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IntroductionTechnicalitiesTwo ProposalsThe Question we would like to address(Not answer, of course)

Why Four?
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IntroductionTechnicalitiesTwo ProposalsThe Question we would like to addressTo answer the question, we should begin by. . .

We will never answer Why Four? if we assume fromthe outset that spacetime is four-dimensionalHigher-dimensional theories (e.g. String Theory,Supergravity) usually assume some kind ofcompactificationCan we get an effectively four-dimensional spacetimeemerging from a higher-dimensional theory?
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsEinstein–Gauss–Bonnet GravityUsual Tensor Formulation

d = 5 EGB Action in tensor notation
S(5)EGB = ∫

M
d5x
√
−g [γ0 + γ1R+

+γ2 (Rµν
ρσRρσ

µν − 4Rµ
νRν

µ + R2)]
d = 5 EGB Action explainedThe action includes three terms:a cosmological constant termthe usual Einstein–Hilbert terma curvature-squared “Gauss–Bonnet” term
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsEinstein–Gauss–Bonnet GravityFirst-order Formulation

d = 5 EGB Lagrangian in first-order formulation
L(5)EGB = εabcde

(
α0eaebecedee + α1Rabecedee + α2RabRcdee

)
.

Field Content
ea = ea

µdxµ: vielbein
ωab = ωab

µdxµ: spin connection
Rab = dωab + ωa

cωcb: Lorentz curvature
Ta = dea + ωa

beb: Torsion
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsAn Open Problem in d = 5 EGB GravityWhat is the vacuum of the theory?

Field Equations for the EGB Theory
εabcde

(5α0eaebeced + 3α1Rabeced + α2RabRcd
) = 0,

εabcde
(3α1eced + 2α2Rcd

)
Te = 0.

Factorizing the Field Equations
β0εabcde

(
Rab − β1eaeb

)(
Rcd − β2eced

) = 0.
Relation between the α’s and the β’s

5α0 + 3α1x + α2x2 = β0 (x − β1) (x − β2)
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsSelecting the CoefficientsThe vacuum structure of the EGB theory depends strongly on the α’s

When β1 and β2 are real and distinct, there are twovacuum states with constant curvature.When β1 = β2 then there is a single vacuum state withconstant curvature. This is a special case, because theaction acquires a larger symmetry for this choice ofcoefficients and becomes the Chern–Simons action forthe (A)dS group.What happens when the βi are complex?

Eduardo Rodríguez · edurodriguez@ucsc.cl Some simple solutions in d = 5 EGB Gravity



IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsSelecting the CoefficientsThe vacuum structure of the EGB theory depends strongly on the α’s

When β1 and β2 are real and distinct, there are twovacuum states with constant curvature.When β1 = β2 then there is a single vacuum state withconstant curvature. This is a special case, because theaction acquires a larger symmetry for this choice ofcoefficients and becomes the Chern–Simons action forthe (A)dS group.What happens when the βi are complex?

Eduardo Rodríguez · edurodriguez@ucsc.cl Some simple solutions in d = 5 EGB Gravity



IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsSelecting the CoefficientsThe vacuum structure of the EGB theory depends strongly on the α’s

When β1 and β2 are real and distinct, there are twovacuum states with constant curvature.When β1 = β2 then there is a single vacuum state withconstant curvature. This is a special case, because theaction acquires a larger symmetry for this choice ofcoefficients and becomes the Chern–Simons action forthe (A)dS group.What happens when the βi are complex?

Eduardo Rodríguez · edurodriguez@ucsc.cl Some simple solutions in d = 5 EGB Gravity



IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsOne theory, three different regimesVacuum structure of the EGB theory parameterized by single constant χ

It is convenient to parameterize the Lagrangian as
L(5)EGB = κ

l εabcde

(
RabRcd − 2χ3l2 Rabeced + 15l4 eaebeced

)
ee

χ2 > 1: two constant-curvature vacua
χ2 = 1: one constant-curvature vacuum
χ2 < 1: no constant-curvature vacuaWhy may be this last, “pathological” case be interesting?
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsWarped Product AnsatzWarped product solutions as a means towards dynamical dimensional reduction

General Warped Product Ansatz
ds2 = −f2 (w) dt2 + g2 (w) dΣ2 + p2 (t) q2 (x, y, z) dw2,

where Σ is a constant-curvature 3-manifold:
dΣ2 = [1 + K4 (x2 + y2 + z2)]−2 (

dx2 + dy2 + dz2) .
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsWarped Product SolutionsPlugging the ansatz in the field equations we find. . .

The field equations imply the following:
g (w) = 1,

q (x, y, z) = 1,
K = 1

χl2 .
Simplified Ansatz

ds2 = −f2 (w) dt2 + dΣ2 + p2 (t) dw2.
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsSummary of SolutionsDifferent solutions for the EGB theory with χ2 < 1

Class f (w) p (t) Σ χ-range R, τPH− 1 hyp. K < 0 −1 < χ < 0 l
√
ξFC− circ. 1 K < 0 −1 < χ < 0 l
√
ξPC+ 1 circ. K > 0 0 < χ < 1 l

√
−ξFH+ hyp. 1 K > 0 0 < χ < 1 l
√
−ξ

ξ = 12
(
χ − 1

χ

)
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsSummary of SolutionsDifferent solutions for the EGB theory with χ2 > 1

Class f (w) p (t) Σ Theory Range R, τ KPH+ 1 hyp. K > 0 EGB χ > 1 l
√
ξ 1

χl2GR Λ > 0 √ 32Λ Λ3FC+ circ. 1 K > 0 EGB χ > 1 l
√
ξ 1

χl2GR Λ > 0 √ 32Λ Λ3PC− 1 circ. K < 0 EGB χ < −1 l
√
−ξ 1

χl2GR Λ < 0 √
− 32Λ Λ3FH− hyp. 1 K < 0 EGB χ < −1 l
√
−ξ 1

χl2GR Λ < 0 √
− 32Λ Λ3
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IntroductionTechnicalitiesTwo Proposals
TheoryAnsatzSolutionsSummary of SolutionsA graphic summary of solutions and theories

−3 −2 −1 0 1 2 3−2
−1

0
1
2 PH−/FC− PH+/FC+

PC−/FH− PC+/FH+
χ

ξ
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IntroductionTechnicalitiesTwo Proposals Circular Fifth DimensionShrinking Fifth DimensionCircular Fifth DimensionAn FC− solution features a circular fifth dimension

Line element for the FC− spacetime
ds2 = − cos2 (w

R

)
dt2 + dΣ2 + dw2

FeaturesCompact (circular) fifth dimension of radius RFlow of time changes along the circle
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IntroductionTechnicalitiesTwo Proposals Circular Fifth DimensionShrinking Fifth DimensionCircular Fifth DimensionAn PH− solution features a shrinking fifth dimension

Line element for the PH− spacetime
ds2 = −dt2 + dΣ2 + e−2t/τdw2

FeaturesFifth dimension shrinks exponentiallyEffectively four-dimensional spacetime emergesdynamically after some time τ
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IntroductionTechnicalitiesTwo Proposals Circular Fifth DimensionShrinking Fifth DimensionSome Open ProblemsOr where this road might lead us next

Are the solutions stable?Is this the vacuum for the EGB theory with χ2 < 1?What happens in higher dimensions?Can we include matter and nontrivial torsion?
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