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What is Delta Gravity?

1 GR is �nite on shell at one loop in vacuum, so renormalization is not
necessary at this level.
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What is Delta Gravity?

1 GR is �nite on shell at one loop in vacuum, so renormalization is not
necessary at this level.

2 We present a gauge theories, δ̃ gauge theories (DGT), which main
properties are:

New kind of �elds are created, φ̃I , from the originals φI .
The classical equations of motion of φI are satis�ed in the full quantum
theory.
The model lives at one loop.
The action is obtained through the extension of the original gauge
symmetry of the model, introducing an extra symmetry that we call δ̃
symmetry, since it is formally obtained as the variation of the original
symmetry.
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What is Delta Gravity?

1 GR is �nite on shell at one loop in vacuum, so renormalization is not
necessary at this level.

2 We present a gauge theories, δ̃ gauge theories (DGT), which main
properties are:

New kind of �elds are created, φ̃I , from the originals φI .
The classical equations of motion of φI are satis�ed in the full quantum
theory.
The model lives at one loop.
The action is obtained through the extension of the original gauge
symmetry of the model, introducing an extra symmetry that we call δ̃
symmetry, since it is formally obtained as the variation of the original
symmetry.

When we apply this prescription to GR, we obtain δ̃ gravity. To Quantum
Delta-Gravity, see: Jorge Alfaro, Ricardo Ávila and Pablo González 2011
Class. Quantum Grav. 28 215020.
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δ̃ Variation:

These theories consist in the application of a variation that we will call δ̃.
when we applied it on a �eld, it will give new elements that we de�ne as δ̃
�eld. As a variation, it will have all properties of an usual variation.
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These theories consist in the application of a variation that we will call δ̃.
when we applied it on a �eld, it will give new elements that we de�ne as δ̃
�eld. As a variation, it will have all properties of an usual variation such as:

δ̃(AB) = δ̃(A)B +Aδ̃(B)

δ̃δA = δδ̃A

δ̃(Φ,µ) = (δ̃Φ),µ
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δ̃ Variation:

These theories consist in the application of a variation that we will call δ̃.
when we applied it on a �eld, it will give new elements that we de�ne as δ̃
�eld. As a variation, it will have all properties of an usual variation such as:

δ̃(AB) = δ̃(A)B +Aδ̃(B)

δ̃δA = δδ̃A

δ̃(Φ,µ) = (δ̃Φ),µ

We use the convention that a tilde tensor is equal to the δ̃ transformation of
the original tensor associated to it when all its indexes are covariant:

S̃µνα... ≡ δ̃ (Sµνα...)

and we raise and lower indexes using the metric gµν .
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δ̃ Variation:

These theories consist in the application of a variation that we will call δ̃.
when we applied it on a �eld, it will give new elements that we de�ne as δ̃
�eld. As a variation, it will have all properties of an usual variation such as:

δ̃(AB) = δ̃(A)B +Aδ̃(B)

δ̃δA = δδ̃A

δ̃(Φ,µ) = (δ̃Φ),µ (1)

We use the convention that a tilde tensor is equal to the δ̃ transformation of
the original tensor associated to it when all its indexes are covariant:

S̃µνα... ≡ δ̃ (Sµνα...) (2)

and we raise and lower indexes using the metric gµν . Therefore:

δ̃ (Sµνα...) = δ̃(gµρSρνα...)

= δ̃(gµρ)Sρνα... + gµρδ̃ (Sρνα...)

= −g̃µρSρνα... + S̃µνα... (3)
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δ̃ Transformation:

In δ̃ Theories, the transformations are:

δ̄Φi = Λji (Φ)εj

δ̄Φ̃i = Λ̃ji (Φ)εj + Λji (Φ)ε̃j

Where we used that δ̃δ̄Φi = δ̄δ̃Φi = δ̄Φ̃i and ε̃j = δ̃εj .
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δ̃ Transformation:

In δ̃ Theories, the transformations are:

δ̄Φi = Λji (Φ)εj

δ̄Φ̃i = Λ̃ji (Φ)εj + Λji (Φ)ε̃j

Where we used that δ̃δ̄Φi = δ̄δ̃Φi = δ̄Φ̃i and ε̃j = δ̃εj . Now, if we consider
general coordinate transformations in its in�nitesimal form:

x′µ = xµ − ξµ0 (x)

δ̄xµ = −ξµ0 (x)

and de�ning ξµ1 (x) ≡ δ̃ξµ0 (x), we can see that, for scalar �elds:

δ̄φ = ξµ0 φ,µ (4)

δ̄φ̃ = ξµ1 φ,µ +ξµ0 φ̃,µ (5)
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δ̃ Transformation:

In δ̃ Theories, the transformations are:

δ̄Φi = Λji (Φ)εj

δ̄Φ̃i = Λ̃ji (Φ)εj + Λji (Φ)ε̃j

Where we used that δ̃δ̄Φi = δ̄δ̃Φi = δ̄Φ̃i and ε̃j = δ̃εj . Now, if we consider
general coordinate transformations in its in�nitesimal form:

x′µ = xµ − ξµ0 (x)

δ̄xµ = −ξµ0 (x)

and de�ning ξµ1 (x) ≡ δ̃ξµ0 (x), we can see that, for vector �elds:

δ̄Vµ = ξβ0 Vµ,β + ξα0,µVα (6)

δ̄Ṽµ = ξβ1 Vµ,β + ξα1,µVα + ξβ0 Ṽµ,β + ξα0,µṼα (7)
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δ̃ Transformation:

In δ̃ Theories, the transformations are:

δ̄Φi = Λji (Φ)εj (8)

δ̄Φ̃i = Λ̃ji (Φ)εj + Λji (Φ)ε̃j (9)

Where we used that δ̃δ̄Φi = δ̄δ̃Φi = δ̄Φ̃i and ε̃j = δ̃εj . Now, if we consider
general coordinate transformations in its in�nitesimal form:

x′µ = xµ − ξµ0 (x)

δ̄xµ = −ξµ0 (x) (10)

and de�ning ξµ1 (x) ≡ δ̃ξµ0 (x), we can see that, for rank two covariant �elds:

δ̄Mµν = ξρ0Mµν,ρ + ξβ0,νMµβ + ξβ0,µMνβ (11)

δ̄M̃µν = ξρ1Mµν,ρ + ξβ1,νMµβ + ξβ1,µMνβ + ξρ0M̃µν,ρ + ξβ0,νM̃µβ + ξβ0,µM̃νβ

(12)
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δ̃ Gravity Action.
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δ̃ Gravity Action:

The Invariant action under our transformations is:

S[φ, φ̃] = S0[φ] + κ2

∫
δS0

δφI(x)
[φ]φ̃I(x)

where κ2 is an arbitrary constant, the index I refers to any kind of indices and
φ̃I(x) = δ̃φI(x). This new action shows the standard structure which is used
to de�ne any modi�ed element or function for δ̃ type models. In particular, let
us consider the Einstein-Hilbert Action.
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δ̃ Gravity Action:

The Invariant action under our transformations is:

S[φ, φ̃] = S0[φ] + κ2

∫
δS0

δφI(x)
[φ]φ̃I(x) (13)

where κ2 is an arbitrary constant, the index I refers to any kind of indices and
φ̃I(x) = δ̃φI(x). This new action shows the standard structure which is used
to de�ne any modi�ed element or function for δ̃ type models. In particular, let
us consider the Einstein-Hilbert Action. This action involves:

S0 =

∫
d4x
√
−g
(
R

2κ
+ LM

)
(14)

S =

∫
d4x
√
−g
(
R

2κ
+ LM −

κ2

2κ
(Gµν − κTµν) g̃µν + κ2L̃M

)
(15)

with κ = 8πG
c2

and:

L̃M = φ̃I
δLM
δφI

+ (∂µφ̃I)
δLM

δ(∂µφI)
(16)
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Equations of Motion:

If we vary g̃µν in (15), we obtain the equation of motion:

Gµν = κTµν . (17)

The Einstein's equation are preserved!!!
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Equations of Motion:

Now, if we vary gµν in (15), we obtain a new equation. This equation give us
g̃µν . It is simpli�ed to:

F (µν)(αβ)ρλDρDλg̃αβ +
1

2

(
gµνRαβ g̃αβ − g̃µνR

)
= κT̃µν

With T̃µν = δ̃Tµν , so T̃
µν = gµαgνβ δ̃Tαβ . And:

F (µν)(αβ)ρλ = P ((ρµ)(αβ))gνλ + P ((ρν)(αβ))gµλ − P ((µν)(αβ))gρλ

−P ((ρλ)(αβ))gµν

P ((αβ)(µν)) =
1

4

(
gαµgβν + gανgβµ − gαβgµν

)
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Equations of Motion:

Now, if we vary gµν in (15), we obtain a new equation. This equation give us
g̃µν . It is simpli�ed to:

F (µν)(αβ)ρλDρDλg̃αβ +
1

2

(
gµνRαβ g̃αβ − g̃µνR

)
= κT̃µν (18)

With T̃µν = δ̃Tµν , so T̃
µν = gµαgνβ δ̃Tαβ . And:

F (µν)(αβ)ρλ = P ((ρµ)(αβ))gνλ + P ((ρν)(αβ))gµλ − P ((µν)(αβ))gρλ (19)

−P ((ρλ)(αβ))gµν

P ((αβ)(µν)) =
1

4

(
gαµgβν + gανgβµ − gαβgµν

)
Besides, the symmetries give us two conservation rules:

DνT
µν = 0 (20)

Dν T̃
µν =

1

2
TαβDµg̃αβ −

1

2
TµβDβ g̃

α
α +Dβ(g̃βαT

αµ) (21)
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δ̃ Free Particle Action.
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Massive Free Particle Action:

In the standard case, the test particle action is:

S0[ẋ, g] = −m
∫
dt
√
−gµν ẋµẋν

But, in δ̃ gravity, we will have a new test particle action. To obtain this
action, we need to use (13):

S[ẋ, y, g, g̃] = m

∫
dt
ḡµν ẋ

µẋν + κ2
2

(2gµν ẏ
µẋν + gµν,ρy

ρẋµẋν)√
−gαβ ẋαẋβ

where ḡµν = gµν + κ2
2
g̃µν and yµ = δ̃xµ. This action is invariant under

extended reparametrization:

δxµ = ẋµε

δyµ = ẏµε+ ẋµε̃

by Pablo González V. Cosmology in Delta Gravity: A Classical Analysis and Phenomenology.



Cosmology
in Delta
Gravity:

A
Classical
Analysis
and Phe-
nomenol-

ogy.

by
Pablo

González
V.

Massive Free Particle Action:

In the standard case, the test particle action is:

S0[ẋ, g] = −m
∫
dt
√
−gµν ẋµẋν

But, in δ̃ gravity, we will have a new test particle action. To obtain this
action, we need to use (13):

S[ẋ, y, g, g̃] = m

∫
dt
ḡµν ẋ

µẋν + κ2
2

(

=0 Fixing ε̃︷ ︸︸ ︷
2gµν ẏ

µẋν + gµν,ρy
ρẋµẋν)√

−gαβ ẋαẋβ
(22)

where ḡµν = gµν + κ2
2
g̃µν and yµ = δ̃xµ. This action is invariant under

extended reparametrization:

δxµ = ẋµε

δyµ = ẏµε+ ẋµε̃ This symmetry is eliminated. (23)
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Massive Free Particle Action:

In the standard case, the test particle action is:

S0[ẋ, g] = −m
∫
dt
√
−gµν ẋµẋν

But, in δ̃ gravity, we will have a new test particle action:

S[ẋ, g, g̃] = m

∫
dt

(
ḡµν ẋ

µẋν√
−gαβ ẋαẋβ

)
(24)

where ḡµν = gµν + κ2
2
g̃µν . If we vary (24) with respect to xµ, we obtain the

equation of motion for a massive test particle:

ĝµν ẍ
ν + Γ̂µαβ ẋ

αẋβ =
κ2

4
K̃,µ (25)

with Γ̂µαβ = 1
2
(ĝµα,β + ĝβµ,α − ĝαβ,µ), ĝαβ =

(
1 + κ2

2
K̃
)
gαβ + κ2g̃αβ and

K̃ = g̃αβ ẋ
αẋβ . Besides, we �x gµν ẋ

µẋν = −1, after choosing t equal to the
proper time.

by Pablo González V. Cosmology in Delta Gravity: A Classical Analysis and Phenomenology.



Cosmology
in Delta
Gravity:

A
Classical
Analysis
and Phe-
nomenol-

ogy.

by
Pablo

González
V.

Massless Free Particle Action:

Unfortunately, (24) is useless for massless particles, because it is null when
m = 0. To solve this problem, it is usual to start from the action:

S0[ẋ, g, v] =
1

2

∫
dt
(
vm2 − v−1gµν ẋ

µẋν
)

where v is a Lagrange multiplier.
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Massless Free Particle Action:

Unfortunately, (24) is useless for massless particles, because it is null when
m = 0. To solve this problem, it is usual to start from the action:

S0[ẋ, g, v] =
1

2

∫
dt
(
vm2 − v−1gµν ẋ

µẋν
)

where v is a Lagrange multiplier. To �nd the coupling of a test particle to a
gravitational background �eld, we follow the prescription to construct δ̃
models. So, if we evaluate (26) in (13), we obtain:

S[ẋ, g, g̃, v, ṽ] =
1

2

∫
dt[vm2 − v−1 (gµν + κ2g̃µν) ẋµẋν

+κ2ṽ
(
m2 + v−2gµν ẋ

µẋν
)
]
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Massless Free Particle Action:

Unfortunately, (24) is useless for massless particles, because it is null when
m = 0. To solve this problem, it is usual to start from the action:

S0[ẋ, g, v] =
1

2

∫
dt
(
vm2 − v−1gµν ẋ

µẋν
)

where v is a Lagrange multiplier. To �nd the coupling of a test particle to a
gravitational background �eld, we follow the prescription to construct δ̃
models. So, if we evaluate (26) in (13), we obtain:

S[ẋ, g, g̃, v, ṽ] =
1

2

∫
dt[vm2 − v−1 (gµν + κ2g̃µν) ẋµẋν

+κ2ṽ
(
m2 + v−2gµν ẋ

µẋν
)
]

Two Lagrange multiplier are unnecessary, so we will eliminate one of them.
The equation of motion for ṽ is:

ṽ =
m2 + v−2 (gµν + κ2g̃µν) ẋµẋν

2κ2v−3gαβ ẋαẋβ
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Massless Free Particle Action:

Unfortunately, (24) is useless for massless particles, because it is null when
m = 0. To solve this problem, it is usual to start from the action:

S0[ẋ, g, v] =
1

2

∫
dt
(
vm2 − v−1gµν ẋ

µẋν
)

(26)

where v is a Lagrange multiplier. To �nd the coupling of a test particle to a
gravitational background �eld, we follow the prescription to construct δ̃
models. Finally, our modi�ed free particle action is:

S[ẋ, g, g̃, v] = (27)∫
dt

(
m2v − (gµν + κ2g̃µν) ẋµẋν

4v
+

m2v3

4gαβ ẋαẋβ
(
m2 + κ2v

−2g̃µν ẋ
µẋν

))
When m 6= 0, we can reduced (27) to (24) using the equation of motion of v.
That is:

v = −
√
−gµν ẋµẋν
m

(28)
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Geodesic:

Evaluating m = 0 in (26) and (27), they respectively are:

S
(m=0)
0 [ẋ, g, v] = −1

2

∫
dtv−1gµν ẋ

µẋν

S(m=0)[ẋ, g, g̃, v] = −1

4

∫
dtv−1gµν ẋ

µẋν

with gµν = gµν + κ2g̃µν . Therefore, in the usual case we have gµν ẋ
µẋν = 0,

but in our model the null-geodesic is gµν ẋ
µẋν = 0.
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Geodesic:

Evaluating m = 0 in (26) and (27), they respectively are:

S
(m=0)
0 [ẋ, g, v] = −1

2

∫
dtv−1gµν ẋ

µẋν (29)

S(m=0)[ẋ, g, g̃, v] = −1

4

∫
dtv−1gµν ẋ

µẋν (30)

with gµν = gµν + κ2g̃µν . Therefore, in the usual case we have gµν ẋ
µẋν = 0,

but in our model the null-geodesic is gµν ẋ
µẋν = 0.

Summary:

To massive particle, gµν ẋ
µẋν is conserved, so we can choose t equal to the

proper time. Therefore, we measure proper time using the metric gµν . On the
other side, if we consider the motion of light rays along in�nitesimally near
trajectories, the three-dimensional metric is:

dl2 =

(
g00

g00

(
gij −

gi0gj0
g00

))
dxidxj (31)
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Extended Harmonic gauge.
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Extended harmonic gauge:

We know that the Einstein's equations do not �x all degrees of freedom of
gµν . This means that, if gµν is solution, then exist other solution g′µν given by
a general coordinate transformation x→ x′. We can eliminate these degrees
of freedom by adopting some particular coordinate system, �xing the gauge.
One particularly convenient gauge is given by the harmonic coordinate
conditions.
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Extended harmonic gauge:

We know that the Einstein's equations do not �x all degrees of freedom of
gµν . This means that, if gµν is solution, then exist other solution g′µν given by
a general coordinate transformation x→ x′. We can eliminate these degrees
of freedom by adopting some particular coordinate system, �xing the gauge.
One particularly convenient gauge is given by the harmonic coordinate
conditions. That is:

Γµ ≡ gαβΓµαβ = 0

It is always possible to choose an harmonic coordinate system. In the same
form, we need to �x the gauge for g̃µν .
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Extended harmonic gauge:

We know that the Einstein's equations do not �x all degrees of freedom of
gµν . This means that, if gµν is solution, then exist other solution g′µν given by
a general coordinate transformation x→ x′. We can eliminate these degrees
of freedom by adopting some particular coordinate system, �xing the gauge.
One particularly convenient gauge is given by the harmonic coordinate
conditions. That is:

Γµ ≡ gαβΓµαβ = 0 (32)

It is always possible to choose an harmonic coordinate system. In the same
form, we need to �x the gauge for g̃µν . It is natural to choose a gauge given
by:

δ̃ (Γµ) ≡ gαβ δ̃
(
Γµαβ

)
− g̃αβΓµαβ = 0 (33)

Where δ̃
(

Γµαβ

)
= 1

2
gµλ (Dβ g̃λα +Dαg̃βλ −Dλg̃αβ). So, when we will refer

to Extended harmonic gauge, we will use (32) and (33).
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Schwarzschild Case.
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Vacuum Solution:

In this case, we have that:

gµνdx
µdxν = −A(r)c2dt2 +B(r)dr2 + r2(dθ2 + sin2(θ)dφ2)

g̃µνdx
µdxν = −Ã(r)c2dt2 + B̃(r)dr2 + F̃ (r)r2(dθ2 + sin2(θ)dφ2)

To simplify the equations, we will solve them outside matter, this means the
region where T̃µν = Tµν = 0. To �nd Ã(r) and F̃ (r), we need an additional
equation, �xing the gauge for g̃µν . The extended harmonic gauge say us that:

r2(r − 2µ)Ã′′(r) + 4r(r − 2µ)Ã′(r)− 4µÃ(r)

+ r(r − 2µ)(r − µ)F̃ ′′(r) + 4(r − µ)2F̃ ′(r) = 0
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Vacuum Solution:

In this case, we have that:

gµνdx
µdxν = −A(r)c2dt2 +B(r)dr2 + r2(dθ2 + sin2(θ)dφ2)

g̃µνdx
µdxν = −Ã(r)c2dt2 + B̃(r)dr2 + F̃ (r)r2(dθ2 + sin2(θ)dφ2)

So, the complete solution is:

A(r) = 1− 2µ

r

B(r) =

(
1− 2µ

r

)−1

Ã(r) = −2a0µ(r − µ)

r2
−
a1µ

(
2µ+ (r − µ) ln

(
1− 2µ

r

))
r2

B̃(r) =
2a0µ(r − µ)

(r − 2µ)2
−
a1

(
2µ(r − 2µ) + (r2 − 3µr + µ2) ln

(
1− 2µ

r

))
(r − 2µ)2

F̃ (r) =
2a0µ

r
−
a1

(
2µ+ (r − µ) ln

(
1− 2µ

r

))
r

by Pablo González V. Cosmology in Delta Gravity: A Classical Analysis and Phenomenology.



Cosmology
in Delta
Gravity:

A
Classical
Analysis
and Phe-
nomenol-

ogy.

by
Pablo

González
V.

Vacuum Solution:

In this case, we have that:

gµνdx
µdxν = −A(r)c2dt2 +B(r)dr2 + r2(dθ2 + sin2(θ)dφ2)

g̃µνdx
µdxν = −Ã(r)c2dt2 + B̃(r)dr2 + F̃ (r)r2(dθ2 + sin2(θ)dφ2)

We must remember that this solution corresponds to the region without
matter, so r > R, and generally the Newtonian approximation, R� 2µ, can
be used. So, we must consider the leading order in µ

r
.
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Vacuum Solution:

In this case, we have that:

gµνdx
µdxν = −A(r)c2dt2 +B(r)dr2 + r2(dθ2 + sin2(θ)dφ2)

g̃µνdx
µdxν = −Ã(r)c2dt2 + B̃(r)dr2 + F̃ (r)r2(dθ2 + sin2(θ)dφ2)

We must remember that this solution corresponds to the region without
matter, so r > R, and generally the Newtonian approximation, R� 2µ, can
be used. So, we must consider the leading order in µ

r
. That is:

A(r) = 1− 2µ

r

B(r) = 1 +
2µ

r
+O

((µ
r

)2
)

Ã(r) = −2a0µ

r
+O

((µ
r

)2
)

B̃(r) =
2a0µ

r
+O

((µ
r

)2
)

F̃ (r) =
2a0µ

r
+O

((µ
r

)2
)
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Gravitational Lensing:

To describe this phenomenon, we need the null geodesic. To solve these
equations, we will consider a coordinate system where θ = π

2
1.

Figure: Trajectory by gravitational lensing. R is the radius of the star, r0 is the
minimal distance to the star, b is the impact parameter, φ∞ is the incident direction
and ∆φ is the de�ection of light.

1For instance, see S. Weinberg. Massachusetts Institute of Technology (1972), Chapter 8.
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Gravitational Lensing:

To describe this phenomenon, we need the null geodesic. To solve these
equations, we will consider a coordinate system where θ = π

2
. So, the

geodesic equations are reduced to:

dt

du
=

1

A(r) + κ2Ã(r)

dr

du
= −1

r

√
r2(1 + κ2F̃ (r))− J2(A(r) + κ2Ã(r))

(A(r) + κ2Ã(r))(B(r) + κ2B̃(r))(1 + κ2F̃ (r))

dφ

du
=

J

r2(1 + κ2F̃ (r))

Where u is the trajectory parameter such that xµ = xµ(u). We have �xed t
such that t→ u for r →∞ and J is a constant of motion related to the
angular momentum:

J = r0

√
1 + κ2F̃ (r0)

A(r0) + κ2Ã(r0)
(34)
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Gravitational Lensing:

So, the trajectory is given by:

φ(r)− φ∞ =∫ ∞
r

√√√√ (A(r) + κ2Ã(r))(B(r) + κ2B̃(r))

(1 + κ2F̃ (r))(A(r0) + κ2Ã(r0))
(
r2(1+κ2F̃ (r))

1+κ2F̃ (r0)
− r20(A(r)+κ2Ã(r))

A(r0)+κ2Ã(r0)

)
×
(r0

r

)
dr

We must use the approximation r ≥ r0 � µ for the solar system.
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Gravitational Lensing:

So, the trajectory is given by:

φ(r)− φ∞ =∫ ∞
r

√√√√ (A(r) + κ2Ã(r))(B(r) + κ2B̃(r))

(1 + κ2F̃ (r))(A(r0) + κ2Ã(r0))
(
r2(1+κ2F̃ (r))

1+κ2F̃ (r0)
− r20(A(r)+κ2Ã(r))

A(r0)+κ2Ã(r0)

)
×
(r0

r

)
dr

We must use the approximation r ≥ r0 � µ for the solar system. That is:

φ(r)− φ∞ '
∫ ∞
r

dr

r

(
1 +

µ

r
+
µ(1 + 2κ2a0)r

r0(r + r0)

)((
r

r0

)2

− 1

)− 1
2
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Gravitational Lensing:

So, the trajectory is given by:

φ(r)− φ∞ =∫ ∞
r

√√√√ (A(r) + κ2Ã(r))(B(r) + κ2B̃(r))

(1 + κ2F̃ (r))(A(r0) + κ2Ã(r0))
(
r2(1+κ2F̃ (r))

1+κ2F̃ (r0)
− r20(A(r)+κ2Ã(r))

A(r0)+κ2Ã(r0)

)
×
(r0

r

)
dr

We must use the approximation r ≥ r0 � µ for the solar system. That is:

φ(r)− φ∞ '
∫ ∞
r

dr

r

(
1 +

µ

r
+
µ(1 + 2κ2a0)r

r0(r + r0)

)((
r

r0

)2

− 1

)− 1
2

The de�ection of light is given by:

∆φ = 2|φ(r0)− φ∞| − π

by Pablo González V. Cosmology in Delta Gravity: A Classical Analysis and Phenomenology.



Cosmology
in Delta
Gravity:

A
Classical
Analysis
and Phe-
nomenol-

ogy.

by
Pablo

González
V.

Gravitational Lensing:

So:

∆φ = 2|φ(r0)− φ∞| − π

' 2

∣∣∣∣∣∣
∫ ∞
r0

dr

r

(
1 +

µ(2κ2a0r
2 + r2 + rr0 + r2

0)

r0(r + r0)r

)((
r

r0

)2

− 1

)− 1
2

∣∣∣∣∣∣− π
' 4µ(1 + κ2a0)

r0
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Gravitational Lensing:

So:

∆φ = 2|φ(r0)− φ∞| − π

' 2

∣∣∣∣∣∣
∫ ∞
r0

dr

r

(
1 +

µ(2κ2a0r
2 + r2 + rr0 + r2

0)

r0(r + r0)r

)((
r

r0

)2

− 1

)− 1
2

∣∣∣∣∣∣− π
' 4µ(1 + κ2a0)

r0

We have an experimental value ∆φExp = 1.761′′ ± 0.016′′ for the sun2. So:

|κ2a0| < 0.009086.

2See E.B. Formalont and R.A. Sramek, Physical Review Letter, 36, 1475, (1976).
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Gravitational Lensing:

So:

∆φ = 2|φ(r0)− φ∞| − π

' 2

∣∣∣∣∣∣
∫ ∞
r0

dr

r

(
1 +

µ(2κ2a0r
2 + r2 + rr0 + r2

0)

r0(r + r0)r

)((
r

r0

)2

− 1

)− 1
2

∣∣∣∣∣∣− π
' 4µ(1 + κ2a0)

r0

We have an experimental value ∆φExp = 1.761′′ ± 0.016′′ for the sun. So:

|κ2a0| < 0.009086.

The de�ection of light allow an additional mass given by Madd = κ2a0M ,
where M is the mass of sun. If we accept that this mass is dark matter, we
have < 1% of dark matter in the solar system scale. However, in a galactic
scale, this e�ect could be even bigger.
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Non-Relativistic Case.
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Newtonian Limit:

To express this approximation, we must use:

gµν =


−(1 + 2φε2)c2 0 0 0

0 1− 2φε2 0 0
0 0 1− 2φε2 0
0 0 0 1− 2φε2



g̃µν =


−2φ̃ε2c2 0 0 0

0 −2φ̃ε2 0 0

0 0 −2φ̃ε2 0

0 0 0 −2φ̃ε2


where φ = φ(x, y, z) and φ̃ = φ̃(x, y, z) are gravitational potentials and ε ∼ v

c

is the perturbative parameter. We have used that gµν → ηµν and g̃µν → 0 for
r →∞.
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Newtonian Limit:

To express this approximation, we must use:

gµν =


−(1 + 2φε2)c2 0 0 0

0 1− 2φε2 0 0
0 0 1− 2φε2 0
0 0 0 1− 2φε2



g̃µν =


−2φ̃ε2c2 0 0 0

0 −2φ̃ε2 0 0

0 0 −2φ̃ε2 0

0 0 0 −2φ̃ε2


where φ = φ(x, y, z) and φ̃ = φ̃(x, y, z) are gravitational potentials and ε ∼ v

c

is the perturbative parameter. So, the equations of motion are reduced to:

∂2φ =
κ̂

2
ρ

∂2φ̃ =
κ̂

2
ρ̃

Besides, ρ̇ = ˙̃ρ = 0. Therefore, we do not have a relation between ρ and ρ̃.
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Post-Newtonian Limit:

If we introduce one order more for the Newtonian limit:

gµνdx
µdxν = −

(
1 + 2φε2 + 2

(
φ2 + ψ

)
ε4
)(cdt

ε

)2

+
(
1− 2φε2 − 2ψε4

) (
dx2 + dy2 + dz2)

+2ε3 (χ1dx+ χ2dy + χ3dz)

(
cdt

ε

)
+ε4

(
ξ11dx

2 + ξ22dy
2 + ξ33dz

2 + 2ξ12dxdy + 2ξ13dxdz

+2ξ23dydz)
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Post-Newtonian Limit:

If we introduce one order more for the Newtonian limit:

g̃µνdx
µdxν = −2

(
φ̃ε2 +

(
2φφ̃+ ψ̃

)
ε4
)(cdt

ε

)2

−2
(
φ̃ε2 + ψ̃ε4

) (
dx2 + dy2 + dz2)

+2ε3 (χ̃1dx+ χ̃2dy + χ̃3dz)

(
cdt

ε

)
+ε4

(
ξ̃11dx

2 + ξ̃22dy
2 + ξ̃33dz

2 + 2ξ̃12dxdy + 2ξ̃13dxdz

+2ξ̃23dydz
)

All functions depend of (t, x, y, z), but 1
c
∂
∂t
∼ ε. For this reason, we use

ct→ ct
ε
to obtain the equations. Besides, we need to �x the gauge.
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Post-Newtonian Limit:

The extended harmonic gauge say us:

4φ̇+ ∂iχi = 0

2φ∂iφ− χ̇i −
1

2
∂iξjj + ∂jξij = 0

4
˙̃
φ+ ∂iχ̃i = 0

2φ∂iφ̃+ 2φ̃∂iφ− ˙̃χi −
1

2
∂iξ̃jj + ∂j ξ̃ij = 0

by Pablo González V. Cosmology in Delta Gravity: A Classical Analysis and Phenomenology.



Cosmology
in Delta
Gravity:

A
Classical
Analysis
and Phe-
nomenol-

ogy.

by
Pablo

González
V.

Post-Newtonian Limit:

The extended harmonic gauge say us, with a perfect �uid, that the equations
of motion are reduced to:

∂2φ =
κ̂

2
ρ(0)

∂2χi = −2κ̂U
(1)
i ρ(0)

∂2ψ =
κ̂

2

(
2
(
U

(1)
k U

(1)
k − φ

)
ρ(0) + ρ(2) + 3p(2)(ρ)

)
+ φ̈

∂2ξij = −2κ̂U
(1)
i U

(1)
j ρ(0) − 4(∂iφ)(∂jφ)

+2κ̂
((
U

(1)
k U

(1)
k + φ

)
ρ(0) + 2p(2)(ρ)

)
δij + 4(∂kφ)(∂kφ)δij
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Post-Newtonian Limit:

The extended harmonic gauge say us, with a perfect �uid, that the equations
of motion are reduced to:

∂2φ̃ =
κ̂

2
ρ̃(0)

∂2χ̃i = −2κ̂
(
U
T (1)
i ρ(0) + U

(1)
i ρ̃(0)

)
∂2ψ̃ = κ̂

((
2U

(1)
k U

T (1)
k − φ̃

)
ρ(0) +

(
U

(1)
k U

(1)
k − φ+

3

2
p′(2)(ρ)

)
ρ̃(0)

)
+
κ̂

2
ρ̃(2) +

¨̃
φ

∂2ξ̃ij = −2κ̂
((
U
T (1)
i U

(1)
j + U

(1)
i U

T (1)
j

)
ρ(0) + U

(1)
i U

(1)
j ρ̃(0)

)
−4(∂iφ̃)(∂jφ)− 4(∂iφ)(∂j φ̃)

+2κ̂
((

2U
(1)
k U

T (1)
k + φ̃

)
ρ(0) +

(
U

(1)
k U

(1)
k + φ+ 2p′(2)(ρ)

)
ρ̃(0)

)
δij

+8(∂kφ)(∂kφ̃)δij

Where p′(2)(ρ) = ∂p(2)

∂ρ
(ρ).
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Post-Newtonian Limit:

Besides, we have the conservation equations, but they are null with the gauge
equations. However, it is useful to write them in terms of ρ(0), ρ(2), ρ̃(0), ρ̃(2)

and p(2) in the case when U
(1)
i = U

T (1)
i = 0.
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Post-Newtonian Limit:

Besides, we have the conservation equations, but they are null with the gauge
equations. However, it is useful to write them in terms of ρ(0), ρ(2), ρ̃(0), ρ̃(2)

and p(2) in the case when U
(1)
i = U

T (1)
i = 0. That is:

ρ̇(0) = 0

ρ̇(2) = 0

˙̃ρ(0) = 0

˙̃ρ(2) = 0

∂ip
(2)(ρ) = −ρ(0)∂iφ

∂i
(
p′(2)(ρ)ρ̃(0)

)
= −ρ(0)∂iφ̃− ρ̃(0)∂iφ

These equations give us additional information about ρ(0) that we did not
have in the Newtonian approximation. This information come from the gauge
�xing. To see this explicitly, we will analyze the case with spherical symmetry.
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Post-Newtonian Limit:

All densities are t-independent, therefore they are only dependent on r. So:

p′(2) (ρ(r))

(
∂ρ(0)

∂r
(r)

)
= −ρ(0)(r)

(
∂φ

∂r
(r)

)
∂

∂r

(
p′(2) (ρ(r)) ρ̃(0)(r)

)
= −ρ(0)(r)

(
∂φ̃

∂r
(r)

)
− ρ̃(0)(r)

(
∂φ

∂r
(r)

)
Where we have used that

(
∂p(2)

∂r
(r)
)

= p′(2) (ρ(r))
(
∂ρ(0)

∂r
(r)
)
.
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Post-Newtonian Limit:

All densities are t-independent, therefore they are only dependent on r. So:

p′(2) (ρ(r))

(
∂ρ(0)

∂r
(r)

)
= −ρ(0)(r)

(
∂φ

∂r
(r)

)
(35)

∂

∂r

(
p′(2) (ρ(r)) ρ̃(0)(r)

)
= −ρ(0)(r)

(
∂φ̃

∂r
(r)

)
− ρ̃(0)(r)

(
∂φ

∂r
(r)

)
(36)

Where we have used that
(
∂p(2)

∂r
(r)
)

= p′(2) (ρ(r))
(
∂ρ(0)

∂r
(r)
)
. Now, if we

combine (35) and (36), we obtain:

ρ̃(0)(r) =

(
∂ρ(0)

∂r
(r)
)

(
∂φ
∂r

(r)
) (

φ̃(r) + φ̃0

)
(37)

Where φ̃0 is an integration constant. This means that we can obtain an
expression for ρ̃(0) if we know ρ(0).
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Post-Newtonian Limit:

Finally, we can study the Trajectory of a Particle. The acceleration is given by:

1

c2
d2~x

dt2
= −ε2∇

(
φN +

(
2φ2

N + ψN
)
ε2
)

+ε4
(

3~vφ̇N + 4~v (~v · ∇φN )− v2∇φN − ~̇χN + (~v ×∇× ~χN )
)

+
ε4k2

2

2
∇φ̃2 +O

(
ε6
)

Where ~v = d~x
dt
, φN = φ+ κ2φ̃ and analogous expressions for the others �elds.

We can conclude:
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Post-Newtonian Limit:

Finally, we can study the Trajectory of a Particle. The acceleration is given by:

1

c2
d2~x

dt2
= −ε2∇

(
φN +

(
2φ2

N + ψN
)
ε2
)

+ε4
(

3~vφ̇N + 4~v (~v · ∇φN )− v2∇φN − ~̇χN + (~v ×∇× ~χN )
)

+
ε4k2

2

2
∇φ̃2 +O

(
ε6
)

Where ~v = d~x
dt
, φN = φ+ κ2φ̃ and analogous expressions for the others �elds.

We can conclude:

We can see that 1
c2
d2~x
dt2

= −ε2∇φN in the Newtonian limit, so φN is the
e�ective potential.
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Post-Newtonian Limit:

Finally, we can study the Trajectory of a Particle. The acceleration is given by:

1

c2
d2~x

dt2
= −ε2∇

(
φN +

(
2φ2

N + ψN
)
ε2
)

+ε4
(

3~vφ̇N + 4~v (~v · ∇φN )− v2∇φN − ~̇χN + (~v ×∇× ~χN )
)

+
ε4k2

2

2
∇φ̃2 +O

(
ε6
)

Where ~v = d~x
dt
, φN = φ+ κ2φ̃ and analogous expressions for the others �elds.

We can conclude:

We can see that 1
c2
d2~x
dt2

= −ε2∇φN in the Newtonian limit, so φN is the
e�ective potential.

Acceleration is similar to the usual case with φ→ φN , with the exception
of the last term. It is an attractive contribution.
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Post-Newtonian Limit:

Finally, we can study the Trajectory of a Particle. The acceleration is given by:

1

c2
d2~x

dt2
= −ε2∇

(
φN +

(
2φ2

N + ψN
)
ε2
)

+ε4
(

3~vφ̇N + 4~v (~v · ∇φN )− v2∇φN − ~̇χN + (~v ×∇× ~χN )
)

+
ε4k2

2

2
∇φ̃2 +O

(
ε6
)

Where ~v = d~x
dt
, φN = φ+ κ2φ̃ and analogous expressions for the others �elds.

In spherical symmetry:

ρeff (r) = ρ(0)(r) + κ2

(
∂ρ(0)

∂r
(r)
)

(
∂φ
∂r

(r)
) (

φ̃(r) + φ̃0

)
Therefore, we have an additional mass, that could be identify with dark
matter.
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Density Pro�les:

The equation of motion can be written like:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2

2
ρ(x)

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
=

κR2

2

(
∂ρ
∂x

(x)
)(

∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
,

where x = r
R
.
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Density Pro�les:

The equation of motion can be written like:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2

2
ρ(x)

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
=

κR2

2

(
∂ρ
∂x

(x)
)(

∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
,

where x = r
R
. Then, we can de�ne the ordinary and tilde mass respectively as:

m(x) ≡ 4πR3

∫ ∞
0

dxx2ρ(x) =
8πR

κ
x2

(
∂φ(x)

∂x

)
m̃(x) ≡ 4πR3

∫ ∞
0

dxx2ρ̃(x) =
8πR

κ
x2

(
∂φ̃(x)

∂x

)
.
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Density Pro�les:

The equation of motion can be written like:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2

2
ρ(x) (38)

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
=

κR2

2

(
∂ρ
∂x

(x)
)(

∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
,(39)

where x = r
R
. Then, we can de�ne the ordinary and tilde mass respectively as:

m(x) ≡ 4πR3

∫ ∞
0

dxx2ρ(x) =
8πR

κ
x2

(
∂φ(x)

∂x

)
(40)

m̃(x) ≡ 4πR3

∫ ∞
0

dxx2ρ̃(x) =
8πR

κ
x2

(
∂φ̃(x)

∂x

)
. (41)

Finally, de�ning the total mass M(x) = m(x) + κ2m̃(x), the rotation velocity
is:

(
vrot(x)

c

)2

≡ ε2x ∂

∂x

(
φ(x) + κ2φ̃(x)

)
=
ε2κM(x)

8πRx
. (42)
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Density Pro�les: Spherically Homogeneous

With ρ(x) = ρ0Θ(1− x), the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0

2
Θ(1− x)

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0

2

δ(1− x)(
∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
.
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Density Pro�les: Spherically Homogeneous

With ρ(x) = ρ0Θ(1− x), the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0

2
Θ(1− x)

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0

2

δ(1− x)(
∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
.

φ(x) =

{
κR2ρ0

12

(
x2 − 3

)
x ≤ 1

−κR
2ρ0

6x
x > 1

(43)

φ̃(x) =


3
2
C
(

1− ε2κR2ρ0
3

)
x ≤ 1

3
2x
C
(

1− ε2κR2ρ0
3

)
x > 1

. (44)

On the other side, the force is ~F = −ε2mc
2

R
∂
∂x

(
φ(x) + κ2φ̃(x)

)
. We expect

that ~F must be continuous, therefore C = 0!!! In conclusion, if the ordinary
matter has a spherically homogeneous distribution, we do not have δ̃ matter.
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Density Pro�les: Exponential

With ρ(x) = ρ0e
−x, the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0e
−x

2

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0e
−x

2
(
∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
.
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Density Pro�les: Exponential

With ρ(x) = ρ0e
−x, the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0e
−x

2

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0e
−x

2
(
∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
.

φ(x) =
κR2ρ0

(
(x+ 2) e−x − 2

)
2x

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −

x4e−x
(
φ̃(x)− C

(
1− ε2κR2ρ0

x

(
2− (x+ 2) e−x

)))
(2− (x2 + 2x+ 2) e−x)

.
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Density Pro�les: Exponential

With ρ(x) = ρ0e
−x, the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0e
−x

2

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0e
−x

2
(
∂φ
∂x

(x)
) (φ̃(x)− C

(
1 + 2ε2φ(x)

))
.

φ(x) =
κR2ρ0

(
(x+ 2) e−x − 2

)
2x

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −

x4e−x
(
φ̃(x)− C

(
1− ε2κR2ρ0

x

(
2− (x+ 2) e−x

)))
(2− (x2 + 2x+ 2) e−x)

.

m(x) ∼ 4πR3ρ0

3
x3 m̃(x) ∼ ε2CπR3ρ0x

4. (45)
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Density Pro�les: Exponential

Figure: Exponential Pro�le Calculation. (a) Ordinary and δ̃ mass vs normalize radius, with

m0 = 8πR3ρ0. The initial conditions have been chosen such that m̃(x) > 0 with C > 0. (b)
m̃(x)
m(x)

(in units of C) vs normalize radius. In the beginning the relation is almost linear,
m̃(x)
m(x)

∼ x, but in

the end it is like a constant,
m̃(x)
m(x)

→ 3C. (c) Rotation velocity vs normalize radius for di�erent values

of C. The Black-Dashed line corresponds to GR case, so the C value indicates the contribution of δ̃

matter. In these calculations we have used κρ0R
2 = 10−4.
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Density Pro�les: Einasto

With ρ(x) = ρ0e
−xα , the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0e
−xα

2

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0αx
α−1e−x

α

2
(
∂φ
∂x

(x)
) (

φ̃(x)− C
(
1 + 2ε2φ(x)

))
.
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Density Pro�les: Einasto

With ρ(x) = ρ0e
−xα , the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0e
−xα

2

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −κR

2ρ0αx
α−1e−x

α

2
(
∂φ
∂x

(x)
) (

φ̃(x)− C
(
1 + 2ε2φ(x)

))
.

m(x) ∼ 4πR3ρ0

3
x3 (46)

m̃(x) ∼ 4πR3ρ0ε
2Cα

(3 + α)
xα+3. (47)
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Density Pro�les: Einasto

Figure: Einasto Pro�le Calculation for α = {0.7, 0.4, 0.1}. (a) Ordinary and δ̃ mass vs normalize

radius, with m0 = 8πR3ρ0. The initial conditions have been chosen such that m̃(x) > 0 with C > 0.

(b)
m̃(x)
m(x)

(in units of C) vs normalize radius. (c) Rotation velocity vs normalize radius for di�erent

values of C. The Black-Dashed line corresponds to GR case, so the C value indicates the contribution

of δ̃ matter. In these calculations we have used κρ0R
2 = 4

(
α
2

) 2
α × 10−4e

2(1−α)
α .
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Density Pro�les: Navarro-Frenk-White

With ρ(x) = ρ0
xγ(x+1)3−γ , the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0

2xγ (x+ 1)3−γ

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −

κR2ρ0 (γ + 3x)
(
φ̃(x)− C

(
1 + 2ε2φ(x)

))
2xγ+1 (x+ 1)4−γ ( ∂φ

∂x
(x)
) .
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Density Pro�les: Navarro-Frenk-White

With ρ(x) = ρ0
xγ(x+1)3−γ , the equations are:

1

x2

∂

∂x

(
x2

(
∂φ(x)

∂x

))
=

κR2ρ0

2xγ (x+ 1)3−γ

1

x2

∂

∂x

(
x2

(
∂φ̃(x)

∂x

))
= −

κR2ρ0 (γ + 3x)
(
φ̃(x)− C

(
1 + 2ε2φ(x)

))
2xγ+1 (x+ 1)4−γ ( ∂φ

∂x
(x)
) .

m(x) ∼ 4πR3ρ0

3− γ x3−γ (48)

m̃(x) ∼ 4πε2CR3ρ0γ

3− γ x3−γ (49)
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Density Pro�les: Navarro-Frenk-White

Figure: Navarro-Frenk-White Pro�le Calculation for γ = {1, 1.2, 1.4}. (a) Ordinary and δ̃ mass vs

normalize radius, with m0 = 8πR3ρ0. The initial conditions have been chosen such that m̃(x) > 0

with C > 0. (b)
m̃(x)
m(x)

(in units of C) vs normalize radius. (c) Rotation velocity vs normalize radius

for di�erent values of C. The Black-Dashed line correspond to GR case and the others C values

indicate the contribution of δ̃ matter. In these calculations we have used κρ0R
2 = 10−4 (3−γ)3−γ

4(2−γ)2−γ
.
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Cosmological Case.
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FRW and Photon Trajectory:

We have that:

gµν =


−c2 0 0 0

0 a2(t) 0 0
0 0 a2(t)r2 0
0 0 0 a2(t)r2 sin2(θ)



g̃µν =


−c2Fb(t) 0 0 0

0 Fa(t)a2(t) 0 0
0 0 Fa(t)a2(t)r2 0
0 0 0 Fa(t)a2(t)r2 sin2(θ)


we want analyze the trajectory of a supernova photon when it is traveling to
the Earth. For this we use a radial trajectory from r1 to r = 0.
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FRW and Photon Trajectory:

We have that:

gµν =


−c2 0 0 0

0 a2(t) 0 0
0 0 a2(t)r2 0
0 0 0 a2(t)r2 sin2(θ)

 (50)

g̃µν =


−c2Fb(t) 0 0 0

0 Fa(t)a2(t) 0 0
0 0 Fa(t)a2(t)r2 0
0 0 0 Fa(t)a2(t)r2 sin2(θ)

(51)

we want analyze the trajectory of a supernova photon when it is traveling to
the Earth. For this we use a radial trajectory from r1 to r = 0. So, we have:

−(1 + κ2Fb(t))c
2dt2 + a2(t)(1 + κ2Fa(t))dr2 = 0

We interpret that like a modi�ed scale factor: aeff (t) = a(t)
√

1+κ2Fa(t)
1+κ2Fb(t)

.
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Redshift and Luminosity Distance:

If we integrate this expression from r1 to 0, we obtain:

r1 = c

∫ t0

t1

dt

aeff (t)

Where t1 and t0 are the emission and reception time.
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Redshift and Luminosity Distance:

If we integrate this expression from r1 to 0, we obtain:

r1 = c

∫ t0

t1

dt

aeff (t)

Where t1 and t0 are the emission and reception time. If a second wave crest is
emitted at t = t1 + ∆t1 from r = r1, it will reach r = 0 at t = t0 + ∆t0, so:

r1 = c

∫ t0+∆t0

t1+∆t1

dt

aeff (t)
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Redshift and Luminosity Distance:

If we integrate this expression from r1 to 0, we obtain:

r1 = c

∫ t0

t1

dt

aeff (t)

Where t1 and t0 are the emission and reception time. If a second wave crest is
emitted at t = t1 + ∆t1 from r = r1, it will reach r = 0 at t = t0 + ∆t0, so:

r1 = c

∫ t0+∆t0

t1+∆t1

dt

aeff (t)

Therefore, for ∆t1, ∆t0 small, which is appropriate for light waves, we get:

∆t0
∆t1

=
aeff (t0)

aeff (t1)
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Redshift and Luminosity Distance:

If we integrate this expression from r1 to 0, we obtain:

r1 = c

∫ t0

t1

dt

aeff (t)

Where t1 and t0 are the emission and reception time. If a second wave crest is
emitted at t = t1 + ∆t1 from r = r1, it will reach r = 0 at t = t0 + ∆t0, so:

r1 = c

∫ t0+∆t0

t1+∆t1

dt

aeff (t)

Therefore, for ∆t1, ∆t0 small, which is appropriate for light waves, we get:

∆t0
∆t1

=
aeff (t0)

aeff (t1)

Since t is the proper time, the redshift is now:

1 + z(t1) =
aeff (t0)

aeff (t1)
.
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Redshift and Luminosity Distance:

If we integrate this expression from r1 to 0, we obtain:

r1 = c

∫ t0

t1

dt

aeff (t)

Where t1 and t0 are the emission and reception time. Then, the redshift is:

1 + z(t1) =
aeff (t0)

aeff (t1)
(52)

and the luminosity distance is given by:

dL =
a2
eff (t0)

aeff (t1)
r1

= c
a2
eff (t0)

aeff (t1)

∫ t0

t1

dt

aeff (t)
(53)
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Einstein's Equations: Exact Solution

Since we wish to explain DE with δ̃ gravity, we will assume that the universe
only have non relativistic matter (cold dark matter, baryonic matter) and
radiation (photons, massless particles). For non relativistic matter we use
pM (t) = 0 and for radiation pR(t) = 1

3
ρR(t).
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Einstein's Equations: Exact Solution

Since we wish to explain DE with δ̃ gravity, we will assume that the universe
only have non relativistic matter (cold dark matter, baryonic matter) and
radiation (photons, massless particles). For non relativistic matter we use
pM (t) = 0 and for radiation pR(t) = 1

3
ρR(t). So, the exact solution is:

ρ(Y ) =
3H2

0 ΩR
κc2C

Y + C

Y 4
(54)

p(Y ) =
H2

0 ΩR
κc2

1

Y 4
(55)

t(Y ) =
2
√
C

3H0

√
ΩR

(√
Y + C(Y − 2C) + 2C

3
2

)
(56)

Y =
a(t)

a0
(57)

Where t(Y ) is the time variable, a0 is the scale factor in the present,
C = ΩR

ΩM
, and ΩR and ΩM are the radiation and non-relativistic matter

density in the present respectively, with ΩM = 1− ΩR.
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New Equations:

The equation of g̃µν is:

F (µν)(αβ)ρλDρDλg̃αβ +
1

2

(
gµνRαβ g̃αβ − g̃µνR

)
= κT̃µν

Dν T̃
µν =

1

2
TαβDµg̃αβ −

1

2
TµβDβ g̃

α
α +Dβ(g̃βαT

αµ)
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New Equations:

The equation of g̃µν is:

F (µν)(αβ)ρλDρDλg̃αβ +
1

2

(
gµνRαβ g̃αβ − g̃µνR

)
= κT̃µν

Dν T̃
µν =

1

2
TαβDµg̃αβ −

1

2
TµβDβ g̃

α
α +Dβ(g̃βαT

αµ)

Besides, we need to �x the gauge. The extended harmonic gauge say us that
Fb(t) = 3Fa(t).
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New Equations:

The equation of g̃µν is:

F (µν)(αβ)ρλDρDλg̃αβ +
1

2

(
gµνRαβ g̃αβ − g̃µνR

)
= κT̃µν (58)

Dν T̃
µν =

1

2
TαβDµg̃αβ −

1

2
TµβDβ g̃

α
α +Dβ(g̃βαT

αµ) (59)

Besides, we need to �x the gauge. The extended harmonic gauge say us that
Fb(t) = 3Fa(t). So, the solution to g̃µν is:

ρ̃M (Y ) =
9H2

0 ΩR
2κc2C

(C1 − Td(Y ))

Y 3
(60)

ρ̃R(Y ) =
6H2

0 ΩR
κc2

(C2 − Td(Y ))

Y 4
(61)

Fa(Y ) =
3

2
(2C2 − C1)

Y

C

√Y

C
+ 1 ln


√

Y
C

+ 1 + 1√
Y
C

+ 1− 1

− 2


−2C2 + C3

Y

C

√
Y

C
+ 1 (62)
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New Equations:

Using Ỹ =
aeff (t)

a(t0)
, we can see that, when Y � C,

Ỹ =
√

1−2k2C2
1−6k2C2

Y +O(Y 2). We want Ỹ = Y +O(Y 2) in this case, because

we expect that δ̃ gravity explain dark energy and it is irrelevant in the early
universe. For this, we must use C2 = 0. Besides, we chose the other constants
such that a Big-Rip is produced. That is Ỹ (YRip) =∞.
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New Equations:

Using Ỹ =
aeff (t)

a(t0)
, we can see that, when Y � C,

Ỹ =
√

1−2k2C2
1−6k2C2

Y +O(Y 2). We want Ỹ = Y +O(Y 2) in this case, because

we expect that δ̃ gravity explain dark energy and it is irrelevant in the early
universe. For this, we must use C2 = 0. Besides, we chose the other constants
such that a Big-Rip is produced. That is Ỹ (YRip) =∞. Therefore, the
modi�ed scale factor is:

Ỹ (Y,L1, L2, C) =

Y

√√√√√√√√
1− L2

Y
3

√
Y + C + L1

Y
C

(√
Y
C

+ 1 ln

(√
Y
C

+1+1√
Y
C

+1−1

)
− 2

)
1− L2Y

√
Y + C + 3L1

Y
C

(√
Y
C

+ 1 ln

(√
Y
C

+1+1√
Y
C

+1−1

)
− 2

)
We need a Big-Rip to explain the accelerated expansion of the universe
because we want that Ỹ to grow quickly and simulate the dark energy.
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New Equations:

Using Ỹ =
aeff (t)

a(t0)
, we can see that, when Y � C,

Ỹ =
√

1−2k2C2
1−6k2C2

Y +O(Y 2). We want Ỹ = Y +O(Y 2) in this case, because

we expect that δ̃ gravity explain dark energy and it is irrelevant in the early
universe. For this, we must use C2 = 0. Besides, we chose the other constants
such that a Big-Rip is produced. That is Ỹ (YRip) =∞. Therefore, the
modi�ed scale factor is:

Ỹ (Y,L1, L2, C) = (63)

Y

√√√√√√√√
1− L2

Y
3

√
Y + C + L1

Y
C

(√
Y
C

+ 1 ln

(√
Y
C

+1+1√
Y
C

+1−1

)
− 2

)
1− L2Y

√
Y + C + 3L1

Y
C

(√
Y
C

+ 1 ln

(√
Y
C

+1+1√
Y
C

+1−1

)
− 2

)
From (63), we can see that the Big-Rip is produced when:

YRip =

(
1 + 2L1

L2

) 2
3

(64)
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Results: Distance Modulus

The distance modulus is:

µ(z) ≡ m(z)−M = 5 log10

(
dL(z)

10 pc

)
where m(z) and M are the apparent magnitude and absolute magnitude
respectively. M is common for all supernova, so it is constant. The di�erence
between GR and δ̃ gravity is in dL(z). In GR, we have that:

dL(z) =
c(1 + z) Mpc s

100 km

∫ 1

1
1+z

dY ′√
h2ΩΛY ′4 + h2ΩMY ′ + h2ΩR

(65)

With ΩΛ = 1− ΩM − ΩR.
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Results: Distance Modulus

The distance modulus is:

µ(z) ≡ m(z)−M = 5 log10

(
dL(z)

10 pc

)
where m(z) and M are the apparent magnitude and absolute magnitude
respectively. M is common for all supernova, so it is constant. The di�erence
between GR and δ̃ gravity is in dL(z). In δ̃ gravity, we have that:

dL(z) = c(1 + z)

√
C

H0

√
ΩR

∫ z

0

(1 + u)Y (u)Y ′(u)√
Y (u) + C

du

where Y ′(z) = dY
dz

(z).
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Results: Distance Modulus

The distance modulus is:

µ(z) ≡ m(z)−M = 5 log10

(
dL(z)

10 pc

)
where m(z) and M are the apparent magnitude and absolute magnitude
respectively. M is common for all supernova, so it is constant. The di�erence
between GR and δ̃ gravity is in dL(z). In δ̃ gravity, we have that:

dL(z) = c(1 + z)

√
C

H0

√
ΩR

∫ z

0

(1 + u)Y (u)Y ′(u)√
Y (u) + C

du (66)

where Y ′(z) = dY
dz

(z). To �nd Y (z), we must solve Ỹ (Y (z)) = Ỹ0
1+z

, where:

Ỹ (Y,L1, L2, C) = (67)

Y

√√√√√√√√
1− L2

Y
3

√
Y + C + L1

Y
C

(√
Y
C

+ 1 ln

(√
Y
C

+1+1√
Y
C

+1−1

)
− 2

)
1− L2Y

√
Y + C + 3L1

Y
C

(√
Y
C

+ 1 ln

(√
Y
C

+1+1√
Y
C

+1−1

)
− 2

) .
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Results:

Using the supernova data (see N. Suzuki, et al., ApJ, Vol. 746, Number 1,
Pp. 85, (2012)), we obtain that:

Figure: Distance modulus vs Redshift. We have �tted 580 supernovae to (a) GR and

(b) δ̃ Gravity.
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Results:

Using the supernova data (see N. Suzuki, et al., ApJ, Vol. 746, Number 1,
Pp. 85, (2012)), we obtain that:

In GR:

h = 0.7 and h2ΩM = 0.136 with χ2(per point) = 0.985.

In δ̃ gravity:

L1 = 1.565, L2 = 2.262 and C = 1.82× 10−4 with χ2(per point) = 0.996.

We have used that H0

√
ΩR = 0.644 km s−1 Mpc−1.
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Results:

Using the supernova data (see N. Suzuki, et al., ApJ, Vol. 746, Number 1,
Pp. 85, (2012)), we obtain that:

In GR:

h = 0.7 and h2ΩM = 0.136 with χ2(per point) = 0.985.

In δ̃ gravity:

L1 = 1.565, L2 = 2.262 and C = 1.82× 10−4 with χ2(per point) = 0.996.

We have used that H0

√
ΩR = 0.644 km s−1 Mpc−1. On the other side, we

can de�ne the normalize δ̃ densities in the present3:

Ω̃M =

∣∣∣∣κc2κ2ρ̃M0

3H2
0

∣∣∣∣
Ω̃R =

∣∣∣∣κc2κ2ρ̃R0

3H2
0

∣∣∣∣ ,
3We include κ2 in the de�nitions of ρ̃M0 and ρ̃R0 because it is just a control parameter.

Actually, in all our δ̃ de�nitions is possible to "absorb" κ2 on another parameter. The
absolute value is incorporated to guarantee that the normalize δ̃ densities are positive. In
fact, in this case we need κ2 < 0.
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Results:

Using the supernova data (see N. Suzuki, et al., ApJ, Vol. 746, Number 1,
Pp. 85, (2012)), we obtain that:

In GR:

h = 0.7 and h2ΩM = 0.136 with χ2(per point) = 0.985.

In δ̃ gravity:

L1 = 1.565, L2 = 2.262 and C = 1.82× 10−4 with χ2(per point) = 0.996.

We have used that H0

√
ΩR = 0.644 km s−1 Mpc−1. On the other side, we

can de�ne the normalize δ̃ densities in the present:

Ω̃M ≈ |L2 − 4L1|
2

ΩM

≈ 2ΩM (68)

Ω̃R ≈ 2 |L2 − 2L1|
3

ΩR

≈ 0.58ΩR. (69)
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More Results:

The time is given by (56):

t(Y ) =
2
√
C

3H0

√
ΩR

(√
Y + C(Y − 2C) + 2C

3
2

)
where H0

√
ΩR = 0.644 km s−1 Mpc−1.
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More Results:

The time is given by (56):

t(Y ) =
2
√
C

3H0

√
ΩR

(√
Y + C(Y − 2C) + 2C

3
2

)
where H0

√
ΩR = 0.644 km s−1 Mpc−1.

Age of the Universe (t0):

That is Y (t) = 1.
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More Results:

The time is given by (56):

t(Y ) =
2
√
C

3H0

√
ΩR

(√
Y + C(Y − 2C) + 2C

3
2

)
where H0

√
ΩR = 0.644 km s−1 Mpc−1.

Age of the Universe (t0):

That is Y (t) = 1. So:
In GR → t0 = 1.367× 1010 [yr]
In δ̃ gravity → t0 = 1.364× 1010 [yr]
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More Results:

The time is given by (56):

t(Y ) =
2
√
C

3H0

√
ΩR

(√
Y + C(Y − 2C) + 2C

3
2

)
where H0

√
ΩR = 0.644 km s−1 Mpc−1.

Age of the Universe (t0):

That is Y (t) = 1. So:
In GR → t0 = 1.367× 1010 [yr]
In δ̃ gravity → t0 = 1.364× 1010 [yr]

Big Rip time (tBR):

That is Ỹ (t) =∞.
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More Results:

The time is given by (56):

t(Y ) =
2
√
C

3H0

√
ΩR

(√
Y + C(Y − 2C) + 2C

3
2

)
where H0

√
ΩR = 0.644 km s−1 Mpc−1.

Age of the Universe (t0):

That is Y (t) = 1. So:
In GR → t0 = 1.367× 1010 [yr]
In δ̃ gravity → t0 = 1.364× 1010 [yr]

Big Rip time (tBR):

That is Ỹ (t) =∞. So:
In δ̃ gravity YRip = 1.826→ tRip = 3.366× 1010 [yr]
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In�ation.
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δ̃ In�ation:

In in�ation, the �uid is represented by a scalar �eld with an action given by:

S0 =

∫
d4x
√
−g
(
R

2κ
− 1

2
gαβ (∂αϕ) (∂βϕ)− V (ϕ)

)
, (70)

where ϕ is the in�aton and V (ϕ) is the potential of the scalar �eld.
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δ̃ In�ation:

In δ̃ Gravity we have an additional scalar �eld, ϕ̃, then:

S =

∫
d4x
√
−g
(
R

2κ
− κ2

2κ
Gµν g̃µν −

1

2

(
1 +

κ2

2
g̃λλ

)
gαβ (∂αϕ) (∂βϕ)

+
κ2

2
g̃αβ (∂αϕ) (∂βϕ)− κ2g

αβ (∂αϕ) (∂βϕ̃)−V(ϕ, ϕ̃)
)
,

where ϕ̃ is the new in�aton and V(ϕ, ϕ̃) =
(
1 + κ2

2
g̃λλ
)
V (ϕ) + κ2V,ϕ(ϕ)ϕ̃ is

the e�ective potential, with V,ϕ(ϕ) = ∂V
∂ϕ

(ϕ).
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δ̃ In�ation:

In δ̃ Gravity we have an additional scalar �eld, ϕ̃, then:

S =

∫
d4x
√
−g
(
R

2κ
− κ2

2κ
Gµν g̃µν −

1

2

(
1 +

κ2

2
g̃λλ

)
gαβ (∂αϕ) (∂βϕ)

+
κ2

2
g̃αβ (∂αϕ) (∂βϕ)− κ2g

αβ (∂αϕ) (∂βϕ̃)−V(ϕ, ϕ̃)
)
,

where ϕ̃ is the new in�aton and V(ϕ, ϕ̃) =
(
1 + κ2

2
g̃λλ
)
V (ϕ) + κ2V,ϕ(ϕ)ϕ̃ is

the e�ective potential, with V,ϕ(ϕ) = ∂V
∂ϕ

(ϕ). In the background, we have

that ϕ = ϕ0(t) and ϕ̃ = ϕ̃0(t). The cosmological equations are:

H2(t) =
κ

3

(
1

2
ϕ̇2

0(t) + V (ϕ0(t))

)
(71)

Ḣ(t) = −κ
2
ϕ̇2

0(t) (72)

H(t)Ḟa(t)− V (ϕ0(t))Fa(t) =
κ

3

(
ϕ̇0(t) ˙̃ϕ0(t) + V,ϕ(ϕ0(t))ϕ̃0(t)

)
(73)

F̈a(t)− 3H(t)Ḟa(t) = −2κϕ̇0(t) ˙̃ϕ0(t). (74)
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δ̃ In�ation:

In δ̃ Gravity we have an additional scalar �eld, ϕ̃, then:

S =

∫
d4x
√
−g
(
R

2κ
− κ2

2κ
Gµν g̃µν −

1

2

(
1 +

κ2

2
g̃λλ

)
gαβ (∂αϕ) (∂βϕ)

+
κ2

2
g̃αβ (∂αϕ) (∂βϕ)− κ2g

αβ (∂αϕ) (∂βϕ̃)−V(ϕ, ϕ̃)
)
, (75)

where ϕ̃ is the new in�aton and V(ϕ, ϕ̃) =
(
1 + κ2

2
g̃λλ
)
V (ϕ) + κ2V,ϕ(ϕ)ϕ̃ is

the e�ective potential, with V,ϕ(ϕ) = ∂V
∂ϕ

(ϕ). Additionally, the �eld equations
of motion are:

ϕ̈0(t) + 3H(t)ϕ̇0(t) + V,ϕ(ϕ0(t)) = 0 (76)

¨̃ϕ0(t) + 3H(t) ˙̃ϕ0(t) + V,ϕϕ(ϕ0(t))ϕ̃0(t) = −3V,ϕ(ϕ0(t))Fa(t). (77)
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In�ation Parameters:

We de�ne:

ε ≡ − Ḣ

H2
=

κ

2H2
ϕ̇2

0 (78)

η ≡ − ϕ̈0

Hϕ̇0
= 3 +

Vϕ
Hϕ̇0

(79)

ε̃ ≡ κ

H2
ϕ̇0

˙̃ϕ0 (80)

η̃ ≡ − ϕ̈0

Hϕ̇0
= 3

Ḟa
H
− 3 (3− ε)Fa +

κ (3− η) ϕ̇0ϕ̃0

H
(81)

Heff ≡ ȧeff
aeff

= H

(
1− κ2Ḟa

H (1 + κ2Fa) (1 + 3κ2Fa)

)
(82)

εeff ≡ − Ḣeff
H2
eff

= ε+
H (3− ε)
Heff

Heff
H
− 1 +

2κ2

(
3Fa +

Vϕ
V
ϕ̃0

)
(1 + κ2Fa) (1 + 3κ2Fa)


− 2H (2 + 3κ2Fa)

Heff

(
Heff
H
− 1

)2

. (83)
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In�ation Equations:

Using the number e-folds (N):

d

dt
= H

d

dN
,

Background:

H2 − κV

3− κ
2
ϕ′20

= 0 (84)

F ′a −
(

3− κ

2
ϕ′20

)(
F ′a +

V,ϕϕ̃0

3V

)
− κ

3
ϕ′0ϕ̃

′
0 = 0 (85)

ϕ′′0 +
(

3− κ

2
ϕ′20

)(
ϕ′0 +

V,ϕ
κV

)
= 0 (86)

ϕ̃′′0 +
(

3− κ

2
ϕ′20

)(
ϕ̃′0 +

V,ϕϕϕ̃+ 3V,ϕFa
κV

)
= 0. (87)
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In�ation Equations:

Using the number of e-folds (N):

d

dt
= H

d

dN
,

Perturbation:

R′′ +Q2R−
(

3− κ

2
ϕ′20

)(
1 +

2V,ϕ
κϕ′0V

)
R′ = 0 (88)

R̃′′ +Q2R̃ −
(

3− κ

2
ϕ′20

)(
1 +

2V,ϕ
κϕ′0V

)
R̃′ + 2FaQ

2R

−
(

3− κ

2
ϕ′20

)[((
1 +

κ

6
ϕ′20

) V,ϕ
V

+
2V,ϕϕ
κϕ′0V

)
ϕ̃0

−
(
κϕ′0

3
+

2V,ϕ
κϕ′20 V

)
ϕ̃′0 +

(
3 +

κ

2
ϕ′20 +

6V,ϕ
κϕ′0V

)
Fa

]
R′ = 0, (89)

with:

Q =
k

Ha
.
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Conclusions:

We have proposed a modi�ed gravity model with good properties at the
quantum level. It is �nite on shell in the vacuum and only lives at one loop.
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Conclusions:

We have proposed a modi�ed gravity model with good properties at the
quantum level. It is �nite on shell in the vacuum and only lives at one loop.

We obtain that a photon, or a massless particle, moves in a null geodesic of
gµν = gµν + κ2g̃µν , but the proper time is given by gµν . On the other side, a
massive particle do not move in a standard geodesic, but it is a second order
equation.
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Conclusions:

We have proposed a modi�ed gravity model with good properties at the
quantum level. It is �nite on shell in the vacuum and only lives at one loop.

We obtain that a photon, or a massless particle, moves in a null geodesic of
gµν = gµν + κ2g̃µν , but the proper time is given by gµν . On the other side, a
massive particle do not move in a standard geodesic, but it is a second order
equation.

We solved the Schwarzschild case outside matter. This solution could be used
to study a black hole. For the sun, we used the Newtonian approximation and
found a new de�ection of light. δ̃ matter is < 1% of the total mass at a solar
system scale. This means that the modi�cation of δ̃ gravity is not important at
a solar system scale. However, a di�erent result could be �nd at other scales.
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Conclusions:

We studied the Non-Relativistic case. In the Newtonian limit, we obtained a
similar expression as in GR, where we have an e�ective potential. This
potential depends on ρ(0) and ρ̃(0), where the last one correspond to δ̃ matter.
We found a relation between ρ(0) and ρ̃(0).
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Conclusions:

We studied the Non-Relativistic case. In the Newtonian limit, we obtained a
similar expression as in GR, where we have an e�ective potential. This
potential depends on ρ(0) and ρ̃(0), where the last one correspond to δ̃ matter.
We found a relation between ρ(0) and ρ̃(0).

We used this relation to study a few density pro�les: Spherically
Homogeneous, Exponential, Einasto and Navarro-Frenk-White pro�les. An
ampli�ed e�ect in the rotation velocity is produced by δ̃ matter.
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Conclusions:

We studied the Non-Relativistic case. In the Newtonian limit, we obtained a
similar expression as in GR, where we have an e�ective potential. This
potential depends on ρ(0) and ρ̃(0), where the last one correspond to δ̃ matter.
We found a relation between ρ(0) and ρ̃(0).

We used this relation to study a few density pro�les: Spherically
Homogeneous, Exponential, Einasto and Navarro-Frenk-White pro�les. An
ampli�ed e�ect in the rotation velocity is produced by δ̃ matter.

We �nd an exact solution for the cosmological case and obtain that δ̃ gravity
do not require dark energy. With this exact solution, we could also study very
early phenomenon in the universe.
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Conclusions:

In this model, the universe only has non relativistic matter and radiation. A
1� C 6= 0 is necessary to obtain an accelerated expansion of the universe.
This model ends in a Big Rip.
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Conclusions:

In this model, the universe only has non relativistic matter and radiation. A
1� C 6= 0 is necessary to obtain an accelerated expansion of the universe.
This model ends in a Big Rip.

We can avoid a Big-Rip at later time by a mechanism that give masses to all
massless particles. Some options are quantum e�ects (which are �nite in this
model) or massive photons due to superconductivity which could happen at
very low temperature.
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Conclusions:

In this model, the universe only has non relativistic matter and radiation. A
1� C 6= 0 is necessary to obtain an accelerated expansion of the universe.
This model ends in a Big Rip.

We can avoid a Big-Rip at later time by a mechanism that give masses to all
massless particles. Some options are quantum e�ects (which are �nite in this
model) or massive photons due to superconductivity which could happen at
very low temperature.

Finally, we introduce the cosmological in�ation with δ̃ gravity. The
background equation have been introduced to explain the accelerated
expansion such as dark energy.
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Future Works:

To explain the anomalous secular increase of the eccentricity of the orbit
of the Moon, using the Newtonian and Post-Newtonian approximation
(See L. Iorio. Mon.Not.Roy.Astron.Soc.415:1266-1275 (2011)).

To use the exact Schwarzschild solution to study a black hole.

To develop the δ̃ standard model.

To continue the study of cosmic in�ation with δ̃ gravity.

To �t the CMB power spectrum with δ̃ gravity.

To study quantum e�ects at times close to the Big-Rip.

etc...
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