π

ş

Tr
”

`

dgg´1
˘3
ı

Noether charges

QpX ,nq “

ż 2π

0
dϕTr

”´ c

2π
g´1Bϕg ´ g´1b0g

¯

X pϕq
ı

We choose the Hamiltonian H2 “
π
c

ş

dϕTr
“

Q2
‰

The term proportional to b0 can be absorbe by defining
u “ Υpϕqg where Υ´1BϕΥ “ ´2π

c b0
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Kač-Moody group

Full geometric action

I
yLG
“

c

2π

ż

dtdϕTr
“

u´1Bϕuu
´1B´u

‰

` c Γrus

Chiral WZW model

The dependence on the orbit representative b0 is translated
into a nontrivial periodicity of the field u,

upϕ` 2πq “Mpb0qupϕq, Mpb0q “ P exp

„

´
2π

c

¿

dϕ b0


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Kač-Moody and Virasoro groups
Geometric actions for semi-direct products
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Kač-Moody group

Full geometric action

I
yLG
“

c

2π

ż

dtdϕTr
“

u´1Bϕuu
´1B´u

‰

` c Γrus

Chiral WZW model

The dependence on the orbit representative b0 is translated
into a nontrivial periodicity of the field u,

upϕ` 2πq “Mpb0qupϕq, Mpb0q “ P exp

„

´
2π

c

¿

dϕ b0



P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Virasoro group

Diffeomorphism group of the circle Diff
`

S1
˘

,

f pϕ` 2πq “ f pϕq ` 2π, f 1 ą 0

Lie algebra Vec
`

S1
˘

: vector fields on the circle X “ X pϕq Bϕ

Dual space: Vec
`

S1
˘˚

quadratic differentials b “ b pϕq pdϕq2.

Pairing betwen Vec
`

S1
˘

and its dual

xb,X y “

ż 2π

0
dϕ b pϕqX pϕq .

Adjoint and coadjoint actions

Adf ´1 X “
1

f 1pϕq
X pf pϕqq Bϕ Ad˚f ´1 b “ f 1pϕq

2
b pf pϕqq pdϕq2

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Kač-Moody and Virasoro groups
Geometric actions for semi-direct products
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Kač-Moody and Virasoro groups
Geometric actions for semi-direct products

Kač-Moody and {BMS3 group
Discussion and perspectives

Virasoro group

Diffeomorphism group of the circle Diff
`

S1
˘

,

f pϕ` 2πq “ f pϕq ` 2π, f 1 ą 0

Lie algebra Vec
`

S1
˘

: vector fields on the circle X “ X pϕq Bϕ

Dual space: Vec
`

S1
˘˚

quadratic differentials b “ b pϕq pdϕq2.

Pairing betwen Vec
`

S1
˘

and its dual

xb,X y “

ż 2π

0
dϕ b pϕqX pϕq .

Adjoint and coadjoint actions

Adf ´1 X “
1

f 1pϕq
X pf pϕqq Bϕ Ad˚f ´1 b “ f 1pϕq

2
b pf pϕqq pdϕq2

P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Kač-Moody and Virasoro groups
Geometric actions for semi-direct products
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Centrally extended geometric action

I
yDiffpS1q

rf ; b0, cs “

ż

xAd˚f b0, θy ` c

ż

p´ xS pf q , θy ` θΞq
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Kač-Moody and Virasoro groups
Geometric actions for semi-direct products
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9f 2
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ff

Hamiltonian: Noether charge associated to X “ ´Bϕ

H “

ż

dϕ

„

b0pf qf
12 `

c

48π

f 22

f 12



.

Defining F “ Υ ˝ f where Υ satisfies c SrΥs “ ´b0pϕq and
BϕF “ eχ

I
yDiffpS1q

“
c

24π

ż
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Semidirec products

Semidirec product group

Sσ “ G ˙σ A

Elements: pg , αq, g P G and α P A
Group operation

pg1, α1q pg2, α2q “ pg1g2, α1 ` σg1α2q

Lie algebra s “ giA.

Pairing between s and its dual

xpj , pq , pX , αqyg “ xj ,X y ` xp, αyA
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Kač-Moody and Virasoro groups
Geometric actions for semi-direct products
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Kač-Moody and {BMS3 group
Discussion and perspectives

Semidirec products

Semidirec product group

Sσ “ G ˙σ A

Elements: pg , αq, g P G and α P A
Group operation

pg1, α1q pg2, α2q “ pg1g2, α1 ` σg1α2q

Lie algebra s “ giA.

Pairing between s and its dual

xpj , pq , pX , αqyg “ xj ,X y ` xp, αyA

P.S-R. Classical duals to 3D gravity from a geometrical point of view



Geometric actions on coadjoint Orbits
Centrally extended groups
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Semidirec products

We study σ “ Ad and A “ g ÝÑ S “ G ˙Ad gab

Adjoint and coadjoint actions

Adpg ,αq pY , βq “
`

AdgY ,Adgβ ´ adAdg Yα
˘

Ad˚
pg ,αq´1 pj , pq “

´

Ad˚g´1 j ´Ad˚g´1ad˚αp,Ad˚g´1p
¯

Maurer-Cartan equation

dαθ “ ´adθαθ ÝÑ dpθ, θαq “ ´

ˆ

1

2
adθθ, adθαθ

˙

Geometric action

ISAd
“

ż

@

Ad˚g pj0 ´ ad˚αp0q , θ
D

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Centrally extended semidirect products

Central extension pS “ pG ˙Ad pgab

Elements pg , αq Ñ pg ,m1, α,m2q

Geometric action follows from

j0 Ñ pj0, c1q, p0 Ñ pp0, c2q,

Adg Ñ Adpg ,m1q
, Ad˚g Ñ Ad˚pg ,m1q

, pθ, θαq Ñ pθ, θΞ, θα, θωq

Defining new fields u “ Υg and a “ η `AdΥα such that

c2SpΥq “ ´p0, c2Ad˚Υ´1spηq “ ´j0 `
c1

c2
p0

Geometric action on a coadjoint orbit Opj0,c1,p0,c2q

I
pSAd
“ c1

ż

p´ xS puq , θy ` θΞq ´ c2

ż

xAd˚u pspaqq , θy

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Kač-Moody and {BMS3 group
Discussion and perspectives

Centrally extended semidirect products

Central extension pS “ pG ˙Ad pgab

Elements pg , αq Ñ pg ,m1, α,m2q

Geometric action follows from

j0 Ñ pj0, c1q, p0 Ñ pp0, c2q,

Adg Ñ Adpg ,m1q
, Ad˚g Ñ Ad˚pg ,m1q

, pθ, θαq Ñ pθ, θΞ, θα, θωq

Defining new fields u “ Υg and a “ η `AdΥα such that

c2SpΥq “ ´p0, c2Ad˚Υ´1spηq “ ´j0 `
c1

c2
p0

Geometric action on a coadjoint orbit Opj0,c1,p0,c2q

I
pSAd
“ c1

ż

p´ xS puq , θy ` θΞq ´ c2

ż

xAd˚u pspaqq , θy
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Kač-Moody case

Semidirec product pSAd “
xLG˙Ad

xLgab

Elements pgpϕq,m1, αpϕq,m2q, gpϕq P xLG, α P Lg

Geometric action

I
xLG˙Ad

xLgab
“ I

yLG
rg ; j0, c1s´

ż

dϕTr
”´

rα, p0s `
c2

2π
α1
¯

dgg´1
ı

Noether charges associated to the right action of the group

JX “

ż 2π

0
dϕTr rXjs , j “

c1

2π
g´1

Bϕg ´ g´1
ˆ

j0 ´
c2

2π
Bϕα ´ rα, p0s

˙

g

Pυ “
ż 2π

0
dϕTr rυps , p “

c2

2π
g´1

Bϕg ´ g´1p0g.

We choose as Hamiltonian H2 “
π
c2

ş

dϕTr
“

p2
‰
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Kač-Moody case

Defining u “ Υg and a “ η `ΥαΥ´1

Full geometric action “ Chiral WZW + Flat chiral WZW

I
xLG˙Ad

xLgab
“

c1

2π

ż

dtdϕTr
“

u´1Bϕuu
´1B´u

‰

` c1 Γrus

´
c2

2π

ż

dϕdtTr

„

9uu´1a1 ´
1

2
pu´1u1q2



Comes from CS theory for the ISO(2,1)

Now the fields can be non-periodic

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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zBMS3 group

The zBMS3 group can be defined as

zBMS3 “ yDiff
`

S1
˘

˙yVec
`

S1
˘

ab
.

Elements pf ,m1, α,m2q, where f is a diffeomorphism of the
circle and αpϕ` 2πq “ αpϕq
Geometric action

I
{BMS3

“ I
zDiffpS1q

rf ; j0, c1s`

ż

dϕ
”

f 1df
´

p10α` 2p0α
1 ´

c2

24π
α3

¯

˝ f
ı

Noether charges

J “

ż 2π

0
dϕ

«

f 12pj0 ` p10α ` 2p0α
1
q ˝ f `

c1

48π

f 22

f 12

ff

P “

ż 2π

0
dϕ

«

f 12p0pf q `
c2

48π

f 22

f 12

ff

The Hamiltonian is chosen as H “ P

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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zBMS3 group

Defining new fields F “ Υ ˝ f and a “ η `AdΥα
Geometric action on a coadjoint orbit of BMS3

I
zBMS3

“
c1

48π

ż

dϕ dt

«

9F 2

F 1

ff

´
c2

24π

ż

dϕ
“

F 1dFa3 ˝ F
‰

In terms of χ “ logpF 1q and ζ “ a1pF q = Chiral boson +
Flat Liouville

I
zBMS3

“
c1

24π

ż

dt dϕ BϕχB´χ`
c2

24π

ż

dϕdt

ˆ

9χζ 1 ´
1

2
χ12

˙

Classical dual to 3D flat gravity (with non-periodic fields)

P.S-R. Classical duals to 3D gravity from a geometrical point of view
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Summary

We have studied geometric actions for centrally extended
groups and semidirect products.

Geometric actions for various groups arising in
three-dimensional gravity have been constructed.

Noether charges and possible Hamiltonians have been
discussed.

In the case of the Kač-Moody groups, these actions can be
written as chiral WZW models by introducing non-trivial
perodicities in the groups elements.

In the case of the Virasoro and the zBMS3 groups, the classical
duals for 3D gravity are recovered by introducing.
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Kač-Moody and {BMS3 group
Discussion and perspectives

Summary

We have studied geometric actions for centrally extended
groups and semidirect products.

Geometric actions for various groups arising in
three-dimensional gravity have been constructed.

Noether charges and possible Hamiltonians have been
discussed.
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Future directions

To study the bulk duals of the geometric actions taking
holonomies into account.

To study the connection between Chiral WZW models and
classical duals of 3D gravity when more general boundary
conditions are adopted [Grumiller, Merbis, Riegler (2017)]

Generalization to other groups as Warped Virasoro and
non-relativistic symmetries as the Bargmann group

To study the geometric action for BMS4
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Thank you!
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