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Model: Fermions ψ :M→ R4 and scalars φ :M→ R with
self-interacting potential density V (ψ̄, ψ) :M→ R and
U(φ) :M→ R in presence of a gravitational field. Dynamics
between fermions and scalars fields are represented Yukawa type
interaction f (φ) :M→ R.
The action is,

S(g , ψ, ψ̄, φ) =

∫
d4x
√
−gL, (1)

where

L =
1

2
(1− ξφ2)R +

i

2

(
ψ̄Γµ5µψ −5µψ̄Γµψ

)
−mψ̄ψ +

−V (ψ̄, ψ) +
1

2
∂µφ∂

µφ− U(φ)− ψ̄f (φ)ψ, (2)

spinors are treated as classical commuting fields and ξ ∈ R is a
non-minimal coupling between gravitation and scalar fields.
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We are using natural units 8πG = c = ~ = 1. Dirac matrices in
curved space are defined by

Γµ = eµa γ
a; {Γµ, Γν} = 2gµν

. The covariant derivative is defined

5µψ = ∂µψ − Ωµψ,

5µψ̄ = ∂µψ̄ + ψ̄Ωµ,

Ωµ = −1

4
gµν

[
Γνσλ − eνb (∂σebλ)

]
γσγλ

Defining α ≡ 1− ξφ2 it reads.
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The field equations:

Rµν −
1

2
gµνR = α−1Tµν , (3)

DµDµφ+
∂U(φ)

∂φ
+ ψ̄

∂f (φ)

∂φ
ψ =

∂α (φ)

∂φ
R, (4)

iΓµ∇µψ − (m + f (φ))ψ =
∂V (ψ̄ψ)

∂ψ̄
, (5)

i∇µψ̄Γµ + (m + f (φ))ψ̄ = −∂V (ψ̄ψ)

∂ψ
, (6)

where Tµν = Tφ
µν + TD

µν + T int
µν and

Tφ
µν = −∂µφ∂νφ+

1

2
gµν∂ρφ∂

ρφ− gµνU(φ)− gµν�α(φ) + ∂µ∂να(φ),

TD
µν =

i

4

[
ψ̄Γµ∇νψ + ψ̄Γν∇µψ −∇νψ̄Γµψ −∇µψ̄Γνψ

]
− gµνLD ,

T int
µν = −gµνψ̄f (φ)ψ,
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A FLRW flat universe will be considered

ds2 = dt2 − a(t)2[dx2 + dy2 + dz2], (7)

the tetrad, Dirac matrices and Spin connection reads

eµ0 = δµ0 , eµi =
1

a(t)
δµi , (8)

Γ0 = γ0 , Γi =
1

a(t)
γ i , (9)

Ω0 = 0 , Ωi =
1

2
ȧ(t)γiγ0, (10)

where a dot for the time derivative have been introduced.

We consider now that the fields are homogenous and isotropic
based on the observational fact that on a cosmological scale higher
than 300Mpc the fields appear to be independent of the spatial
coordinates in a post inflation evolution [1].
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Non-minimal coupling ξ 6= 0

Fermion field equations (5) and (6) become

ψ̇ +
3

2
Hψ = −i(m + f (φ))γ0ψ − iγ0

∂V

∂ψ̄
, (11)

˙̄ψ +
3

2
Hψ̄ = i(m + f (φ))ψ̄γ0 + i

∂V

∂ψ
γ0 , (12)

where H = H(t) = ȧ(t)
a(t) .

d

dt

(
ψ̄ψ
)

+ 3H
(
ψ̄ψ
)

= i

(
∂V

∂ψ
γ0ψ − ψ̄γ0∂V

∂ψ̄

)
. (13)

if V
(
ψ̄, ψ

)
= V

(
ψ̄Γψ

)
then

S = S0

(a0
a

)3
, (14)

where S = ψ̄ψ has been defined.
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Non-minimal coupling ξ 6= 0

Assuming ωψ = 0, i.e. a dust type solution, equations (3 - 6) take
the following form

ρ̇φ + 3Hρφ (1 + ωφ) = −
2ξφφ̇ (ρφ + ρψ)

1− ξφ2
− Q, (15)

ρ̇ψ + 3Hρψ = Q, (16)

Q = βS0a−3φ̇, (17)

Equation (17) is easily obtained by considering the Yukawa type of
interaction f (φ) = βφ and equation (14).
The last two equations can be combined to yield

d

da

(
ρψa3

βS0
− φ

)
= 0,

φ =
ρψ
βS0

a3 + c. (18)

where the integration constant c will be shown to be zero.
Samuel Lepe, Javier Lorca, Francisco Peña, Yerko Vásquez

Fermionic and scalar fields as sources of interacting dark matter-dark energy



Formalism and field equations Cosmological Field Equations Cosmological Solutions Discussion Appendix References

Non-minimal coupling ξ 6= 0

Singularity point a = ac when 1− ξφ2 (ac) = 0 or equivalently
when ρψ (ac) = βS0√

ξ
1
a3c

with ξ > 0, implies validity only for

|φ| < φ (ac) or |φ| > φ (ac). Equations can be symmetrized in the
following form:

ä

a
= −1

6
[ρ̂φ + ρ̂ψ + 3(p̂φ + p̂ψ)], (19)

3H2 = ρ̂φ + ρ̂ψ, (20)

through the re-definition of the densities and pressures to

ρ̂φ = α−1
(

1

2
φ̇2 + U(φ) + 6ξHφφ̇

)
, (21)

ρ̂ψ = α−1
(
ψ̄(m + f (φ))ψ + V (ψ̄, ψ)

)
, (22)

p̂φ = α−1
(

1

2
φ̇2 − U(φ)− 2ξ

(
φφ̈+ φ̇2 + 2Hφφ̇

))
, (23)

p̂ψ = α−1
(

1

2
ψ̄
∂V

∂ψ̄
+

1

2

∂V

∂ψ
ψ − V (ψ̄, ψ)

)
. (24)
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Non-minimal coupling ξ 6= 0

We also have the following equation

ρ̂φ (1 + ωφ) = α−1{H2
(
φ′2a2 (1− 2ξ)− 2ξφφ′′a2

)
−ξφφ′a2 d

da
H2},
(25)

which will be used in numerical simulation to find φ0. The
equations of state are

p̂φ = ωφρ̂φ,

p̂ψ = ωψρ̂ψ,

which yields the following redefined conservation laws

˙̂ρφ + 3H (ρ̂φ + p̂φ) = − 2ξφφ̇

1− ξφ2
ρ̂ψ − Q̂, (26)

˙̂ρψ + 3H (ρ̂ψ + p̂ψ) =
2ξφφ̇

1− ξφ2
ρ̂ψ + Q̂, (27)

where Q̂ = α−1ψ̄ ∂f
∂φψφ̇ has been defined.
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Through these redefinitions the energy-momentum tensor is now
conserved ∇µT̂µν = 0, with T̂µν = α−1Tµν .

At this point it is clear that we can interpret fermionic fields as
sources of dark matter and bosonic fields as sources of dark energy
as claimed above.

We see that positive acceleration imposes

ρ̂φ + ρ̂ψ + 3ωφρ̂φ < 0, (28)

from this equation we find ωφ < −1
3 (1 + r), in order to accelerated

expansion to make sense, where we have defined r =
ρ̂ψ
ρ̂φ

called the

coincidence parameter, with r0 ≈ 3
7 the actual value.
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Case I: Q̂ = 3λHρ̂ψ

Q̂ = 3λH ρ̂ψ, (29)

Q̂ = 3λH ρ̂φ, (30)

where λ is a positive parameter (i.e. scalar field is transferring into
dark matter fermions)
A dust type of model i.e. ωψ = 0 or equivalently pψ = 0 implies

V
(
ψ̄, ψ

)
=

1

2

(
ψ̄
∂V

∂ψ̄
+
∂V

∂ψ
ψ

)
. (31)

Parity conservation on (31) implies

V
(
ψ̄ψ
)

= V (S) = b S , (32)

where b is an integration constant, replacing on (22)

V (S) = −mS − βcS , (33)
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Case I: Q̂ = 3λHρ̂ψ

Using (27) and (29) an analytical solution for ρψ(a) is found

ρψ = ρψ0a3(λ−1), (34)

with
φ = φ0a3λ, (35)

where we have identified φ0 =
ρψ0
βS0

and a0 = 1. The λ dependence
arises as a direct consequence of the interaction term. Replacing
these results on (26) we obtain an equation for ρφ that can be
solved numerically.

From (25) φ0 turns out to be

φ0 = ±

√√√√√ (1 + ω0)
ρ̂φ0
ρ̂c

(3λ2 − 12ξλ2 + 2ξλ) + 3ξλ
(

1 + ω0
ρ̂φ0
ρ̂c

)
+ ξ (1 + ω0)

ρ̂φ0
ρ̂c

,

(36)
where ρ̂c = 3H2

0 is the density critical value at t = t0.
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Case I: Q̂ = 3λHρ̂ψ
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Case II: Q̂ = 3λHρ̂φ
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Case II: Q̂ = 3λHρ̂φ

In this case the solutions are all numerical. Case II presents two
branches for possible initial conditions for φ0

φ0 = 3,45 > φc ,

φ0 = 2,43 < φc .

The first branch is similar behavior to Case I and is a quintessence
universe. The second it has a phantom type of behavior that can
cross into quintessence.
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Case II: Q̂ = 3λHρ̂φ
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Minimal coupling does not allow to pass over the phantom barrier
ω = −1 for the initial conditions chosen. This seems to be the
general behavior, reinforced by the exploration of the parameter
space for large ranges. The behavior for this type of model in the
future is quintessence.
In Case II, non-minimal coupling allows to pass over the ω = −1
barrier for certain initial conditions, although the model seems to
be very insensitive of the value of the coupling parameter ξ. This
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type of model delivers a type III cosmological singularity produced
mainly because of the α factor.
The incorporation of the scalar field as source of dark energy and
the fermionic field as source of dark matter seems to model very
adequately the dynamics as well as the interaction in the
cosmological models found.
In Case II, the ξ parameter does not take such a prominent effect
on the energy density solutions.
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This ξ parameter insensibility can be take under account to find an
almost-analytical solution in the case of cosmological constant
universe.

φξ (t) =

√
θξ

2πξ

 t∫
0

dt ′

a (t ′)


1
2

, (37)

where

θξ =
∞∑
i=1

aiξ
i . (38)

The importance of this solution is that being valid in the barrier
ωφ = −1 permits the comparison of solutions on either side of the
barrier, this let us propose the following remark.
Remark Let the solutions of a cosmological model derived from
the Lagrangian (2) be valid in the interval [a, b] ⊆ R, then a scalar
field solution fulfilling

φ (t) > φξ (t) ∀ t ∈ [a, b], (39)
Samuel Lepe, Javier Lorca, Francisco Peña, Yerko Vásquez

Fermionic and scalar fields as sources of interacting dark matter-dark energy



Formalism and field equations Cosmological Field Equations Cosmological Solutions Discussion Appendix References

belongs to a phantom type of universe, whereas a scalar field
solution fulfilling

φ (t) < φξ (t) ∀ t ∈ [a, b], (40)

belongs to a quintessence type of universe
To complete the view, an almost-analytical solution is obtained for
the Hubble parameter in terms of the scalar function

H =
βS0

2

t∫
t0

φξ (t ′)(
ξφ2ξ (t ′)− 1

)
a′ (t)3

dt ′,

see appendix for details.
We will show here how to find a general Green’s function for a
non-minimal coupling at the boundary of cosmological constant.
Using equations (21), (23), and the equations of state we have:

ρφ (1 + ωφ) =
(
φ̇2 − 2ξLH

(
1
2φ

2
))
, (41)
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where the operator LH = d2

dt2
+ H (t) d

dt has been defined.
Note that on the left hand of equation (41), as ρφ is positive
defined then for a cosmological constant solution (ωφ = −1)
follows

1

2ξ
φ̇2ξ = LH

(
1
2φ

2
ξ

)
. (42)

The formal Green’s function solution for the previous equation is

φ2ξ =
1

ξ

∞∫
0

G (t, s)

(
dφξ
ds

)2

ds, (43)

where the kernel G : R
⊗

R → R fulfills LHG (t, s) = δ (t − s)

and LH = ∂2

∂t2
+ H (t) ∂

∂t .
Let us define the following auxiliary function K : R

⊗
R → R:

K (t, s) = ∂
∂t G (t, s) which fulfills the following differential

equation
∂

∂t
K (t, s) + H (t) K (t, s) = δ (t − s) , (44)
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by performing a Fourier Transform equation (44) can be written

∂

∂t
K (t, x) + H (t) K (t, x) =

1√
2π

exp (−ixt) . (45)

The equation (45) is the Bernoulli’s differential equation, which
has a known solution

K
(
t ′, x

)
=

1√
2π

t′∫
0

exp

(
t′′′∫
0

H (t ′′′) dt ′′′

)
exp (−it ′′x) dt ′′

exp

(
t′∫
0

H (t ′′) dt ′′

) , (46)

by using the Hubble’s parameter and an inverse Fourier Transform
it follows

K
(
t ′, s

)
=

1

2πa (t ′)

t′∫
0

a
(
t ′′
)
δ
(
t ′′ − s

)
dt ′′ =

1

2π

a (s)

a (t ′)
, (47)
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then the kernel is finally found to be

G (t, s) =
a (s)

2π

t∫
0

dt ′

a (t ′)
. (48)

By replacing (48) on (43)

φ2ξ (t) =
1

2πξ

t∫
0

dt ′

a (t ′)

 ∞∫
0

a (s)

(
dφξ
ds

)2

ds

 ,
note that the expression in brackets only depends on the parameter
ξ which allows to write

φξ (t) =

√
θξ

2πξ

 t∫
0

dt ′

a (t ′)


1
2

,
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which is equation (37), where θξ =
∞∫
0

a (s)
(
dφξ
ds

)2
ds has been

defined.
Assuming θξ is analytic then it must be of first order in ξ or higher
to ensure convergence, as is readily seen on equation (41). A
Taylor expansion is therefore of the form:

θξ =
∞∑
i=1

aiξ
i ,

which is the equation (38).
On the other hand, equation (25) can be written

(ρφ + ρψ)′ + 3
ρψ
a

+
ξ(

1− ξφ2ξ (a)
) (ρφ + ρψ)

d

da

(
φ2ξ (a)

)
= 0,

which by aim of equation (18) takes the form

6HH ′
(
1− ξφ2ξ (a)

)
+ 3

βS0

a4
φξ (a) = 0,
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which finally can be written

H =
βS0

2

t∫
t0

φξ (t ′)(
ξφ2ξ (t ′)− 1

)
a′ (t)3

dt ′,

which is equation (41).
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Interpretation, Astrophys. J. Suppl. 192 (2011) 18.
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