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Motivations

Delta Gravity, in Cosmology, shows accelerated expansion of the Universe
without a cosmological constant, which in turns means that we do not need to
consider the problem of dark energy.

Delta Gravity o�ers a possible solution to the long sought Quantum Theory of
Gravity.

Delta Gravity preserves all well tested classical results of Einstein's General
Theory of Relativity in vacuum.

This work has been published in: Jorge Alfaro, Ricardo Avila and Pablo
González 2011 Class. Quantum Grav. 28 215020
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Delta Transformation

In this work we will study a modi�cation of models that consist in the
application of a variation that we will de�ne as δ̃. The particular point with
this variation is that when applied to a �eld (function, tensor, etc.) it will give
a new element that we de�ne as δ̃ �elds which is an entire new independent
object from the original:

δ̃(Φ) = Φ̃ (1)

and to indicate this, is that we call this variation 'delta tilde' δ̃.
So, when we consider general coordinate transformations or di�eomorphism in
its in�nitesimal form we have:

x′µ = xµ − ξµ0 (x)

δxµ = −ξµ0 (x) (2)

Where δ is the general coordinate transformation. Now, we de�ne:

ξµ1 (x) ≡ δ̃ξµ0 (x) (3)
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Delta Transformation: Gauge Transformation

We have a theory with two �elds, the �rst is just the usual gravitational �eld
gµν(x) and a second one g̃µν(x) which corresponds to the δ̃ variation of the
�rst. We will have two transformations.

δgµν(x) = ξ0µ;ν + ξ0ν;µ (4)

δg̃µν(x) = ξ1µ;ν + ξ1ν;µ + g̃µρξ
ρ
0,ν + g̃νρξ

ρ
0,µ + g̃µν,ρξ

ρ
0 (5)

where ξµ0 (x) and ξµ1 (x) are in�nitesimal contravariant vectors of the gauge
transformations. It has been veri�ed that they form a closed algebra.
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Classical Modi�ed Model: The New Action

We start by considering a model which is based on a given action S0[φI ]
where φI are generic �elds, then we add to it a piece which is equal to an δ̃
variation with respect to the �elds and we let δ̃φJ = φ̃J so that we have:

S[φ, φ̃] = S0[φ] + κ2

∫
d4x

δS0

δφI(x)
[φ]φ̃I(x) (6)

with κ2 an arbitrary constant.
The equations of motion are:

δS0

δφI(x)
[φ] = 0 (7)

and,

∫
d4x

δ2S0

δφI(y)δφJ(x)
[φ]φ̃J(x) = 0 (8)
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Classical Modi�ed Model: Invariance of Delta Gravity Action

In this work, we will investigate the δ̃ Gravity action, obtained by the
procedure sketched above:

S[g, g̃] =

∫
ddx
√
−g
(
− 1

2κ
R

)
+ κ2

∫ (
Rµν − 1

2
gµνR

)√
−gg̃µνddx (9)

We can see that (9) is obviously invariant under transformations generated by
ξρ0 , since these are general coordinate transformations and we declared g̃µν to
be a covariant two tensor. Under transformations generated by ξρ1(δ1), gµν
does not change, so we have:

δ1S(g, g̃) = κ2

∫ (
Rµν − 1

2
gµνR

)√
−g(δ1g̃µν)ddx

= κ2

∫ (
Rµν − 1

2
gµνR

)√
−g(ξ1µ;ν + ξ1ν;µ)ddx

= −2κ2

∫ (
Rµν − 1

2
gµνR

)
;ν

√
−gξ1µddx = 0 (10)
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Quantum Modi�ed Model: One Loop Model

The generating functional for this model is:

Z(j, j̃) = eiW (j,j̃) =

∫
DφDφ̃ei

(
S0+

∫
dNx

δS0
δφI

φ̃I+
∫
dNx(jI (x)φI (x)+j̃I (x)φ̃I (x))

)
(11)

integrating the �eld φ̃ we get:

Z(j, j̃) =

∫
Dφei(S0+

∫
dNxjI (x)φI (x))δ

(
δS0

δφI(x)
+ j̃I(x)

)
(12)

Let ϕI solves the classical equation of motion:

δS0

δφI(x)
|ϕI + j̃I(x) = 0 (13)

and using:

δ

(
δS0

δφI(x)
+ j̃I(x)

)
=
−1

det

(
δ2S0

δφI(x)δφJ(y)
|ϕI
)
δ(φI − ϕI) (14)
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Quantum Modi�ed Model: One Loop Model

Therefore:

Z(j, j̃) =

∫
Dφei(S0+

∫
dNxjI (x)φI (x))δ

(
δS0

δφI(x)
+ j̃I(x)

)
(15)

= ei(S0(ϕ)+
∫
dNxjI (x)ϕI (x))

−1

det

(
δ2S0

δφI(x)δφJ(y)
|ϕI
)

W (j, j̃) = S0(ϕ) +

∫
dNxjI(x)ϕI(x) + iTr

(
log

(
δ2S0

δφI(x)δφJ(y)
|ϕI
))

(16)

De�ne:

ΦI(x) =
δW

δjI(x)

= ϕI(x)

Φ̃I(x) =
δW

δj̃I(x)
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Quantum Modi�ed Model: One Loop Model

The e�ective action is de�ned by:

Γ(Φ, Φ̃) = W (j, j̃)−
∫
dNx

{
jI(x)ΦI(x) + j̃I(x)Φ̃I(x)

}
We get, using equations (13) and (16):

Γ(Φ, Φ̃) = S0(Φ) +

∫
dNx

δS0

δΦI(x)
Φ̃I(x) + iTr

(
log

(
δ2S0

δΦI(x)δΦJ(y)

))
(17)

This is the exact e�ective action for δ̃ theories.
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Delta Gravity: Classical Equations of Motion

We start with the following lagrangian:

L[gµν ] =
√
−g
[
− 1

2κ
R+ κ2 (Gµν) g̃µν

]
(18)

with κ = 8πG
c4

.
If we variate this action, we obtain the equations of motion:

Gµν = 0

F (µν)(αβ)ρλDρDλg̃αβ = 0 (19)

with:

F (µν)(αβ)ρλ = P ((ρµ)(αβ))gνλ + P ((ρν)(αβ))gµλ − P ((µν)(αβ))gρλ − P ((ρλ)(αβ))gµν

P ((αβ)(µν)) =
1

4

(
gαµgβν + gανgβµ − gαβgµν

)
(20)

Where (µν) tells us that the µ and ν are in a totally symmetric combination.
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Delta Gravity: Divergent Part E�ective Action

We use the background �eld method:

gµν → gµν + hµν

g̃µν → g̃µν + h̃µν (21)

When we calculate the quadratic part in the quantum gravitational �elds, hµν
and h̃µν , we obtain:

Lquad =
1

2

√
−g~hT(αβ)P

((αβ)(µν))

([
K

(γε)

(µν)

](λη)

∇λ∇η +
[
W

(γε)

(µν)

])
~h(γε) (22)

We calculate the divergent part of the e�ective action following an algorithm
developed by Petr I. Pronin and Konstantin V. Stepanyantz. Nuclear Physics
B. Vol 485 (1997), page 517-544. We get:

LdivQ =
√
−g ~c

ε

(
1

60
R2 +

7

10
RαβR

αβ

)
(23)

with ε = 8π2(N − 4).
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Ghosts

To study the existence of ghosts in the model we will study small
perturbations to �at space. This is done by taking expression (22) and putting
the backgrounds equal to the Minkowski metric gµν = ηµν and g̃µν = ηµν ,
thus obtaining:

S[h, h̃] = − 1

2κ

∫
d4xP ((αβ)(µν))

(
(1− κ2)

2
∂ρhαβ∂

ρhµν + κ2∂ρh̃αβ∂
ρhµν

)
(24)

The Hamiltonian associated to this action is not diagonal, so we rede�ne the
�elds in order to make it diagonal

hµν = Ah̄1
µν +Bh̄2

µν

h̃µν = Ch̄1
µν +Dh̄2

µν (25)

where A, B, C and D are real constants so that the new �elds, h̄1 and h̄2, are
real �elds.
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Ghosts

The �nal result is shown below. It can be demonstrated that imposing the above criteria, it is
inevitable that one (and only one) of two �elds will be a ghost. We make the choice of h̄2 as the
corresponding ghost.
We get for our action:

S[h̄
1
, h̄

2
] =

1

2κ

∫
d
4
xP

((αβ)(µν))
(

1

2
h̄
1
αβ∂

2
h̄
1
µν −

1

2
h̄
2
αβ∂

2
h̄
2
µν

)
(26)

The Hamiltonian is:

H =

∫
d3p

4κ
Ep(b

1+
ABb

1AB − b2+ABb
2AB

) (27)

The problem with these models are that when they are quantized either there is a lost of unitarity or
there are negative energy which mean lost of stability. Looking at (26) we �nd that the propagators of

h̄1 and h̄2 are respectively:

−2κP
−1
((αβ)(µν))

i

p2 − iε
(28)

2κP
−1
((αβ)(µν))

i

p2 ± iε
(29)

where ± in the phantom propagator, h̄2, will decide whether unitarity and negative energy solutions or

nonunitary and positive energy solutions will be present in the model.
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Finite Quantum Corrections

We have two types of quantum corrections, the local; and non local terms
The non local terms are:

√
−gRµν ln

(
∇2

µ2

)
R
µν

√
−gR ln

(
∇2

µ2

)
R (30)

these are zero.
The local terms correspond to a series expansion in powers of the curvature, we consider the most
simpler ones i.e. the cubic terms:

L
fin
Q

=
√
−g(c1 RµνλσR

αβλσ
R
µν
αβ

+ c2 R
µν
λσ
R

λβ
µα R

ασ
νβ + c3 RµνR

µαβγ
R
ν
αβγ (31)

+ c4 RRµνλκR
µνλκ

) (32)

These type of corrections will a�ect the equations of motion for g̃µν . So, using (??) we obtain:

F
(µν)(αβ)ρλ

DρDλg̃αβ = −
1

κ2

(
M

(µν)
+ c1N

(µν)
+ c2B

(µν)
+ 3

{
Dρ , Dσ

}
E

[σµ][νρ]
)

(33)
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Finite Quantum Corrections

with:

M
(µν)

=
1

2

(
DαD

ν
A

(αµ)
+DαD

µ
A

(αν) −DαDαA(µν) − gµνDαDβA
(αβ)

)
(34)

A
(µν)

= c3R
µαβγ

R
ν
αβγ + c4g

µν
R
αβγε

Rαβγε (35)

N
(µν)

=
1

2
g
µν
RρελσR

λσαβ
R

ρε
αβ

+ 3RρελσR
νερ
α R

αµλσ
(36)

B
(µν)

=
1

2
g
µν
RρελσR

ραλβ
R
σε
α β + 3RρελσR

νσρ
β
R
µεβλ

(37)

E
[σµ][νρ]

= c1R
σµ
αβ
R
αβνρ

+
1

2
c2

(
R
ν σ
α βR

ρβαµ − Rρ σ
α β

R
νβαµ

)
(38)
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Conclusions

We have shown that the δ̃ transformation, applied to any theory, produce
physical models that live only at one loop.

In Delta Gravity we calculated the divergent part of the action and we
obtained that it is zero in vacuum implying a �nite theory

We show that this model has ghosts. These ghosts could be related to
phantom �elds which have been proposed by some authors as a possible
explanation to describe the accelerated expansion rate of the Universe. What's
more, in cosmology, Delta Gravity shows accelerated expansion of the Universe
as was found in J.Alfaro, Delta-gravity and Dark Energy, arXiv:1006.5765v2
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Conclusions

We want to point out that supergravity with matter is �nite at one Loop level.
According to the general argument developed in this work, δ̃ supergravity will
be a one Loop model which have a strong possibility to be a �nite quantum
model of gravity plus matter and also it may solve the instability of negative
energies since in supersymmetry one has an hermitian charge whose square is
equal to the Hamiltonian operator meaning that the Hamiltonian is positive
de�nite.
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