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GENERATING INFINITE-DIMENSIONAL ALGEBRAS FROM LOOP ALGEBRAS BY
EXPANDING MAURER-CARTAN FORMS

* |nvariance principles and the construction
of invariant actions under certain Lie algebras
are of great importance in physics.

 The construction of the new Lie algebras from
other Lie algebras is an interesting problem for
Physics and Mathematics.



GENERATING INFINITE-DIMENSIONAL ALGEBRAS FROM LOOP ALGEBRAS BY
EXPANDING MAURER-CARTAN FORMS

It is shown that the expansion procedure of the
Maurer-Cartan 1-forms, developed in de Azcarraga et
al. (dAIVP) can be generalized so that they permit to
study the expansion of algebras of loops, both when
the compact finite-dimensional algebra and the
algebra of loops have a decomposition into two

vector subspaces.



GENERATING INFINITE-DIMENSIONAL ALGEBRAS FROM LOOP ALGEBRAS BY
EXPANDING MAURER-CARTAN FORMS

INTRODUCTION

Let G(S') = Map(S*; G) be, the group of smooth mappings (loops) z — ¢(z) of the
circle S' = {z ¢ C/|z= 1} into a simple, compact, and connected finite-dimensional
Lie group GG. The group structure is defined by the pointwise multiplication of
functions (g'2)(z) = ¢'(2)g(z). Map(S1;G) is an infinite-dimensional group, the loop
group, the elements of which can be represented by

g(z) =@ | |a=1,...,r= dimG‘ ‘ ﬂ

where 7, = -7}, are the generators of the finite-dimensional Lie algebra ¢,
(T4, 1] = 5, T.. For elements near the identity,

2(z) ~ 1 +a%(2)T,.

Making a Laurent expansion of «“(z) on the circle




expression (2) reads

4

)~ 14y T =1+Y a4Th|, | Ti=T2"

where T7; are the generators of the algebra G = G(S1). We may now write the
commutation relations of the Lie algebra in terms of the generators 7%.. The commutators
of the infinite-dimensional loop algebra G are

5

M TR — 4T THHN
[Tﬂva] - abTC

where 7" = T since, z being of unit modulus, z* = z~. On the other hand, if {0%(g2)},
a=1,...,r=dimG, s the basis determined by the (dual, left-invariant) Maurer—Cartan
one-forms on ¢; then, the Maurer-Cartan equations that characterize ¢, in a way dual to
its Lie bracket description, are given by

do® = -+Co0° A" |, |abe=1,..r=dmnG. ﬂ

In direct analogy we can say that if {0“"(¢)}, a = 1,...,r = dimG, n € Z s the basis
determined by the (dual, left-invariant) Maurer-Cartan one-forms on loop group; then,



the corresponding Maurer-Cartan equations that characterize the algebra G, are given by

J , .
do® = -%j{c'))(bﬁ)(ofﬂ” A labe=1,..r|; | mnel. ﬂ

(am

The purpose of this paper is to generalize the expansion procedures developedby J.
Azcarraga et al., so that it permits to study the expansion of the algebrasof loops when
both the compact finite-dimensional algebra ¢ and the loop algebra (which is an

infinite-dimensional algebra G) have a decomposition into two subspaces 1, & 7.

RESCALING OF THE GROUP PARAMETERS AND
THE EXPANSION PROCEDURE

Let LG be the loop group of local coordinates ¢(z) ,a = 1,....r = dimG. Let G be its
algebra of basis {77}, which may be realized by left-invariant generators 77(g) on the
group manifold. Let G be the coalgebra, and let {0“"(¢)},a=1,....r;n € Z, be the
basis (dual, l.e., o*"(T}, ) = 0;,0%) determined by the Maurer-Cartan one-form on LG.
Then, when [T7, T} = [, T/, the Maurer-Cartan equations read




“(a.m)(b,n)

C ' .
do® = 1(‘( O N0 labc=1,...r|:|Lmnel

Let 6 be the left-invariant canonical form on LG,

9 — g_ldg — e_fgcr:mTaﬁdefga:mTa:m

=0Ty, |, |a=1,...,r = dmG;ne/ ‘

Since

71

etdet = dA + - [dA, 4] + A [[dA,4),4] +
.)

(a4, 41414 ..

one obtains, for 4 = g,,7*" the expansion of f(¢) as polynomials in the group

coordinates g*

.
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9 = ¢ de San = ldgalﬂ I+ ._[dgm.mT . E:gag,ngT : 3]
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Where the indices a1,a,,...= 1,2,....dimG , and n; € Z. Factoring the coordinates and
their derivatives in the Lie brackets

— igan % 1 igam I — - aq. ay.11y TN
0 = e e’ deg'ber = ldgmn]T Lt ngmihgagng[]ﬂ? : T3 3]

.3
+ éngaz,nzgaj,st3ga4,n4[[Taz’”z,Ta3’”3],Ta4’”4] +.... 12 \
Using the commutation relation (9) we have
[Tﬂ'h”z,Tﬂ}ﬂa' = f2=ﬂ3Th],nz+n3
Tay Ta3.0; -aq,n, ?'93 A4 iy ytng iy
[, 797 ], T Ay
[[[Tﬂg,ﬂjnTﬂ},ﬂj],Tﬂq,iu],Tﬂg,Hd _ ﬂ’f anJfla/“ﬂ*Thg Ny+N3+Hg+Ns

: )

s0 that (11) takes the form

& 03 7y o7
Q(g) = I'dnga’” + é_!dgﬂz,i’lzgag,nﬁl 3 Tanytn;

I 203 1104 iy +ny 4y \
T ﬁdg%?r‘!?ga}:rj}ggﬁ,:”ﬁl _ff]' T T +.... 14




expression that can be rewritten as

Z-dga:” + %5”

(r7+n3)

€70y
dgﬂzei'izgﬂ3=?‘iafa ’

0(g) =

+1-6x

(na+r3+ny)

! 1]:11,[1._1

d 2.3
gﬂzﬂzgﬂ'saﬂ’isgma”ﬁ1 a +o...
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Therefore, the Maurer—Cartan one-forms, w,,(g), as a polynomial in the coordinates of

the group g.., is given by

. i3 o(np+ng)
Edga,n + ?5!‘1 ’ dgal,nlf_ ay.n,ja

€ly.d;

o)
Dgn = + Z
p=2

F

26+1 (1y+n13+...+ig.q)
I 2773 p+l
(p+1) On dgﬂlai’izgﬂzﬁs s

€l .07 'hl,ﬂj hﬁ—l?aﬁj‘gﬁ—]:aﬁ—]

gaﬁ:”,-s—lgaﬁ—l:f"fﬁ—thl hy ---Jhg,

From (16) we can see that the rescaling of some coordinates ¢,

‘ gan /:]-g a.n

16|

47

will generate an expansion of Maurer-Cartan one-forms o, (g, 1) as a sum of one-forms
0an(2,A) on LG multiplied by the corresponding powers of 1% of A. This means that the
expansion (17) exists and can be expressed as

20
(Oa:jj = Z j.-afi)a,n;of
a=0

18



EXPANSION OF LOOP ALGEBRAS G WHEN G =V, gV,

In this section we consider the expansion of the loop algebras G when the compact
finite-dimensional algebra G has a decomposition into two subspaces G= 1, @ I} and
we study the conditions under which the expanded algebra closes. The case when I/, is
a subalgebra is also analyzed. We consider the splitting of G into the sum of two vector

subspaces
19

5, /1 being generated by the Maurer-Cartan forms o“”(g), 0“+"(g) of G with indices
corresponding, respectively, to the unmodified and modified parameters,

G' =T @11

g — gion g Jottn qo(a) = 1,....dimVo(dimPy), [nez. || [20]

In general, the series of o“"(¢) € 7, 0“"(¢) € 5 will involve all powers of A
g 0 g 1
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19

5, V1 being generated by the Maurer-Cartan forms o“”(g), o“”"(g) of G with indices
corresponding, respectively, to the unmodified and modified parameters,

G* =Ty @71

1,

I,
g5 78

, | g — g ag(ay) = 1,....dmVy(dimVy), |n e L. ‘ E

In general, the series of o®"(¢) e 15, 0“+"(¢) € 1 will involve all powers of A
g 0 g 1




In general, the series of 0" (g) € 17},

0" (g) e 17 will involve all powers of 4

% Ii

Zla apiza

— map,ﬂ;()(g) + Aﬂ)af””;l ¥ Ala)apﬁ;?, _|_“‘,p — 0,1

where 0%"(g,1) = 0%"(g).
The Maurer—Cartan equations (7) for G can be rewritten as

where a,, b,

= 1,.

do’! =

l

Cs.l
‘Ap;bg.m

Ay b, m
O e .

p,q,s = 0,1 ‘

Cdim Vo(dim V4); Ln,m € 7 and where

o0
[ _ st
— Z Aawc _ _ce’
a=0

o0

dp 01 O ~dp L0

@ = E A% @
a=0

o0
mbq,m — Z lambq,m;a
a=0

Introducing into the Maurer-Cartan equations, we obtain

where a,,b,.c; = 1

cs o _ 1 (cs,;00) ot B iy bo Y
dor = 2Cﬂp”ﬁ)qur)wp =
(C.S-f-a) _ C_l;
C(ﬂp,!'i;ﬁ)(bg,m;” ﬁﬂfCap mbg.,m

LdimG, Lnyme Zand o, =0,1,....
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Now we ask, under which conditions the one-forms %% ©“* generate new

infinite dimensional algebras ?. The answer is given by the following analysis: consider

the one-forms

withoo =0,....No, a1 =0,...,Ny, [ € Z. The conditions under which these forms

{(an"mo,({)al-‘ml } = {(QQUJ;O’ 701 . (an:iﬂ"’o;walri;()’ L N } ‘

25

generate new algebras are found by demanding that the algebra generated by eq. (29) is
closed under the exterior derivative 4 and that the Jacobi identities for the new algebra

are satisfied.

In fact, to find the conditions under which the algebra is closed, we write:

dmCUJJ\"’O — _%CZ[;J;E . m[({)aO:J'J;O(ObU:iJz;KFO 4 '+(0a0_.n_'_?\-"0 mboﬂéo]
_ L Co.l (OaU:n;O (Obl_.FH;NO + _I_mag,n;?v’o mbl,m,(}:|
2 Tagn by,m , T
_ (i)
_ LCCOJ, | mal,n;(}(obg,nzﬁv’g TR (Oal__n;‘v'g mbg,m;{)
2 “apn bym .
| (if)
B Lc;&; bym ma]:”i} (951’3”:“% +...T ({)al-‘r‘fﬂo ({)b 1-‘”3-‘0:|
2 aut oum (i) (iv)

26|



AT C‘f g e N 3= A 2ge
da)cl,f,ﬁl — —_LC' 1.’ | |:(Oa0.n.0 (Obg,”.!,:\l + .+ mag,n,ﬁl mbg.m.(}:|
2 Tap.n bom ) .
) (vi)
— Lot | @wmopbimi 4y oo (gf’l~’”~0:|
2 ap.n by, i (vid)
-1 Zl:i.g y | @AY @ MNy @i TEN (Obg,a;z,0:|
2 @ Lol (viii)
) - AT .
_ %CZIJ.” b, m[(gal,i.a,{}mbl,m;\l _|_'.'_'_(gal,u_._’\lmbl,m,(}]. 27 |

Where from we can see that the 1-forms »?:"*"0 and w“", corresponding to the terms
identified by the symbols (i), (i7), (iii) and (7v) in the equation (26), belong to the base

(25) if and only if
28 |

On the other hand, the 1-forms w1 and w“"=":, corresponding to the terms identified
by the symbols (v), (vi), (vii) and (viii) in the equacion (27), belong to the base (25) if and

only if
Ni < No. | 29 |
From (28) y (29) it follows trivially that the conditions under which the expanded algebra

rlneanc ic
No=Ni. 30




The case G = V), @ V; in which 7 is a subalgebra ., c G

Let G =1y @ V1, where now I, is a subalgebra £, of G. From the commutation
relation

[Ta,n,Tb,m] = CSch,rﬁm = C ch 31 \

an bm

ap,b, = 1,...,dimVy(dimVy); Ln,m € 7. From (31) we can see that L, = {70}
generates a subalgebra given by

[Ta0, Too] = CypXeo = C22, Tep. ‘ 32|
From (32) we see that
Co o =8l = 0,100 % 0, neZ‘ 33|

Using (33) in the expansion
ma,n(g) _ [5(2:3 1 " a

21 “b.m ct’f_
hlpl fhpﬂ
= Z C
bm c.ly “hypy €2y
= (r + 1
R 101 a.n 1.1 4C2s f": Crot sl Crolr b.m
. Ch;«—:ﬁwz C.:ul,f_:ulcﬁ;«—hp;_z crly griig...girtirig ]dg 34




we find that under the rescaling

g’ » g™, g% > 1g"" (n ),
(a,0) =1,...,dimV
(a,n) =1,...,dim V7.

Vy = {T,, ) with n # 0 35

the expansion of (g, 1) (0*"(g, 1) with n # 0) starts with the power 1° (1'). In fact, for
0*’(g) we have

(9'0 c.m N
CU ( ) I: (bii 2|.fgncmg +O ):|dgb

— dga,(} + L : gc,mdgb,n -|-0(g3)

21 bn em
— a, 1 0 C. b, 0 . b,
- dg . t j(fgo cOg Odg g t b0 c,ng' dg 0)
0 0 1-,b.n cm Jb.n |
2! fgncog Odg N bncmg dg )+O(g3) 35

which implies that under the rescaling g%° - g%°, g%" - Ag®" (n % 0),

— Z Aawa,o;a(g) E
a=0




while for o%/(g), with / = 0, we have

Qa!(g) I: bn !sz” mL cm + O(gz)}dgb’ﬂ

— dga!+ 21! bn kmLcmden_FO(g )

L 2’ (beC”Lcn Lb(} _|_ij1€02.¢0de11 +jbncrmcmdgb”)+0(g ) 37\

Therefore the expansion of w%/(g, 1) starts with the power 1!

(oa,;.g(g’ 1) = Z /q‘ﬂffga:n;a(g)' ﬂ
a=1

However, for computation purposes it is better to spread the sum from zero and assume
that 0*“° = 0 for n + 0. Thus we have that Egs. (36),(38) can be summarized as:

0% (g, A) = i At@* Y (g) 39 |
a=0

0" = 0 forn + 0.

Inserting (39) into the Maurer-Cartan equations do®' = ——ja” @@, we have
AClho — _L {c.la) A B by
do =5 j{a”, ) (o) @ 0

{c.l;a) _ S« _ S« i T
f{a,n;ﬁ) (bmyy) — 55"“]911 b.m 5,3"'.1"5”"'”Jab

@40 =0 for n + 0. 40 |




The case G = 7, @ 7, in which 7, is a symmetric coset

It is possible to consider the infinite-dimensional algebra as G=/; @ V/, where 7/, is
generated by the infinite set of generators given by

oot Taca To, Tz, Tas | 41
and where I/, is generated by

fooToos ot Tan, Tasen. .| 42

From the commutation relation

43

[Tans Tom] = fap Leem
we clearly see that the condition for a symmetric coset is to satisfy:
Vo, Vo] € T
Vo, V1] C T

:Vl,Vl: C Vo. ﬂ




It is therefore interesting to study the expansion of the infinite-dimensional algebra
expanded with this choice of /7, and J/;. For convenience we distinguish the generators
T, Where the index » is even from the case when the index is odd. The most natural
choice is to use a subscript zero (one), n,(n, ), for even values (odd). Thus (41-42) take

the form:
{Tan, } =35 Ta-4sTa2,Ta0,Ta2, Tas-. 45
{Tan, } =4 sTa-3,Taq-1,Ta1,Tas.. 46
[Taﬂo:Tano] =fngC:i’!0+mo =f2i?0 meTcrfo
[ Tangs Tomy | = fap Tengem, _fZi; b, Iy,
[Tany, Tom, | = fan Tenyom, =f;i?1 b:mlT ¢lo- ﬂ

From where we see that the conditions of symmetric cosets for the structure constants

are given by

jf,f]
ang bmg

=j€,fg =j€,f1 —
ang by any bmy

48

The idea is: (a) to find the expansions of w*"(g, 1) and @*":(g, 1); (b) to replace the
expansions in the Maurer-Cartan equations and (c) to find the conditions under which

are aenerated new alaebras.




To find the expansions of " (g,A) and ©*"i(g, ) we must study the general
expansion of 0“0 (g) and ®“"(g) in terms of the coordinates and then analyze the

behavior under the following rescaling:

a,n an an an
gt — gt gt — Jgdh

ny =...,—4,-2,0,2,4,...
n =..,-3,-1,1,3,....
For w“"(g) we find
J _ a.n 2 by
(Oa_”[](g) - [5 bmo 2|.fb m Cff._ (g ):|dg -

_ olan b, €,1 [ 7.b,

- bmo df._ " M. b;l;;oc_'[t_ - dq " + O(q )

— 7 .1 A q-b,

— dg 21 + 2!jbr;: cff_c dQ' m +O(Q‘ )

_ b.n 1 ,an c [ b.m Ry c [ b.m

_dg ' z!jbmg cfg Ud&’ T 2!jbm cil ldg 1+O(Q )

49|
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Analyzing higher order terms we find that if you rescale the parameters as in (49),
then w“™ (g, 1) contains only even powers of A. For this it is useful to write the condition

as

¢l

ja;:};p b, = 0; fors = (p + q)modZ.H

51



Performing the same procedure for o“"1(g, 1) we find that appear in the expansion
only odd powers of 4. Thus we have

0*"(g,A) = Z A0 (g) E

o=0

o0
(9“=”1(g, /1) — Z ﬂ_lﬂfﬂma,nl;laﬂ(g)
o=0

which can be written as

33

02 (g 1) = 0%5(g 2) = Yo A0 H(g); | @ = amod2, p = 0,1,

Replacing (53) in the Maurer-Cartan equations, we obtain the following set of
equations:

Sclie — 1 Aelao) a5 o bmyy
dw =-> -f (ansB) b ® @

54|

where

claer) _ f&la a
f((a,nﬁ;ﬁ)(b,mf;y) _fZ,Hﬁ b,m;-(sﬁ"'?’ E
@ =amod2, B = fmod2, ¥ = ymod2.




We find that the expanded algebra closes when the coefficients of the expansion are
truncated at orders that satisfy the conditions

Ni=No-1,0r ﬂ

Ni=Ny+1.

Comment

\We have shown that the expansion methods of the Maurer-Cartan 1-forms can be
generalized so that they permit to study the expansion of the algebras of loops both when
the compact finite-dimensional algebra ¢ and the loop algebra (which is an
infinite-dimensional algebra G have a decomposition into two subspaces 7, @ 7.
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