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Scalar field cosmology

We consider the action
S =Sy +Sp+ Sm

where Sgy = f dx*\/—gR is the Einstein-Hilbert action, R is the Ricci
scalar of the underlying space, Sy is the action of the scalar field

Sp= [ a*v=g [ 8", 0., + V(@)
and S, = f dx4\/—ng is the matter term. We assume that ¢ inherits

the symmetries of underlying space, hence for the FLRW spacetime
¢ = ¢(t) and consequently ¢., = $0° where ¢ = %



Scalar field cosmology
For comoving observers (u* = 56’) and for a FLRW spacetime, the
Einstein field equations are

Hz:%(”m“%)‘g

3H? +2H = —k(Pm + Py) — =

where H(t) = a/a is the Hubble function.
Furthermore, assuming that the scalar field and matter do not interact,
we have the two following equations

pm+3H(pm+'Dm) =0
¢+3Hp+Vy=0

while the corresponding equation of state (EoS) parameters are given by
Wm = Pm/pm and Wy = P¢/p¢, where

1. 1.
pp= 59"+ V(@) Py= 39"~ V(9).



Minisuperspace

The Lagrangian of the field equations in a minimally coupled scalar field
cosmology in a spatially flat FLRW spacetime with a perfect fluid with a
constant equation of state parameter Py, = (y —1)p,, is

L(aa ¢ ¢) = —3aa" + %a%z — @V (P) = pmoa PV (1)

where v = 1 for dust, v = 3 for radiation. The field equations are the
Euler-Lagrange equations of (1) with respect to the variables (a, ¢) and
the Hamlltonlan conservatlon law, which in terms of the momenta

Pa aa . Py = ¢ becomes

1

1 _3(y—
1 Pa+2 3p¢+a V(¢)+Pmoa 31 =,



WdW Equation

The Wheeler-DeWitt equation is a Klein Gordon equation which is
defined by the conformal Laplacian operator, i.e.,

AY + 487__21)1‘? (xk) ¥4 Vg (xk) ¥ =0,

where A is the Laplacian operator of the minisuperspace
d$? = —6ada® + adp? and it is

A:_i i_f_i +ii
T 6a\9a2 o0a a3 9¢?

Moreover, Vegr (a,¢) = 2a° [V (¢) + p0a 7] and n=2.



The potential

o Power law V (¢) = Vo™

e Exponential: V (¢) = Vyexp (—A¢)

e Unified dark energy: V (¢) = Vo (1 + cosh? (A(]))) , and many
others.

GR is a geometric theory. Symmetries of differential equations can be
used as a geometric selection rule for the unknown form of the potential



Geometric selection rules

e The Noether point symmetries are related with the Homothetic
algebra of the minisuperspace.
Results in scalar field cosmology: Exponential potential & Unified
dark energy potential.

e We propose to use as a new selection rule the existence of Lie point
symmetries in the WdW equation.



Hartle's Criterion

If the wavefunction of the universe is strongly peaked (it admits
oscillatory terms) then we have correlations among the geometrical and
matter degrees of freedom and classical trajectories are expected. (J. B.
Hartle, Gravitation in Astrophysics, Cargese 1986, ed. by B. Carter & J.B
Hartle)



Symmetries

Strongly peaked wavefunction indicates oscillatory terms. Oscillatory
terms in the solution of a “Klein-Gordon" equation means “separation of
variables” which means the existence of a group of point transformations
which leaves invariant the WdW equation.



Invariant Functions

Let F (x,y) be a function in M. Under a one-parameter point
transformation the function becomes F (%, ¥).

Definition (Invariant Functions)

The function F is invariant under the one-parameter point transformation
if and only if F (X, ¥) =0 when F (x,y) = 0 at all points where the one
parameter point transformation acts. Equivalently, the generator X of
the point transformation is a symmetry of the function F if X (F) = 0.

The characteristic function or zeroth-order invariant W, of X, is defined

as follows 4 p
aw=_>___
Cay) nxy)
Therefore any function of the form F = F (W), where W is the
zeroth-order invariant of X, is invariant under the one-parameter point

transformation with generator X.




Lie Point symmetries

Consider the infinitesimal transformation
%= x" e (Xk, uB> c it =0 +877A (Xk, uB)

with generator X = as a + 9 BA Let X7 be the nth-prolongation
vector ) p
xl = x + 17[,-]8“,[ + ...+ ;7[,-1-___,”]8

Ujj...in

Then the DE, H (x', u?, f‘, Aj , is invariant under the action of X

if there exist a function A, where the following condition holds
XIM(HY=AH , modH = 0.

The infinitesimal generator X is called a Lie point symmetry of the PDE.



Noether Point Symmetries
In case of DEs H, which arise from a variational principle the following
theorem holds.

Theorem (Noether's Theorem)
The generator X of a one-parameter point transformation of the Action
Integral of a Lagrangian Lp = Lp (xk, u, uk) , which transforms the

Action Integral in a way that the Euler-Lagrange equations are invariant

is called a Noether symmetry.

Mathematically, X is a Noether symmetry if there exists a vector field
F' = F' (x', u) such that

XWLp + LpD;E" = D;F'.

The generator X is called a Noether symmetry. The corresponding

Noether flow is
@' =gk (UkaLL> *ng—LJrF’

and satisfies the condition D;®'. Noether symmetries form a algebra
which is a sublagebra of the Lie symmetries (NS C LS).



Lie symmetries of the Wheeler-DeWitt

Lie invariant

Let X =9, + (25—”1/1‘1’ + ao‘I’> dy be a Lie symmetry for the WDW
The zero order invariants of the vector field X follow from the

equation.
Lagrange system
dxb  dx! d¥
01 (yta)Y

which turn out to be
b -J b 2—n _J
‘I’(x,x)z@(x)exp Tlp+ao dx’ | . (3)
Equivalently, from the Lie Backlund symmetry
X = (‘I’J — (QE—”lp + ao) ‘I’) dy we obtain the following equation

¥, (25nlp + al) Y = a,'¥ which gives (3).

The latter is an operator.




Symmetries as a Geometric selection rule

By selecting the form of the potential /theory with the requirement of the
existence of conservation laws, it is equivalent with that we let the theory
(the minisuperspace) to select the corresponding model (the potential)
since symmetries are generated by the CKVs of the minisuperspace.

Corollary
For every Lie point symmetry of the WDW equation a Noetherian
conservation law corresponds for the classical field equations.

The “frequency” of the oscillator term in the solution of the WDW is
related with the value of the Noetherian conservation law.



The Model

A special solution for a spatially flat FLRW spacetime (K = 0) which
contains a perfect fluid with a constant equation of state parameter
Pm = (v —1)p,, and a scalar field with a constant equation of state
parameter wy = 7y — 1= P¢/p¢, exist when (C. Rubano & J. D.
Barrow, Phys. Rev. D. 64, 127301 (2001))

2'y4,

V(p)=V (Hovpmo,'ytp) [sinh (ﬁV\;%qv (4’-%))] o

We can see that the Lagrangian of the field equations does not admit any
conservation law.

Consider now the potential of the form (L. A. Urena-Lopez, T. Matos,
Phys. Rev. D 62, 081302 (2000))

V (¢) = [xcosh (pg) + Bsinh (p)]* (5)

in which for small values of ¢ is a power law model, whereas for large ¢
is a exponential model.




Lie symmetries

The WdW equation admits (except the trivial symmetries) the Lie
symmetries

X1 = at l\/aasinh (ﬁy<p> 0, + cosh (ﬁy<p> 64,]
6 4 4
Xy = a? l\@acosh <\/6y4>) d, +sinh (\/6;4¢7> 64 .
6 4 4
where the constants p, g, y are:

4
p=—H Q——ﬁ—Q,’Y—y—l-Z

Therefore, for 4 = —1, we have that ¢ =2, v = 1 i.e. we have the UDM

potential with dust.



Invariant Solution

We select « =1, B =0 (the case « =0, B = 1 is equivalent to that
case) and we apply the coordinate transformation (normal coordiantes)

a= (x2—y2)_3% , ¢:23\farctanh(y). (8)

X

The WdW equation becomes
%‘Fl _4_5
(X2 - y2) } [‘Y,yy — ¥ + (2V6X ot 2Pmo) \P} =0 (9

where V§ = 312 Vy, po = 31%0,mo- The invariant solution is
Y (x,y) = eV P (x) where

;-4 2 / 2 _
CD’XX— 2VOX K +2pm0+30 CID—O (10)



Classical Solution

In terms of the coordinates (x, y) the solution of the null
Hamilton-Jacobi equation is

_ 2 / y—4-2
S(x,y)=ay=+ \/c1+2pm0+2V0x T (11)

Hence the reduced field equations are.

o) () ) O o

1
We apply the transformation dt = (x? — y?) i g = a=3(t D) gt and

the dynamical system becomes

4
x = :F\/C12 +200 0+ 2Véx77‘72 LY = (13)



Classical Solution

Special case c1=0

H?(a)
Ho

0 ~2-1
_ Qmoaf3(y+2) +QA0376 (yg |:Qm0 + (yg _’_373;4) [ ]) +
A0

~2_9
+ Qppa® <+a_3V (yg + 3_3”) ! )

where in the limit yg + a3 g3,

H?(a)
)
Hg

= E%(a) = Qmoa 32 £ Qg (1 +y [Qmo a %+t a3"]> :
Ono



Classical Solution

Special case c1=0.

For o+ =1, dust fluid,

H2? (a _ _ @) _
(2 ) = Qmoa >4 Qu [1+2y§a S48 (mo +y§> a 6] . (14)
Hg QOao
For o+ = %, radiation fluid
H? (3 _ _ _ Q0 _
H(2 ) =0,pa 4+QA0 {1+3yga 2+3y6‘a 4+yg (Qr —i—yg) a 6] )
0 AQ

For v = % curvature-like fluid

H? (a _ _ Q) _
Hé ) = Qoa >+ Qo [\/}%4'343 >+ (Qig +\/y§+a4> a 6] :




Evolution of the cosmological parameters
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Dynamical Analysis

Fixed point analysis
We introduce the dimensionless variables

¢ vV _ P Ve

Xzi’ :7’0 , — 17

and the lapse time N = In a. In the new variables the field equations
reduce to the following first-order ODEs

SX/ — 3y ?)\ﬁ + %x [(1 — W) X2+ (1+ win) (1 —yz)} (18)

A EN R )
dA

N —V6A% (T — 1) x (20)

where x? 4+ y? < 1.



Fixed points

For =0,and T (A) =1+ qu; — %, we find the following fixed points

Point (x,y,A) Qm Wy

0 (0,0,1) 1 ]
A (1,0, +qp) 0 1
B(i) (—1 O,iqp) 0 1

C (0,1,0) 0 -1
D) (if V1 qp :I:qp) 0 1+ (@p)

VB(1+wn) v6y/1- w2 3(14+wm)

Bty <i Zap T 2qp AP 1=y W

V6 (14w V6+/1—w2, 3(1+wp
Ex ) (j: (2;;) ),_ s ,:I:qp) 1 3(twm) Wi




Stability

Table: Fixed points and their stability for the general potential and for the

integrable subcases

Point Stability e (—20)
0 Unstable Unstable
A Unstable Unstable
B) Unstable Unstable
C Stable, g € R*" Stable
D<i) Stable, g € R*~ Unstable
E(+,+) Stable, ge R*, p<0 ?
Ex ) Stable, g€ R*~, p>0 3




Fixed Points

Phase portrait in the x-y plane for (p,q,w m)=(1,-3,0) Phase portrait in the x-y plane for (p,q,w m):(1,-1.5,0)
12 12
c [
1 - 1
0.8 0.8
> 06 > 0.6
0.4 0.4
0.2 0.2
0 0
-1 1 -1 1

Phase portrait for (p,q,w r“)=(].,-3,O) Phase portrait for (p,q,w rr‘)=(l,-1.5,l'3)




Fixed Points

Phase portraitin the x-y pianle (fbust) Phase portraitdet (Dust)




Comparison with cosmological data

We perform a joint likelihood analysis using the SNla, BAO and the
H (z) data. The likelihood function is

L(p) = LsniaxLpao*LH(z) (21)

where p is the statistical vector that contains the free parameters and
Lo e Xa/2 : thatis, X2 = X2 + X2an + X2
A ’ » X7 = Xsnia T XBAO T XH(z):



Comparison with cosmological data

ACDM (1df)  Qno  wa (fixed) X2,

SNIa+BAO 0.29 —1.000 560.32
SNIa+BAO+H(z) 0.29 —1.000 574.77
UCDM (2df) Qg W0 X2

Quint.
SNIa+BAO 0.25 —0.965 563.48
SNIa+BAO+H(z) 0.28 —0.968 577.82
Phantom
SNIa+BAO 0.29 —1.017 562.93
SNIa+BAO+H(z) 0.30 —1.016 576.59

With the use of Akaike information criterion we can say that these
models are statistically equivalence (H. Akaike, IEEE Transactions of
Automatic Control, 19, 716 (1974)).



Brans-Dicke field

The Lagrangian of the field equations of a BD cosmological model with
matter source is

L (a4 ¢, ) = —3apa’ — 3a° aq>+ &ED 347 aV () —0mod Y.

2 ¢
Where the minisuperspace is
d 2 wWBD 3
Sy = —6a¢da’® — 6a°dad¢ + —= 9 ald¢?. (22)

The WdW equation admit Lie symmetries when V (¢) = V¢, for

A= (14+w)(1—w)"! and, (b) 215 = (\/6wgp +9—3) (w+1)



Brans-Dicke field WDW

Let us consider the case A1, for w # 1. Then we have that the invariant
solution of the WdW equation is ¥ (x,y) = ¥ e PX® (y) where
B

_ w w
yma® yy + (2Bmy + my) @, + 2 <voy%+w P + % 2) @ =0.

and
a=exp(x), ¢=yexp[3(w—1)x]



Brans-Dicke field Classical Solution

The classical solution follows from the solution of the following system

N w d2S
3wx . _ wWBD
e’ x =m <8y> 73}/ (8x> ) (23)

2S a5
e3WX)7 =m (8)() —my (ay) ' (24)

where from px = 0, which corresponds to Iy = 0, the solution becomes

H(a)® = H} (Q¢oaq1(°"BD'W) + Qmoan(wBD'W)) ! (25)



Brans-Dicke field Special Solution

Case (A): Cosmological constant with dust. This means that

(g1,92) = (0,=3) or (g1, g2) = (—3,0), from which we have

(w, wgp) = (o, %) or (w,wgp) ~ (0.28, —0.77).

Case (B): Dust with radiation. This requires, (g1, q2) = (—3, —4) or
(g1, 92) = (—4,—3), hence (w,wgp) ~ (0.63,0) or

(W,C(JBD) ~ (055, —1).

Case (C): Cosmological constant with radiation fluid This requires
(g1,92) = (0,—4) or (q1,q2) = (—4,0), hence

(w,wpp) =(0,0), (w,wpp) = (%0) or, (w,wgp) = (%—%)
Case (D): In the case of (g1, g2) = (0,0), which implies

(w,wgp) = (—1, %) or (w,wgp) = (0, —%), from (25) we have a de
Sitter solution.

It is interesting that when we assume a radiation fluid in the solution we
have a solution in which wgp = 0; however, this result is expected since
when wpgp = 0, the action reduces to O'Hanlon’s massive dilaton
gravity, and consequently to f (R)-gravity in the metric formalism, which
provides a radiation term.



Brans-Dicke field C.C.

Assuming that w = 0, i.e. dust then we have
3wgp+4

H (3)2 = HS (1—Qmo) + Qmoa_3‘*’BD+1], hence from SNla+BAO

data we find that: Qo = 0.2973-932 wpp = 0.1973973,

—0.025"
min(x?) ~ 564.29.
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What else can we learn from point
symmetries?

Let us consider a simple well-known system in M?2 space which follows
from the Lagrangian

Licxyy) =5 (2 =7) =B (2-1), (26)
where (), u are constants. That Lagrangian describes the two-dimensional
“oscillator” in a flat space with Lorentzian signature. It is straightforward
to see that admits eight Noether point symmetries. Also the dynamical
system in which Lagrangian (26) describes is invariant under the
following discrete transformations {x — —x}, or {y — —y}, and the
complex one {X iy, y— ix}, while, under the transformation

{x =y, y — x}, the new Lagrangian L, is L = —L. However while the
field equations have same the sign, the Hamiltonian constant changes: if
the latter is zero then everything is invariant. These discrete symmetries
follows directly from the existence of the Noether symmetry vectors.



What else can we learn from point
symmetries?

Consider now the coordinate transformation

UIQ(X+y) , v:?

5 (x—y). (27)

Where now the discrete transformation {x — —x,y — —y} in the new
coordinates system corresponds to {u — —u, v — —v}, while the
transformation {x — —x} corresponds to {u — —v , v — —u}, and
{y — —y} corresponds to the discrete transformation

{u— v, v—u}. Allthese transformations are related with the
admitted translation group of the flat space.

In the new coordinate system {u, v}, Lagrangian becomes

L(ui,v,v)=Q(av) —p(uv). (28)



We assume the second coordinate transformation
a=uPtvP  p=In(uI*vi), (29)
w—6)

in which the constants p+ (w), g+ (w) where Q) = 8§wf16.
In the new coordinates the Lagrangian becomes

L(a,a¢ ¢)=e 2 (6aé2 —12a%a¢ + wa3¢2 - Aa3) , (30)

where the constant A = y. The latter Lagrangian has the form of
Dilaton field with a difference in the coefficient of 4)2. Furthermore, it is
easy to see that, under the transformation ¢ = —1 In (y), Lagrangian
(30) becomes of Brans-Dicke form where w = 4wpp.



From transformations (29), we see that the discrete transformation

{y — —y}, in the Cartesian coordinates, or {u — v, v — u} in the
coordinates {u, v}, is that of the scale-factor duality (M. Gasperini and
G. Veneziano, Phys. Rept. 373 (2003) 1)

a—al (31)

if and only if py = —p_. From where we find, we find the unique
solution w = 4, or wgp = 1, where (30) corresponds to the Lagrangian
of the dilaton field. Therefore we conclude that the scale-factor duality
transformation is related to the existence of Noether symmetries of the
Lagrangian and the field equations. The reason why only the constant
wpgp = 1 is admitted for the a scale-factor duality follows from the
property of the coordinate transformation (29).



In general for wgp # 1, there exists the following discrete symmetry
which is related with the scale-factor duality of the dilaton field

a— alP-Q=Pi@) exp ((p P —p_P_) ),

exp (¢) — a9 Q"9 exp (g Py — q_P-) ¢),
or in the coordinates of the BD field

3 — a(P—Q—*P+Q+)¢*%(P+P+*PJ37)v
P — 3—2(q—Q——q+Q+)1p(CI+P+—q—Pf)_

(A. Paliathanasis & S. Capozziello, arXiv:1602.08914)



Conclusions

By using the Lie symmetries of the WdW equation we can construct
quantum operators

Construct classical conservation laws and find new integrable
systems.

Symmetries can provide us with cosmological viable models (see also
S. Basilakos and J.D. Barrow PRD 91, 103517, (2015))

From the existence of symmetries new discrete
transformations/symmetries can be found.
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