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Principito estableciendo generadores de E, desde SO(3)!

!Le Petit Prince - Antoine de Saint-Exupéry
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Ideal S-expansion reduction

Grupos de Lie — Algebras de Lie

Lie (super)algebra
Being g = {Ta}

[Ta. Te} = Cas Tc




Ideal S-expansion reduction

Contraccién estandar de Inoni-Wigner

Seag=h@p

[h,b] Ch
[h, p] Cp
[p,p] Cb+p

La contraccién de IW: g — ¢’

Wy Ldim(p) 0 h
P 0 elgime)) \P
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Contraccién estandar de Inoni-Wigner

e—0
[h',h'] Cb’
[h',p'] S’
[p', '] CO



Ideal S-expansion reduction

Algebras de Lie — Nuevas Algebras de Lie

Procedimiento de expansion con semigrupo abeliano

Consiste en combinar las constantes de estructura de una
(super)algebra de Lie g con una ley de producto interior de un
(semi)grupo S definiendo asi una nueva algebra de Lie

gs~S xg.
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semigroupo S = {An, Ag, ...} es una estructura algebraica
provista de un producto cerrado y asociativo Ay Ag = Kaﬁp)\p.
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Algebras de Lie — Nuevas Algebras de Lie

semigroupo S = {An, Ag, ...} es una estructura algebraica
provista de un producto cerrado y asociativo Ay Ag = Kaﬁp)\p.

Ejemplo de estructura de (semi)grupo

1 -1 0 =i
1|1 -1 i —i
-1|-1 1 —i i
il io—i -1 1
—i| =i i 1 -1

Los nuevos generadores son

Taa=Xa®Ta€gs
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Ideal S-expansion reduction

Algebra Resonante

Si
g>VoaVid...0V,
y
S=5USU...uS,
entonces
gSR:@W[b
donde

W,=5,®V,

es una subalgebra de gs y es llamada algebra resonante.
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Algebra Reducida

Ademas si
0seS

entonces se tiene una algebra reduced (o forzada)
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ique ventaja existe en ocupar este procedimiento?

Theorem VII.1 Let S be an abelian semigroup, g a Lie
(super)algebra of basis {Ta}, and let (Ta,, Ta,,..., Ta,) be an
invariant tensor of g. Then, the expression

<T(A1,a1)7 T(Az,a2)v 1ot T(An,an)> T CV”/Kal~-~a,,’y<TA17 TA27 ) TAn>

where v are arbitrary constants and Kj,...,,” is the n-selector for S,
corresponds to an invariant tensor for the S-expanded algebra
gs = S x g F. lzaurieta, E. Rodriguez, P. Salgado, 2006.



Ideal S-expansion reduction

La forma Pontryagin-Chern Papio = (F”+1> satisface la condicién

dPrpio =0,
donde F = dA + A%. A partir de lema de Poincaré
Popyo = dCopy1.

Cont1 es llamada forma Chern-Simons la cual es quasi invariante
bajo transformaciones de gauge.
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S-expansién en teorias de la gravitaciéon Chern-Simons

jPoderosa herramienta para construir nuevas teorias en

(super)gravedad!
SCS:/ Lont+1
oM

donde

dlanii= [ (F) = [ F o Fo(T o Toy)
M M

F =dA + AA,
A=¢T, +60°T,.
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Contraccién generalizada de Inoni-Wigner
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Contraccién generalizada de Inoni-Wigner

b’ Lim(v) 0 0 b
Prl=1 0  €laimp 0 p
4 0 0 62 Idim(E) ¢

Al tener
[ep, ep] C €%p + €,
redefinimos b’ = b, p’ = ep, € = €€, con ¢ — 0 y se obtiene

pp'] C¥.
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S-expansion infinita con sustraccion de ideal

93 =5"Q®g
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Ideal S-expansion reduction

S-expansion infinita con sustraccion de ideal

95 =5°Rg=9s0T

El requerimiento para que Z sea un ideal es que

lgs,Z] CT,
[Z,7] CZ,

l[9s,95] Cgs +Z C g5°.
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Ideal S-expansion reduction

Resonancia

93 = {)\n}iozo Xg=
— {)\n}go g(0) 2 {)\n}go g(1) @S- P {)\n}go g(n)_

s = Js,.
pel
0 =Pw, (1)

pel



Theorem 3. Let g be a Lie (super)algebra and let g = 509) % g be the infinite S-expanded
(super)algebra obtained using the infinite abelian semigroup S©™) = {A,, a =0,...,00}.
Let g% be an infinite resonant subalgebra of 93 and let T be an infinite ideal subalgebra
of g%. Then, the (super)algebra
fr=gyel (3.36)
is a reduced (super)algebra.
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donde G es un grupo de Lie y H un grupo normal. Por definicién
H = kerp'y G/H es un grupo de Lie.
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onsideremos el homomorfismo
¢:G— G/H,

donde G es un grupo de Lie y H un grupo normal. Por definicién
H = kerp'y G/H es un grupo de Lie.
Sea A el algebrade Gy A el algebra de G/H, entonces ¢ induce
un homomorfismo

P A— A

tal que a € A — p(e?) = e?() SivaeZ, e H
= ¢(e?) =€ € G/H. <= $(a) = 0.

Consequently $(Z) = 0.



Bajo el punto de vista de representaciones p: G — Aut(V),
siendo V' un espacio vectorial, esto induce una representacién G/H

p(H) -V = V.
Es mas, V[p] € G/H,

r(le]) = r(g)
ya que,

p(g - MV =p(g)p(h)V
:,o(g)\U, V\U,



podemos decir entonces que p(G/H) = p(G) es la propiedad que
necesitamos para exigir que

Entonces p provee de una representacion de A © 7:
p(A) = p(AS I).
Entonces, si escribimos
AT = A

donde Ay es espacio coseto, podemos decir que p(Ap) es
homomorfico a p(A), y

p(AWV = p(A)V, VV.



Ideal S-expansion reduction

S-expansion infinita con sustraccion de ideal

Infinite S-expansion with Ideal reduction

gs =05 07 (2)

5% = {z" = exp(ng), ne N} 2,

znzm % Zn—l—m LA 6ln+mzl



Theorem

Let (Tp, ... Ta,) be an invariant tensor of an algebra g, being Ty,
the N generators (i =1,2,...,N) of g, and let the algebra

ggo) = S(EOO) X g be the one constructed by infinite S-expansion
involving the abelian semigroup Sf:-oo). Denote the generators of
9 as Ay Ta, = T4, a=0,1,2,...00, and define a particular
ideal T of g&°. The invariant tensor of the algebra gs = g3 © 1
can be then written in the form

Nmax
(TR TN =) ameptattan(Ty . Ta,), (3)

m=0

where the a™’s are arbitrary constants and where np,x denotes the
greatest index between those of the semigroup elements (namely,
Anmax ) Whose product with the generators of g is contained into the
algebra gs (and is thus excluded from the ideal).

v

D. M. Penafiel, L. Ravera, 2017
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Ejemplo con algebra AdS

Consideremos el algebra osp(2]1) ® sp(2)

[Jab, Jed] = MbeJad — NacIbd — NbdJac + NadIbes
[Jaba c] = "7bcPa T Uacha
[Paa Pb] :Jaba

1
[Jab7 Qa] 1 5(’73bQ)a7

[Qa; Pa] A %(VaQ)a

1
{Qa Qs} = = 5 (4™ Olasdap = 2(17C)s Pl
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Ejemplo con algebra AdS

S = {Aatary and perform the multiplication:

6% = (Ma)olo % {Ja, Pay Quf
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Ejemplo con algebra AdS

S = {Aatary and perform the multiplication:

6% = (Ma)olo % {Ja, Pay Quf

Jab2k) =A2kJabs
P(a2k+1) =Xok+1Pa,
Qa :)\2k+1 éa



Sector bosdnico

[Jabﬂ ch] 77bc ad naCJgd - nbdjgc + ﬂangca
[ ab) ] nbc naczgd 7 nbdZazc + nadeQCa
[nga jcd] :nbcjad — nacjgd 7— nbdj:c + nadjgca

[F06, Fea] =1bcTog ™ — NacTng " — MbaFne " + MaaTpe "
[J%: PY] =nbc P} = nacPy,
[Jale ] chp Uach
[ abs Pe ] =Tbc Pn —nacPE“7

(32 Pe] :nbcP"+ 1 77acP3+sv
(P2, Py] =22,
[P5, PRl =35°,
[P o] =337,
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Non-Standard Maxwell superalgebra

[Jabs Jed] =NbcJad — NacIbd — NbdJac + NadIbe,
[Jab, Pl =0bcPa — Nac Pb,

[P37 Pb] ab7
[Jab7 ro] :E (rao)a 5
[Zaba ch] =0,
[Zaba Qa] :07

{Qa, Qs =5 (1*C)_ Zu.

J. Lukierski, Generalized Wigner-Inonii Contractions and Maxwell
(Super)Algebras, (2011)
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Tensores invariantes

P.K. Concha, O. Fierro, E.K. Rodriguez, P. Salgado, Chern-Simons
Su- pergravity in D = 3 and Maxwell superalgebra (2015)
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Hidden AdS-Lorentz Superalgebra

[Jab, Jea] = Nbedad — NacIbd — Nbd Jac + Nad Ibe,
[Jab, Zed] = NbcZad — Nac Zbd — Nbd Zac + Nad Zbe,
[Zab, Zed] = MbeZad — NacZbd — Nbd Zac + Nad Zbe,
[Qa, Zab] = — (b R)ar — (Vb R s
[Jab, P] = Mo Pa — Nac Po,
[Qa, Pa] = = i(72Q)a — "('YaQ,)aa
[Pa, Po] = — Zab, [Jab, Qo] = —(726Q)ars [Jab7 Q;] = (Y Q")a,
[Zab, Pc] = Mbe Pa — Nac Po,

{Qa: Qs} == (1" ChasPs = 5 (4" Chan Zan
{QOMQIB}:{QQUQIB}:(L I:Q(l)uzab:l :07 |:Q(/17Pa] :07
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Ecuaciones de Maurer-Cartan

Rab :0’

DV? :é\haw — eB?V,,
DV :é-efya\u Ve z%b\usab,
1=
DB = Wy™W — eB* B + eV?V?,

] 1
Dy =572V V7 + 27,5 VB™,
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Hidden Maxwell Superalgebra

[Jab7 ch] = nbc-jad - nachd o ndeac il nadem
[Jab, ch] = 'r]chad - nachd = nbdZac + nadem

[Jab7 ch] = 77b<:Zad - naczbd > nbdZac + nadem
[Zab7 ch] = 77b<:Zad - 7]achd % 77bdZac + 7]3de€7

[Qou Zab] = - ('Yabz)ou [zou Zab] =0, [Jaba Pc] = 77bcPa - 773ch7
[QayPa] :—i(’}/a):)on [ZCUPB]:07 [Pa,Pb]—— ab
[Jab7 Qa] = - (’YabQ)a: [Jab7 Za] = _(’Yabz)ou [Zab7 c] =0,
a 1 .,
{Qa; Qs} = —i(vy C)QBPB_E('Y bC)aBZafh {Za,Xp} =0,

{Qa.Tp} = —2(v** C)apZab,
[Zaby ] [Qay ab] > I:zouzab] = [Zabyzcd] =0.
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Hidden Maxwell Superalgebra

R =0
DV? =¥y,
DV =0,

1-
DB® =-Uy?w
) (12 )
DB =0eVy*"® + 3eB* B + yeVV?,
j 1
Do :ééyalll V2 4+ SevapVB,
Bab y B2b son las 1-formas duales de los generadores Z,p Yy Z,,b,

respectivamente, y ® es la 1-forma espinorial dual al generador
fermionico extra nilpotente X .
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Mapa

Non-standard Maxwell )
Hidden Maxwell
(oc) -
Sy =gel I ]ng‘)ez

Maxwell
/’/ \

AdS Hidden AdS-Lorentz 807 AdS-Lorentz
{(SS‘” xg el { (S x gy o1
[=NA
Poincaré Hidden Poincaré

Figure 3.1: Map between different superalgebras linked through infinite S-
expansion and/or ideal subtraction.
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Algunas observaciones

1. Obtencién de Invariantes topoldgicos.

2. En (In)finite extensions of algebras from their Indnii-Wigner
contractions, Oleg Khasanovl and Stanislav Kuperstein,
establecen que con cada contraccién de IW de un algebra a
otra se puede extender la Gltima de manera infinita.

3. No ceros en la S-expansion.

4. Semejanza con el trabajo de A Grassmann Path From AdSs to
Flat Space, Chethan KRISHNAN, Avinash RAJU and Shubho
ROY donde interpretan el radio AdS 1// como una variable de

Grasmann del cual resulta un mapeo formal entre gravedad en
AdS3 y un espacio plano.
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iGracias!
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